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4.

STELLINGEN

Uit het Rotne-Prager variatieprincipe voor hydrodynamische mobili-
teiten volgt voor de (korte-tijd) collectieve diffusiecoéffici&nt
D, van gesuspendeerde bolvormige deelt jes de ongelijkheid:

D, < D_[5aG(0)] " [dk G6(k)k “sin’ak,
0

waarbij Do de Stokes-Einstein constante aanduidt, a de straal van
de deeltjes en G(k) hun structuurfunctie.

J. Rotne en S. Prager, J.Chem.Phys- 50 (1969) 4831.

Beide door Stauffer en Clavin voorgestelde uitbreidingen van
Batchelor's sedimentatie theorie naar het geconcentreerde regime
impliceren voor de diffusiecoéffici&nt een ernstige schending van
bovenstaande ongelijkheid.

D. Stauffer en P. Clavin, J.Physique L42 (1981) 353.

» Ten onrechte menen Ermak en McCammon dat hun algoritme voor simula~

tie van Brownse beweging in suspensies verschilt van het algoritme
dat zou volgen uit de door Zwanzig geformuleerde Langevin vergeli j-
king voor dit proces.

D.L. Ermak en J.A. McCammon, J.Chem.Phys. 69 (1978) 1352.

De divergentie van de sedimentatiesnelheid in een onbegrensde sus-
pensie treedt niet op indien de invloed van de wand die de suspen-
sie draagt in rekening wordt gebracht.

C.W.J. Beenakker en P. Mazur, te verschijnen.

Door Baas e.a. wordt de door hen waargenomen afname van stromings
dubbele breking in gassen bij hogere drukken toegeschreven aan een
afbuiging van de gebruikte laserstraal ten gevolge van variaties in
de dichtheid. Veeleer is het optreden van hydrodynamische instabi-
liteiten de oorzaak van dit verschijnsel.

F. Baas, J.N. Breunese, H.F.P. Knaap en J.J.M. Beenakker,
Physica 88A (1977) 1.

De formule
n n n n
1 o) o] o) [e]
= [=£)(=8g) - (= g)(—= £)]
1 e e o™  ak"

[£(x,k),8(x,k)} =
n

i~ 8

kan beschouwd worden als de definitie van een gegeneraliseerd
Poisson haakje {f,g}.



7. De wiskundige formulering van €é&n-dimensionale stroming door po-
reuse media geeft een randwaarde probleem met een zogenaamde vrije
rand, die verzadigde en onverzadigde gebieden scheidt. Met een
door J. Hulshof ontwikkelde methode kan men de continuIteit van
deze vrije rand (als kromme in het ruimte-tijd vlak) bewijzen
onder rulmere voorwaarden dan vereist door van Duyn.

C.J. van Duyn, Arch. for Rat.Mech. and Analysis, 79 (1982) 26l.

8. Ten onrechte geven Prosperetti en Plesset geen rechtvaardiging
voor de veronderstelling van een continu temperatuurverloop in de
verdampende vloeistof die zij bestuderen.

A. Prosperetti en M.S. Plesset, Phys.Fluids 27 (1984) 2590.

9. De excessieve smeltdrukverlaging van gepolariseerd 3He, waargeno-
men door Bonfait e.a. en door hen toegeschreven aan een systema-
tische fout in de metingen van de magnetisatie, kan beschouwd
worden als een experimentele aanwiljzing voor de geringe magne-
tische susceptibiliteit van dit systeem - in overeenstemming met
de theorie van Bedell en Quader.

G. Bonfait, L. Puech, A.S. Greenberg, G. Eska, B. Castaing en
D. Thoulouze, Proc.l7th Int.Conf. on Low Temperature Physics
(Elsevier, 1984): blz. 481.

K.S. Bedell en K.F. Quader, Phys.Lett. 96A (1983) 91.
10. Als instrument voor de meting van zeer korte laserpulsen verdient
een drie-armige Intensiteits interferometer de voorkeur boven een

twee—armige.

