Answers to the Exam Quantum Theory, 24 January 2022
each item gives 2 points for a fully correct answer, grade = total 9=24 1

1.a)U T TU T T ,so Yis an eigenstate of U ! with
eigenvalue , and hence an eigenstate of U with eigenvalue 1= . Since the
eigenvalues of the unitary operator U are of the form e' with real , we
have 1= .

b) Suppose ° ¢ ,s0T c ; apply T to both sides, T2
cT jcj? , which is a contradiction since 0.

2. a) Aliceisright: J 1 isan eigenstateﬂvith eigenvalue  of a not of av.
b)hn 1j i hn 1jaYj i Y'n 1hnji O
c) hOj i thoja¥j 1 0; this is the first step of the induction process,

hence hnj i O for all n 0, which means that the state j i is identically
zero, so it cannot be an eigenstate. The conclusion is that eigenstates of the
annihilation opngator do not exist.

Since a¥jni Nn 1jn 11, no superposition of number states can be
annihilated by aY, hence the eigenvalue 0 is not possible.

3. a) The operator AY 1 xp 3i > px i A, so it is Hermitian.
Hence UY e ™= e itA=  y 1 g50itis unitary.
b)dP=dt i= UApU?! Upu?! 3 P;

2
dX=dt i= UAXU?! 3 UxU?! 3 X. The commutators follow
. 1 1. _ 1 .
from A;jp 5 pxp p?°x i p, Aix 5 pxX® XpX i X
Pt e 2P0 e ¥p, Xt e®™XO0 e¥x.
UtHOUt P t?2=2my mgI?X t?=2 e 'p?2=2my mg¥2%e '™x?=2

N[

Ht.

did=dt HTt UtHOU 't ,define™ U1 | thenHy™
i Ul =dt 1 d=dt i dUu =dtU~ i d =dt A" .Hencei d ™ =dt
HO A7)t ep i= HO A “0) t ut  t

Ut exp = HO A 0.

So Charlie has overlooked the term A in the exponent. Without that term,
the harmonic oscillator remains an eigenstate of H t if it starts out as an
eigenstate, with the same eigenvalue, there are no transitions to other states
— this is the adiabatic approximation.

4. (a) free motion at constant velocity X v X, X; =t t;,sothe action
iS Selass zMV2 Lt M X X =t b
(b) insert a resolution of the identity dpjpihpj to write
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(c) Feynman’s path integral formula: G Xz;t2; X1;ts / ams EXP +Spath - IN
the semiclassical limit only classical paths contribute; in this case there is a



single classical path, so G / e'Sc=s= ; the proportionality constant contains
fluctuations around the classical path.



