1 Fundamental concepts

1.1 Bra-ket notation, delta function, position and momentum representation

a)
o (111) =1=142|2), (112) =

Walys) = 31— i@DID +il2) =1,
(w_ly_) =1 +i@h(1 —il2) =1,
W_lyy) = $(A+i@D (1) +il2) =0.
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e TrA=(w_|ly4)=0=TrB; TtAB=(w|ly4) =1, Tr BA=(y_|y_) =
 The matrix elements H,,,, = (n|H|m) are Hy, =1, Hop = —1, Hy» = i, Hp; = —i, in matrix

form
1 i
H= (—i —1)'

The usual linear algebra calculation of eigenvalues and eigenvectors gives Ex = +v/2, [yr.) =
¢y [i(1 +v/2)|1) +2)], with normalization constant cy = (4 + 2v/2)712,

The trace of H is zero, so the two eigenvalues must sum to zero.

e (A+B)?2 = [y (wil+ly_Yw_|= 1. So the eigenvalues squared of A+B equal 1, while their
sum vanishes (since A and B have trace zero), hence the eigenvalues are +1.

b)
oo a o0 , ,
f dyf(y)acﬂy—x) =—f dyff(ymoy—-x)=-f(x), @
f dxé(ax) = lf d(ax)6(ax) = l, (2
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c)

i1 :f dx|x)(xlx) = |x') = (xlx'y = 6(x—x),
(xlg1x"y = X' (x|x'y = x6(x — X),
1 ) P
(xlplx’y = f dp' lplp ('l = 5 — f dp'ple'? e P
. 0 dp, ip'(x-x"h _ . 0 N — /15 *
= laxf Zne = zhax(S(x xX)={x'|plx)",

o an N . 0
(xlgp-paIx'y = (x - x")(x|plx'y = —ih(x - x’)aé(x— x)

= —ihi [(x—xY0(x—x"N]+ihd(x— x')i(x -x"=indx-x.
0x ox

1.2 Heisenberg equation of motion and Ehrenfest theorem

a) (g, p?12m] =i(h/m)p, p(t) = p(0)

= q4(0) =40+ (t/m)p(0), [4(1),q(0)] =—in(t/m).

b) {4(1)) = (q(0)) + (t/ m){p(0)).

1.3 Hellmann-Feynman theorem

a) Ep, = (yu|Hlyy), hence
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di
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b) The velocity operator along the wave guide is 7 = dH/dp.

1.4 Uncertainty relation

@) (W T Tlyy = TP, 0.
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b) (w|A? + w?B? - iwBA+iwAB|y) = 0.
¢) Choose w = 1(C)/(AB)2.

d) (Ax)? = [dx|xy|* =1/(4a), (Ap)? = k? [dx|dy/dx)? = hia.