B. Wirnitzer, Opt.Commun. 48 (1983) 225.

11. De Willibrord vertaling van Jesaja 7,14 weerspiegelt een verande-
ring in de Nederlandse mariologie.

C.W.J. Beenakker Leiden, 28 november 1984
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CHAPTER I

INTRODUCTION

1. Preface

Transport properties of suspensions of macroscopic particles in a
viscous fluid are concentration dependent due to direct interactions
between the particles, as well as due to a coupling of their motion
via the fluid'. This coupling is called hydrodynamic interaction. To
understand the influence of hydrodynamic interactions on properties of
suspensions has been the motivation of the work described in this
thesis.

Both from a theoretical and experimental point of view, the in-
fluence of hydrodynamic interactions is best studied in the absence of
any long-ranged (e.g. electromagnetic) direct interactions between the
particles. For this reason we shall restrict our attention to systems
where the suspended particles have of themselves only the short-ranged
interaction of hard spheres. Such suspensions can be realized in the
laboratory: van Helden and Vrijz, notably, have developed a system of
silica particles which in a nonpolar solvent interact as hard spheres
over a broad concentration range, as is borne out by measurements of
the osmotic compressibility. Studies of these, and other, "hard-
sphere" suspensions have yielded much information on the effect of
hydrodynamic interactions as the suspension becomes more and more
concentrated. Theoretical investigations, on the contrary, have been
restricted mainly to the low-density regime, where it is sufficient to
consider only the hydrodynamic interactions of pairs of particles.
Difficulties in accounting for non-pailrwise additive Eontributions to
these interactions hampered an extenslon to suspensions which are not
dilute. Significantly, the section on hydrodynamic interactions in a
1980 review'S concludes with the discouraging observation that "“the

intractability of the three-body hydrodynamic interaction problem



forces us to hope that [the assumption of pairwise additivity of the
hydrodynamic couplings] holds in more concentrated suspensions as well
[as in dilute suspensions]”. In the past few years, however, important
advances have been made towards a solution of the many-sphere inter-
action problem, which have improved considerably the outlook for an
understanding of the properties of cgncentrated suspensions and which
have formed the basis of the work described in this thesis. As a back-
ground for the following chapters we shall now consider the hydrodyna-

mic problem in more detail.

2. Many-sphere hydrodynamic interactions
For our purposes, the motion of the fluid is described to a
sufficient accuracy by the static, linearized Navier—Stokes equation

*
for an incompressible fluid
—nAz + $p = 0, Vev = 0, )

where 3(;,t) and p(;,t) are the velocity and pressure fields and 7 is
the (kinematic) viscosity of the fluid. Eq. (1), valid within the
fluid, is supplemented by a stick boundary condition on the surface of

each sphere 1 = 1,2,...N,

> > > >
v =u, + w; Alr - R

1 ) for |; -~ ﬁil = a. (2)

1

Here Gi(t) and ai(t) are the velocity and angular velocity of sphere
i, with radius a and centre at ﬁi(t).

The solution of these socalled "creeping flow" equations has been

3

the subject of many investigations”. Important quantities to be deter-

mined are the mobility tensors Eij’ which relate the velocity of

sphere i to the force Kj exerted by the fluid on each sphere j,

*The static approximation, in particular, limits the validity of the
analysis to time scales large compared to the viscous relaxationtime
a?/v (v: dynamic viscosity of the fluid; a: radius of the suspended
spheres). For e.g. spheres of 0.5p radius in water at room tempera-
ture, this relaxation time is 2.5¢1077s and may be neglected in many
(experimental) situations.

10



N
>
u, = -L p

Z.. (3)
j=1 .

ij
(We have assumed here that the fluid exerts no torque on the spheres,
i.e. each sphere can rotate freely; furthermore, the unperturbed fluid
is assumed to be at rest.) The dependence of Eij on the positions of
the N spheres reflects their hydrodynamic interactions; in particular,
a term which depends on the positions of s spheres 1s said to result
from an s—-sphere hydrodynamic interaction.

