Exam Quantum Theory, 22 december 2014, 10-13 hours.

1. Assume that the Hamiltonian H Hp V is the sum of two time-independent
Hermitian operators Hp (called the “free” part) and V (called the “interac-
tion” part). In the socalled “interaction picture” the time-dependent state

t and operator A are transformed as

| t eiHot= t: AI t eiHot= Ae iHot= .

a) Explain why the transformation to the interaction picture has no e [eck
on the expectation value A t h t jAj t iofanoperator A in the state
t , so that we may equally well write A t h tjA t]  ti.

b) Derive the Heisenberg equation of motion in the interaction picture:

. d
1 —A AiHp :
dt | | 0

c) Show, starting from the Schroédinger equation for t , that the evolution
equation for | t can be written in the form

d
dt
without any explicit dependence on Hy.
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2. The socalled Rashba Hamiltonian describes the motion of an electron in a
two-dimensional layer in the X-y plane, with a coupling of the spin to the
motion. It acts on the spin-up and spin-down components -, » of the wave

function asa2 2 matrix,
1

H pz=2m p’=2m V X;y Px 1 Py
Px i py pZ=2m pi=2m V X,y
The momentum in the x-y plane has components pyx 1 0=0%, py

I @=Qy, the potential isV X;y , and the real coe Lcieht represents the
spin-orbit coupling strength.

The time-reversed state ~ is defined from by a combination of complex
conjugation and spin flip,
1
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a) Show that the time-reversal operation conserves the normalization of the
state and show that if you apply the time-reversal operation twice.

An eigenstate at energy E satisfies
H ~ E
# #
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b) Show that the time reversed state ~ is an eigenstate of H at the same
energy E.

c) Prove that and ~ are linearly independent. (You have then proven the
socalled Kramers degeneracy.)

. The bosonic annihilation operator a and creation operator a¥ can be used
to describe the state of photons at a given frequency. For example, the
coherent state is given by

j i el @joi;
where is a complex number and jOi is the vacuum state. In what follows

you may use that the coherent state is an eigenstate of the annihilation
operator: aj 1 j L

a) Show that two coherent states j i1 and j 1 are not orthogonal, by deriving
that

2

jh j ij T

exp j ]

b) Calculate the first two moments of the photon number: n  h jaYaj 1
and n2  h j a¥a ?j i, and the variance varn n2  n 2. Verify that the
ratio of the variance and the average is equal to 1. (This ratio is called the
Fano factor.)

The coherent state is a pure state. The photons can also be in a mixed state,
described by a density matrix . Consider, for example, a mixture of two
coherent states,

pj th j 1 pjihj
with relative weightp 2 0;1 .

c) Calculate from this density matrix the first two moments of the photon
number and show that the Fano factor varn =n is greater than 1.

. A particle moves along the x-axis in the potential V X  VgjX], with V, > 0.

a) Make a sketch of the wave function ,, x for the ground state and the
first two excited states. (Indicate which is which.) Pay particular attention
to sign changes of , X and to the Xx symmetry.

We seek the energy spectrum in the Bohr-Sommerfeld approximation,
|

1
—  pxdx 2 N n 01:2;:::

b) What is the appropriate value of the phase shift ?
c) Calculate the energy levels E;.



