
1 Fundamental concepts

1.1 Bra-ket notation, delta function, position and momentum representation

a)

• 〈1|1〉 = 1 = 〈2|2〉, 〈1|2〉 = 0, ⇒

〈ψ+|ψ+〉 = 1
2 (〈1|− i 〈2|)(|1〉+ i |2〉) = 1,

〈ψ−|ψ−〉 = 1
2 (〈1|+ i 〈2|)(|1〉− i |2〉) = 1,

〈ψ−|ψ+〉 = 1
2 (〈1|+ i 〈2|)(|1〉+ i |2〉) = 0.

• ÂB̂ = |ψ+〉〈ψ+|, B̂ Â = |ψ−〉〈ψ−|.

(|ψ+〉〈ψ+|)† = |ψ+〉〈ψ+|, (|ψ+〉〈ψ+|)2 = |ψ+〉〈ψ+|.

• Â† = |ψ−〉〈ψ+| = B̂ , B̂ † = Â.
• Tr Â = 〈ψ−|ψ+〉 = 0 = Tr B̂ ; Tr ÂB̂ = 〈ψ+|ψ+〉 = 1, Tr B̂ Â = 〈ψ−|ψ−〉 = 1.
• The matrix elements Hnm = 〈n|Ĥ |m〉 are H11 = 1, H22 = −1, H12 = i , H21 = −i , in matrix
form

H =
(

1 i
−i −1

)
.

The usual linear algebra calculation of eigenvalues and eigenvectors gives E± =±p2, |ψ±〉 =
c±[i (1±p

2)|1〉+ |2〉], with normalization constant c± = (4±2
p

2)−1/2.
The trace of H is zero, so the two eigenvalues must sum to zero.
• (Â+B̂)2 = |ψ+〉〈ψ+|+|ψ−〉〈ψ−| = 1̂. So the eigenvalues squared of Â+B̂ equal 1, while their
sum vanishes (since Â and B̂ have trace zero), hence the eigenvalues are ±1.

b) ∫ ∞

−∞
d y f (y)

∂

∂y
δ(y −x) =−

∫ ∞

−∞
d y f ′(y)δ(y −x) =− f ′(x), ()∫ ∞

−∞
d xδ(ax) = 1

a

∫ ∞

−∞
d(ax)δ(ax) = 1

a
, ()∫ ∞

−∞
d x f (x)δ(x2 −a2) =

∫ ∞

−∞
d x f (x)

[
δ(x −a)

x +a
+ δ(x +a)

x −a

]
= f (a)− f (−a)

2a
. ()





c)

1̂|x ′〉 =
∫ ∞

−∞
d x |x〉〈x|x ′〉 = |x ′〉⇒ 〈x|x ′〉 = δ(x −x ′), ()

〈x|q̂|x ′〉 = x ′〈x|x ′〉 = xδ(x −x ′), ()

〈x|p̂|x ′〉 =
∫

d p ′ 〈x|p̂|p ′〉〈p ′|x ′〉 = 1

2πħ
∫

d p ′ p ′e i p ′x/ħe−i p ′x ′/ħ

=−i
∂

∂x

∫
d p ′

2π
e i p ′(x−x ′)/ħ =−iħ ∂

∂x
δ(x −x ′) = 〈x ′|p̂|x〉∗, ()

〈x|q̂ p̂ − p̂ q̂ |x ′〉 = (x −x ′)〈x|p̂|x ′〉 =−iħ(x −x ′)
∂

∂x
δ(x −x ′)

=−iħ ∂

∂x
[(x −x ′)δ(x −x ′)]+ iħδ(x −x ′)

∂

∂x
(x −x ′) = iħδ(x −x ′). ()

1.2 Heisenberg equation of motion and Ehrenfest theorem

a) [q̂ , p̂2/2m] = i (ħ/m)p̂, p̂(t ) = p̂(0)

⇒ q̂(t ) = q̂(0)+ (t/m)p̂(0), [q̂(t ), q̂(0)] =−iħ(t/m).

b) 〈q̂(t )〉 = 〈q̂(0)〉+ (t/m)〈p̂(0)〉.

1.3 Hellmann-Feynman theorem

a) En = 〈ψn |H |ψn〉, hence

dEn/dλ= 〈ψn |d Ĥ

dλ
|ψn〉+〈dψn

dλ
|Ĥ |ψn〉+〈ψn |Ĥ |dψn

dλ
〉

= 〈ψn |d Ĥ

dλ
|ψn〉+En

d

dλ
〈ψn |ψn〉 = 〈ψn |d Ĥ

dλ
|ψn〉,

since 〈ψn |ψn〉 = 1.

b) The velocity operator along the wave guide is v̂ = d Ĥ/d p.

1.4 Uncertainty relation

a) 〈ψ|T̂ †T̂ |ψ〉 = |T̂Ψn |2 Ê 0.





b) 〈ψ|Â2 +ω2B̂ 2 − iωB̂ Â+ iωÂB̂ |ψ〉 Ê 0.

c) Choose ω= 1
2 〈Ĉ〉/〈∆B̂〉2.

d) (∆x)2 = ∫
d x |xψ|2 = 1/(4α), (∆p)2 =ħ2

∫
d x |dψ/d x|2 =ħ2α.




