Answers to the Exam Quantum Theory, 25 January 2021
each item gives 2 points for a fully correct answer, grade = total 9=24 1

1. (a) P is Hermitian if P PY, with the Hermitian conjugate PY defined by
h jP 1 hPY j 1, the parity operator is Hermitian because
Z z z
h jP 1 dx X P x dx X X dx X X hPY j

(b) P2 | equals the identity operator I, soP * P  PY, which is the defi-
nition of a unitary operator; the eigenvalues satisfyp?2 1 I p 1.

(c) If is an eigenstate of H with a nondegenerate eigenvalue E, and P com-
mutes with H, then also P is an eigenstate of H with the same eigenvalue

E, since HP PH EP ; if E is nondegenerate, the two eigenstates

and P must be linearly related, so we must have P for some

number , hence is an eigenfunction of the parity operator, hence either
land X X (even function) or land X X

(odd function).

2. a)SY s exp %sayay %saa Ss 1 S s, sothis operator is unitary

but not Hermitian.
b) hsjXjsi  h0jSY s XS s jOi

2 ¥2h0j acoshs aYsinhs a¥Ycoshs asinhs jOoi O
hsjX2jsi 1=2 hOj a coshs sinhs a¥ coshs sinhs 2jOi

1=2 coshs sinhs 2 1=2¢e °:
c) there is no contradiction: the uncertainty principle provides a lower bound
to the product of the variance of position and momentum, so if the variance
of position goes to zero for s ¥ 0, the variance of momentum must diverge

as e?s,
1
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3. aH Bo=2 vt o . UHUY B=2 ; 5 H°

b)i ud =dt UHUYU H ™,

- - ] 1 0 -
Ud =dt d7=dt du=dt d7=dt i1=2 o
~ ~ 1 0 -
] _ 0 _
di d7=dt H 12 5
c) "t exp i= Ht T~ 0,with ™0 0 1;0 .

the exponent of the 2 2 matrix can be Balculated using the given identity,
witha ¥t=2,Db Bot=2 ,r t=2 212 2,
Theresultisu t cosr 1 a=r sinr,v t i b=r sinr.

4. (a) free motion at constant velocity X v X, X1 =1t t;,sotheaction
is Sclass %I’T]V2 L, Y %m Xo X1 2= t, t;.



R
(b) insert a resolution of the identity dpjpihpj to write
1

Za i i 2
1 P
G 2 dpexp — Xz X; p exp -t ti —
1 2m
I's
im X, X2 m
exp - :
2 t2 tl 2 1 t2 tl

(c) Feynman’s path integral formula: G X5;ty; X;;t; / Ppaths exp lspath .In
the semiclassical limit only classical paths contribute; in this case there is a
single classical path, so G / e'S¢=s= ; the proportionality constant contains
fluctuations around the classical path.



