
2 Symmetries

2.1 Inversion symmetry

a) on the one hand P [q̂ , p̂]P −1 =P iħP −1 on the other hand P [q̂ , p̂]P −1 = [q̂ , p̂] = iħ, so
P iP −1 = i .

b) P 2 = e iφ1̂, redefining P ′ = e−iφ/2P has no effect on the inversion operation. Eigenvalues
of P ′ are ±1.

c) ĤP |Ψ〉 = P Ĥ |Ψ〉 = EP |Ψ〉 and because the eigenstate |Ψ〉 of Ĥ with eigenvalue E is
nondegenerate the two states P |Ψ〉 and |Ψ〉 must be linearly related: P |Ψ〉 = λ|Ψ〉 and
P 2|Ψ〉 = |Ψ〉 =λ2|Ψ〉, so λ=±1.
〈Ψ|q̂n |Ψ〉 = 〈PΨ|P q̂nP −1|PΨ〉 =−〈Ψ|q̂n |Ψ〉⇒ 〈Ψ|q̂n |Ψ〉 = 0

2.2 Time-reversal symmetry

a) on the one hand T [q̂ , p̂]T −1 =T iħT −1 on the other hand T [q̂ , p̂]T −1 =−[q̂ , p̂] =−iħ,
so T iT −1 =−i .

b) T 2 = e iφ1̂ = ÛÛ∗. Multiply with U−1 from the left and with U from the right, and
conclude that also Û∗U = e iφ1̂ = (ÛÛ∗)∗. Therefore e iφ = e−iφ⇒ e iφ =±1.

c) T 2 =σ2σ
∗
2 =−1

d) Ĥ remains invariant if momentum and spin are inversed.

e) ĤT |ψ〉 = T Ĥ |ψ〉 = ET |ψ〉 so if the eigenstate |ψ〉 of Ĥ with eigenvalue E is nondegen-
erate then the two states T |ψ〉 and |ψ〉 must be linearly related:
|ψ〉 =λT |ψ〉 =λT λT |ψ〉 =−|λ|2|ψ〉 — contradiction

2.3 Galilean invariance

a) [Ĝ , x̂] = i v t , [e iĜ , x̂] =−v te iĜ ⇒ e iĜ x̂e−iĜ = x̂ − v t

proof: [Gn , x] = ni v tGn−1 ⇒ [e iG , x] =
[ ∞∑

n=0

(iG)n

n!
, x

]
= (−v t )

∞∑
n=1

(iG)n−1

(n −1)!
=−v te iG

similarly, [Ĝ , p̂] = i mv, [e iĜ , p̂] =−mve iĜ ⇒ e iĜ p̂e−iĜ = p̂ −mv
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[x̂, p̂2] = 0.
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