For the case of two spheres, expressions for the mobility tensors
have been obtained both from an exact solution of egs. (1)—(2)4, as in
the form of a series expansion in inverse powers of the separation R
of the spheres, carried out to order R by K.ynch5 and Felderhof®.
These latter two calculations made use of the socalled method of

3, introduced by Smoluchowski’. In principle, this method

reflections
is not limited to the case of two spheres and indeed it was applied
succesfully by K.ynch5 to obtain the dominant three- and four-sphere
contributions to the mobilities. However, because of the complexity of
the reflection method no general expression could be given, with which
one could compute the mobilities for an arbitary number of spheres to
the accuracy desired. Such expressions were finally obtained by Mazur
and van Saarloosa, by the socalled method of induced forces®: 1%, With
this alternative method it is possible to reduce the problem to that
of solving a hierarchy of linear algebraic equations, which proves to
be very efficient in studying more than two spheres. (A similar
approach to many-sphere hydrodynamic interactions has been taken by

Yoshizaki and YamakaWa1’.) In this way, Mazur and van Saarloos®

obtained the mobility tensors in the form of a power series in R_l,
where R 1is a typical distance between spheres. It was found, in
particular, that the dominant contributions from clusters of s spheres
(8»2) are of order R5—3S. (To order R_7, the two—, three—- and four-
sphere contributions found by Kynch5 were recovered.)
For a statistical theory of concentrated suspensions the formulae
for hydrodynamic interactions obtained by Mazur and van Saarloos®
will, in this thesis, prove to be most powerful because of their not

being limited to a small number of spheres. Indeed, using these



formulae we shall be able to "resum"” (in a statistical sense) the
many-body hydrodynamic interactions between an arbitrary number of
spheres. This technique will be applied to study both diffusion (or
Brownian motion) of the spheres and the effective viscosity of the
suspension. We shall now briefly discuss these two subjects of our

investigation.

3. Diffusion and light-scattering
Brownian motion of suspended particles, first studied by Einstein'?
in the beginning of this century, has become a subject of renewed
interest with the emergence of spectroscopic techniques to observe
this motion through correlations in the intensity of 1light scattered
by the suspension'c’13. By measuring the average temporal auto-
correlation of the scattered intensity - for scattering wavevector
k and correlation delay time t — one can obtain the dynamic structure
factor G(k,t),
L ¥ iﬁ-[ﬁj(r)—ﬁi(O)]
G(k,t) = N z Ke >
i,j=1

>. (4)

This function (which depends on the magnitude k of the wavevector
only) is the spatial Fourier transform of the particle number density
auto-correlation function. (The brackets <<...>> in eq. (4) denote an
average over an equilibrium ensemble of suspensions.)

For the time derivative of eq. (4) we can write (using stationarity

of the ensemble)

. iﬁ-[ﬁj(t)—ﬁi(0)1>

T
x fde <<E-Zi(0)3j(c)-ﬁ e >. (5)

%?-G(k,r) =N
1,5 0

As argued by Pusey and Tough14 (on the basis of Langevin equations for
the dynamics of the particles) the decay of the structure factor
determined by this equation is described by a different diffusion
coefficient for "short" and "long" times - relative to the structural
relaxation time e in which the configuration of the particles changes
appreciably due to Brownian motion. On the short time scale 1<<xc, eq.

(5) simplifies to'!*



& 6(k,0) = HD(RIG(K,0), (6

with the diffusion coefficient D(k) given by

5 P , ke @R
D(k) = kyT[Nk“G(k,0)] p 1<k-Bij~k e I, N
i,j=

Here <...> denotes an equilibrium average over the positions of the
spheres and kp and T denote Boltzmann's constant and the temperature
respectively. We remark that in the derivation of eq. (6) from eq. (5)
it has also been assumed that v is much larger than the correlation
time t, = m(67ma)—l of the fluctuating velocities of the particles

B
(with mass m). Use has in fact been made of the relation

T
> >
<<{)dt ui(O)uj(t)>>§N = kT by 5o (8)

which holds for TB<<T<<TCo Here the brackets denote an average over
the velocities of the spheres only, for given positionvectors ﬁN.

