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ON TIIE COI\TINUOUS DEPENDENCE
OF TFIE POLES OF THE SCATTERING MATRIX

ÛN THE COEFFICIENTS OF AN ELLIPTIC OPERATOR

UDC 513.88; 517 94

S. V. PETRAS

ABSTRACT. The behavior of the poles of the analytic continuation to the nonphysical

sheet of the resolvent of the operator /u : -V '1.(.x)V is considered as e - 0,

ivhere ,4.(.r) : lo('x) + ea("rr) is a smooth, positive-definite, matrix-valued func-

tion. It ii proved ihat as e - 0 the poles of the kernel of the resolvent (1" - z2)-l
within an arbitrary compact set ly lie only in the union of disks {z: lt - z,l:
O{r,to',rr,n:I,...,N\W),whereq,,istheo¡derof the pole z}of thekernelof the

resolvent (lu - z2)-t.
Bibiiography: 4 titles.

1. We consider the equation

u,,(.x,t): v' A,(x)vu(x,t), x e R3,

u(x,0): fr!), u,(x,0): fr(r),
(1)

the process of scattering of acoustic waves by inhomogeneities of the

Here the matrix-valued function A,(x) : Ao@) * ea(x) is assumed to be

definite, É ' ,a.(x)å >- cl|l2, cr ) 0, and smooth (for example, A,(x) e Cr)
value of the numerical parameter e € [0,1]. Moreover, A,(x): As(x): I,

p, where 1is the identity matrix.
is known [1] that the scattering matrix S.(z) of problem (1) is holomorphic in

half-plane Im z < 0 and meromorphic in the upper half-plane Im z > 0.

of the scattering matrix S.(e) coincide with the poles of the analytic

)-r of
to the nonphysical sheet (Im z > 0) of the kernel of the resolvent

the corresponding steady-state problem.
paper we show (Theorem 3) that as r -.> 0 the poles of the scattering matrix

within an arbitrary compact set Wlie only in the union of disks

{tllt - znl: O(er/s,,)}, n: I,,..,N(W),
is 

.the order of the pole 2,2 of
this assertion is based on an

the kernel of the resolvent (lo - z2¡-1. The
operator interpretation of the nonphysical

fiom the viewpoint of the geometry of Hilbert sp acg) to the analytic
ef the kernel of the resolvent ( I zZ ) 0 e 1 into the upper

Im 0 there corresponds rts replacement, according to the scheme of
1 by the resolvent B, z ) of a certain dissip altve operator Bu

cotncide with the poles of the scattering matrix S.(e).
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Since, according to (3), the resolvent {8, - z)-t of the dissipati'ie operator B' is

,quul to the projection onto the subspace K' of the resolvenl (L, - e)-1 of the

,rifud;oint operator ¿u, 0 < e { 1, we first prove the following assertion.

THnonsN,I 1. There exists a constant C such that

ll(¿, + ,)-t - (to+ i)-l¡oo ( ce.

pnoor. We observe that because of (4) the theorem follows from the ¿ssertions

llc.(-1) - Go( -1)11.',-2,: o(u), (5)

llc,(-1) - co( -L)llr,-oo: o(r), (6)

llc (-1) - co(-1)llrrn-., : o(u), (7)

llc.(-i) - co(-1)ll¡ro-¡70: o(u). (B)

We first prove (5) and (6). Let u,:8(-1)p, I e Co*(R3), e € [0,1], i'e'' the

function r.r,(x) satisfies the differential equation

*Y'AJur*rr:g, xeR3.

Using the formula for integration by parts, we obtain

lo,{'o,' A,(x)vu, + lu,l') dx : l*,9û',dx'

' from which it follows that

llu,lltu" + llu,ll2 < llpll', e e [0, t]. (9)

Suppose further that u. - î,te ø0. The function u,(x) is a solution of the

equatlon

-v .,40(x)Vu, * u. : eV' a(x)Vuu, x e R3.

this equalion by u,(x) and then integrating by parts, we obtain

{,( * .Ar(x)vu,+ lr.l') o*: -rl,.,.rvo ' a(x)vu,dx (ro)

lr <p
* 

"(/o,

r/2

I 1",

r/2

i4. a(x)vu,dx

proves

lvu,lz dx lvw,l2 dx , (rt)
<P <p

c2 = suPt_,trpllc(x)ll, and

c,llvu,ll < llø.ll¿; crllvu,ll ( llu,ll¡¡0,
(10), with (9) taken into accoun t, we obtain

(llr,ll'o. + llu,ll')t/'=< cf 2crellgll,

(s) and (6).
(7) and (8) it suffices to show that for some constant ca

ll. lvu,12 dx ( c¡llPpll'
<p

1/2

(12)

(r:)

2, Let F1', 0 < e ç 1, be the closure of the set of infinitely differentiable'

compactly supported functions Cf (R') in the norm

llell?r. :/, w' A,(*)Ye dx

and let Lz : Lz(R3)be the space of square-summable functions' We denoteby 'ff'
the energy sPace -I1' @ L2 with norm

llull'r,: L(llutll'o, + llørll')'

In the space ff',O ( e ( 1, we consider the Cauchy problem for the wave

equation (1)

*(ï,:) : (" îo å)([)' (;:)1,:,: (f )' (2)

setting u(x, t): ut(x, t) and u,(x, t): uz(x' t)'

We denote bY iL,the matrix operator

A,: 01
v . ,q,(x)v 0
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on the domain Ø(L,): {u e 'X'" A,u e 'ff'\,O ( e ( t'ln'ff',the skew-symmet'

ric operator lL. generaàs [1] the unitary group U,(/) : exp(iL"t ] of solution

opera tors of problem (2).