For the systems studied 1iIn this thesis the time Tc » 10—2s is

83. There

indeed very much larger than Tg» which is of the order of 10~
is therefore a large "plateau” time scale TB<<T<<TC on which the
regression law (6)—(7) should hold. In our analysis we shall restrict
ourselves to this time scale, which forms the most simple regime. To
determine the decay of the structure factor for long times T>>TC, on
the other hand, turns out to be a much more difficult problem ~ even

15, We remark that in

without considering any hydrodynamic interactions
a light-scattering experiment both the short and long time scales in
the diffusion regime are accesible.
To conclude our discussion of diffusion we mention that the short—
time decay of the self-dynamic structure factor
1ke [R, (1), (0)]
Gs(k,t) >

1)

-1 N
N~z Ke > 9

i=1

is described (as in eq. (6)) by the k-independent self-diffusion
coefficient D,



a ¥ o
D, = kTN 121< 7 Tr uy 0 (10)

(Tr denotes the trace of a tensor.) From a comparison with eq. (7) it

follows that

D = lim D(k), (11)
s
k+»

and D, can therefore be measured in a light-scattering experiment at
large scattering vectors'®. (For an alternative technique using

"tracer"” particles with a different refractive index, see ref. 17.)

4. Effective viscosity

On a length scale much larger than the dimensions of the suspended
particles a suspension behaves on average as a fluid with an
"effective” viscosity neff which differs from the viscosity 1 of the
solvent due to perturbations of the flow by the presence of the
spheres. The first to study the effective viscosity was again

18

Einstein in 1906 and this quantity has played a central role in the

12,3, One can determine the effec-

rheology of suspensions ever since
tive viscosity by calculating the average perturbations to a suffi-
ciently slowly varying shearing field of flow imposed by an external
force. In this thesis we shall neglect pertubations arising from
Brownian motion of the spheres, which may give a non-vanishing contri-
bution after averaging because of deviations of the distribution
function of the positions of the spheres from its equilibrium form'®.
For this reason the validity of our analysis is again (as in the case
of diffusion discussed above) limited to a time scale short compared
to the structural relaxation time T since on this time scale pertur-
bations of the distribution function may be neglected. Concerning the
long-time (r>>rc) regime, results have as yet only been obtained for
dilute systems‘g, where 1t has been shown that contributions from
Brownian motion give an increase of the effective viscosity.
Unfortunately, little is known experimentally about time—dependent
effects in the rheology of suspensions. For an understanding of the

influence of Brownian motion, dynamic measurements of the effective



viscosity would be of great value.

5. Qutline of the contents of chapters II to IV

In chapters III and IV we present a theory for the concentration
dependence of respectively diffusion coefficient and effective visco-
sity of a suspension of spherical particles. The method by which these
quantities are calculated is introduced in its most simple form in
chapter II, for the case of self-diffusion. The main contents of these
three chapters are the following.

As a preliminary, we demonstrate in ch. II that the assumption of
pairwise additivity of hydrodynamic interactions is unjustified if the
suspension is not dilute, by extending the density expansion of the
self-diffusion coefficient D, to second order. A theory which is not
restricted to the dilute regime will therefore have to account for
many—body hydrodynamic interactions between an arbitrary number of
spheres. The expansion of Dy in density—-fluctuation correlation
functions of increasing order described in ch. II satisfies this
requirement. The zeroth order term in this socalled fluctuation
expansion contains the resummed contributions from interactions of
2,3,4,5,... spheres =- in the absence of correlations. Higher order
terms contain corrections to this result from correlations between
fluctuations in the concentration of the spheres. As we shall see in
ch. II, these corrections are important, especially at the highest
concentrations considered.

For this reason we examine, in ch. III, also an alternative expan-—
sion in correlation functions, which is obtained from the previous one
by a partial resummation of higher order correlations. In this second
fluctuation expansion contributions from an important class of self=-
correlations (these are correlations which would also be present in
the hypothetical case of penetrable spheres) are included already in
the zeroth order term. Both the comparison with experiments and the
calculation of the lowest order correction indicate that this =zeroth
order term gives reliable results for the diffusion coefficient over
the whole concentration range. We conclude the third chapter with an

interpretation of the lowest order term in the fluctuation expansion



of D(k) (defined in eq. (7)) in terms of an effective pair-mobility,
which reflects the fact that in an averaged sense a palr of spheres
interacts hydrodynamically via the suspension =- rather than through
the pure fluid.

In ch. IV the same expansion technique used in the previous chapter
for the case of diffusion, is applied to study the effective
viscosity. As we shall see, outside the dilute regime it is essential
to take the finite particle size into account and the point-particle
approximation in particular breaks down completely for a sufficiently
concentrated suspension. This thesis concludes in ch. IV with a compa-
rison of the results obtained for diffusion and viscosity. It is shown
that the effective pair-mobility introduced in the previous chapter in
the context of diffusion contains the effective viscosity of the sus=-
pension. This serves to support the experimental observation (first
made by Cebula et al.zo) that the product of self-diffusion coeffi-
clent and effective viscosity is approximately independent of the

concentration.
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CHAPTER II

SELFDIFFUSION:
VIRIAL EXPANSION AND RESUMMATION OF HYDRODYNAMIC INTERACTIONS

1. Introduction

In this chapter we commence the study of transport properties of
suspensions by analyzing the concentration dependence of the "short-
time" self-diffusion coefficient of (uncharged) suspended spheres.
This quantity (which we denote by D;) describes diffusion of a single
"tracer” particle on a time scale over which the spatial configuration
of the particles is essentially constant ' *2. If the mobilities of the
spheres are known - as a function of their positions - it is possible
to calculate D, by means of a generalized Einstein relationZ, which
relates Dj to an average of these mobilities over all the configura-
tions of the spheres. Experimentally, the short-time self-diffusion
coefficient can be determined from dynamic light-scattering studies:
the initial decay of the temporal auto—correlation function of the
scattered field at large values of the scattering vector yields values
for Ds4.

If the suspension is sufficiently dilute we can assume the hydrody-
namic couplings to be pairwise additive, i.e. we need to consider only
two-body hydrodynamic interactions. Most theoretical treatments of
properties of suspensions are restricted to this low-density regime*:

the linear density corrections to the values at infinite dilution of

*

An exception is formed by Muthukumar and coworkers who included many-
body hydrodynamic interactions in their analysis of flow through
porous media (cf. ref. 5 and the references therein).

18



DS and of the bulk-diffusion coefficient were calculated by Batchelor?
and by Felderhof® and Jones’. Batchelor used generalized Einstein
relations for these coefficients, while Felderhof and Jones based
their analysis on a Fokker-Planck equation in the many-particle coor-
dinate space. Their results were equivalent. For the case of bulk-
diffusion the value of this first order correction has been confirmed
by experimentsg.
Using expressions for the mobilities in clusters of three
spheresg"o, we shall in this chapter extend (for the case of self-
diffusion) the analysis of Batchelor > to include second order density
corrections (for a related calculation see also ref. 1l1). As we shall
see, it follows from our results that three-~body hydrodynamic inter-
actions may mnot be neglected if the suspension is not dilute. At still
higher densities one will have to take fully into account the many-
body hydrodynamic interactions. Moreover, an expansion in the density
(a "virial expansion") is not appropriate in this high-density regime.
For this reason we consider also an altermative expansion of the self-
diffusion coefficient, in correlation functions of density fluctua-
tions of increasing order (a "fluctuation expansion”). Each term in
this expansion contains the resummed contributions from many-body
hydrodynamic interactions between an arbitrary number of spheres.
Formally, such an expansion is related to a theory of the dielectric
constant of nonpolar fluids developed by Bedeaux and Mazur '2. In that
context the zeroth order term in the fluctuation expansion represents
the Clausius—Mossotti formula for the dielectric constant.
In section 2 we summarize the general expressions for many-sphere

10 and derive a few for—-

mobilities obtained by Mazur and van Saarloos
mulae for later use. The short-time self-diffusion coefficient Dg is
expressed in terms of these mobilities in section 3. In this section
we also explain a compact operator notation, which shall prove its use
in this and the following chapters. In section 4 we evaluate the
virial expansion of D, to second order in the density. The alternative
fluctuation expansion is carried out in sections 5,6 and 7. We shall
evaluate the zeroth order term (no correlations) as well as the lowest

order correction thereto, which is due to two-point correlations. The



results obtained are discussed and compared with experiments in

section 8.

2. Mobilities

Consider N equal-sized spherical particles with radius a and
position vectors ﬁi (i-1,2,...N), moving in an incompressible fluid
with viscosity m, which is otherwise at rest. We describe the motion
of the fluid by the linear quasi-static Stokes equation, supplemented
by stick boundary conditions at the surfaces of the spheres. The

velocity 3 of sphere i1 can be expressed as a linear combination of

i
the forces ij’ exerted by the fluid on each of the spheres j

N
A S LRt (2.1)

The mobility tensors Eij depend on the configuration of the N spheres;
a term in Eij which depends on the positions of s spheres 1is said to
reflect s—body hydrodynamic interactions. In eq. (2.1) we have assumed
that the fluid exerts no torque on the spheres, i.e. each sphere can
rotate freely.