w denote by Ø+ and Ø the outgomg and

correspond solutions of
mcommg subspaces of ffu t1 1.0.' thel,

e

set of a1l

forward
Cauchy data to which there

lx + >/ 0 and backward x
(2) equal to zeto

0 frustums of coneE
{ p ) { p t )

€
respectiveþ we note that Ø and I aÍe orthogonal m tr 0 1

+

orthogonal proJ ectron onto the subspaceLet P be

rhen ror any rixed , !r),r,ri*7^:r:"'îl'"'""
0<e<1'

g,(t): P*,(1,(t)nu,, t )- 0,

is a strongly continuous semigroup of contractions in K' [1]'

Let iB,be the generator of tnl semigroup 9"(t),0 < e < 1' Then the

(8,- ,)1t of theãissipative operator Bu is the projection onto K" of the

(L, ' t)-t of the selfadjoint operator L,, \.e.,

(n,- r)-t: P*,(L,- z)-rP*', Imz < o'

By explicitly inverting the matrix operator L, - Z, it is easy to obtain

1r,-'¡-':( 
zG'(22\ -iq(2'z)\' ft¡12*o': 

\i[r'c.1 z2) + t] zG,(z\ )'
where G,(r') is an integral operator with kernel which is the Grean

G,(x, !;'ì\'otthedifferentialoperator -v 'A,(x)v - z2'

We wish to show that in an appropriate sense

lim (8. - ,)-t: (Bo - ò-t'
¿*0
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where p(x) is an infinitely differentiable f'r¿nctron satisfying the eonditions: 1)
p(x):l,lxl < p; 2) (p + 1)-t <p(x) < 1, p < jxi < ¡o-{- 1; 3) p(x'): lrçl-1, lxl
>p+7.

Indeed, from (10) and (11)-(13) we obtain

( llr,ll?r' + llr,ll')' /' ( c!1c2crell ppll.

On the other hand (see [2], Ctrapter Vl, $4.3),

llppll < cqllvçll.

We thus see that

(llr,ll?r, + llu,li2)t" * ef ?c2c:.¡r:.,ellpllrro

fro¡n whicir (7) and (8) obviously foiiorv"
It thus rernains fon us to prove (1"3). $ìor ti;.is rvc rìote th¿it the Grean fulction

G,(x, y; -i.), a e [0, 1], satisfies the conditions [3]

l%G.(x, /; -1)l : O(l* * -),1-,), lxl < p, lyl < p,

lv,G.(x, /; -1)i : t(¡y¡-lexp,{*lyli), ixl .'; p.lyl > p * 1,

from which it foliows that the integral operator generated by the function

! v,G;(x, y ; - 7)l p (, yj-'
is bounded frorn 1,2(R 3) tr ¿2({ lxl < p }}, i.c., ,{13,1 lelels"

TrisonnM 2. Tke farnily of resoluents (4 - ,) t of the dissipatiue operators B,
conuerges unformly üs I --+ t at tke regulær poini z =' *i to the resoluent (Bo - z)-L
the dissipatiue operctÌûr Eo, and, lnot)eût)er,

ll(4 + r)-t - (øo + t)-t¡1oo 
=< 

ce .

Indeed, since the restriction of any elornent w e g*# g- to the set {x: lxl < p
equal to zero, all the sr-lbspaces K", 0 { e € 1, coineide topologically. Therefore,
resolvent (4 + ,)-1 considered in the su'bspace K0 ,has the form

(ß,+ t)-lu: puo(L,+ i)-lu, u e Ko,

)

Hence,

ll(4 + r)-'- {ao+ )-11¡*, < ll(å, + i)"' -(Lo+ i)-'ll*',
from which Theorenn 2 follows by Theorem 1"

.i. wtt now formulate our nialn asserÍion. ï.et W be d eornpaof set ln the
z-piane containirig 1n its interior part of the spec;'¿ru,tt ^ctlt 'ihe oflçrator Bo
qn be the order of pole zn ft 1, N, of the resolvent ( ao )
compact set W, and let C{¡,): {z: lz -" ø,1 { rn}, T'}ren the following
holds.

Tr¡nongM 3. Tkere exísl positiue con::tût¿îî: c..=,A{.'íti/), tvilr: M{ll),
M2 ( w) such that Jor sny t A. the faìlcwing assertions üre true

1) The interseüion 0.f the sI,SCIrqlyn of the operûtor B. with the conqact set

the union of the dislcs Cir), n : 1,. . .,N, where r,: ][16r/ø,.
2't þ"ç: l,),;.::pectrul spüces F!"J ancl F[n] corresponcltrugto t!rc parl

ike cpet'ators B, and Eo lying in the disk C{r,) there i,s il.¿e esfimaîe

llP,t"l - Fó,)li*o-4 M!.,.e.

of the
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The proof (see [4]) is based on Theorem 2, the inequality (see [2], chapter IV,
$3.3)

ll(4 - ò-'-(ao- ò-'ll

\ 7 +(z + i Bo- z -'il 
ll( +í -r _( +i -'il

7 - lz + rl lll + (z + i)(8, - r)-, llll(4 + ,)-' -(ro + i)-1¡¡'
which holds under the condition that the denominator on the right side is positive,
and on the well-known integral representation of spectral projectiãns

p:Ð - po(n): _* 
Iur,,,,,orl(u,_ r)-, _(ro _ )-rl ar.
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