The general expression for the mobilities, as derived in ref. 10,
has the structure of an infinite series of reflections or scatterings

from the spheres,

(1,1) © o o o N N N
bimap =16+ A + £z D I T R
-ij -1 -ij s=1 m;=2 my=2 m =2 j;=1 jp=l jg=1

J1#1 Jo#dy  dg*dge10d

(Lm)  (op,m)™ (my,my) (mg,m)™L  (mg,1)
A © B © A @ «¢s B © A s (2.2)
~1j; - =j1ip - —Jgd

and is given as a sum of products of tensors called connectors. The
(n,m)
1]

a hydrodynamic interaction between a force multipole of order n on

connector A (i#j) is a tensor of rank n + m, which characterizes

20



sphere i and a multipole of order m on sphere j. This connector is a

function of ﬁij = Ej_ R, of order (a/lﬁiji)n+m—1 and hence, for large

i
separation of the spheres, low values of n and m dominate. By defini-
tion these connectors are zero for i = j. The tensor §(m’m)-1 is a ge~
neralized inverse of a tensor g(m'm) of rank 2m which does not depend
on the positions of the spheres. The notation é:;'m) ® E(mlm)-‘

prescribes an m-fold contraction, with the convention that the 1last
index of the first temsor is contracted with the first index of the

second tensor, etc.

The general expressions for the connectors are (cf. ref. 10)

(n,m)
A =0, (2.3)
(n,m) (n,m)
&5 = JaEfart sk, - Z)a(ﬁj - T A (r'- 1), i#j, (2.4)
with the connector field é(n,m)(;) given by
(n,m) ~ _ e -
A () = 6ma> (2n-1)11(2m-1)11 1" P2m) > fak T (ak) 72
n-1 m-1
d sin(ak) o d sin(ak)
x ( _ ) (L - kk) ( - ). (2.5)
6(3%)“ 1 ak 6(a§)m 1 ak
-1
The tensor 5(2'2) is given by*
(2,27t 10 (2,2)
B =-g4a7 . (2.6)

The tensor E(m,m) for m»3 is defined, in terms of the connector field
(2.5), by

B(m,m) = - é(m,m)(; = 0), m > 3. (2.7)

The inverse of this tensor is evaluated explicitly below.

In the above equations (2n-1)!! = 1e¢3+5....(2n-3)+(2n-1), k =

il
=
=

-1 -1
*The tensor 11(2'2) defined here corresponds to }L(ZS'ZS) in ref.
10.
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E = ﬁ/k. The notation‘ii?denotes an 1rreducible tensor of rank p,
i.e. a tensor traceless and symmetric in any pair of its indices,
constructed from a p-fold ordered product of the vector % (in the
present context b stands for a/a(aﬁ) ). For p = 1,2,3 one has (see
e.g. ref. 14)

r_ 1 _ 1 2
By = Dy » bybg = bobg = = 800"
1
(e 2
= -= + . .
byPgby = bgbgby = T (Bagby + Sgybg + bg by)b (2.8)

(2,2)

The tensor A used in eq. (2.6) belongs to a class of tensors

é(n,n) of rank 2n which project out the irreducible part of a tensor
of rank n:

(n,n) n n (n,n) |+n|
A oh =0 o A = b . (2.9)

For n = 1,2 we have !4

(1,1)
bap " (Hap = Oq

(2,2) 4 1 1
AaBYé = E‘ﬁaéésY + EléaYéﬁé - 3‘5a66Y5 . (2.10)

The general expression for the mobilities as a function of the
positions of the spheres (2.2) constitutes an expansion in the inverse
interparticle distance 1/R. An explicit evaluation up to and including
terms of order (l/R)7 can be found in ref. 10.

Equations (2.3)-(2.10) define in principle all the quantities
appearing in expression (2.2) for the mobilities. For later use it is
convenient to rewrite the connector field (2.5) (from which connectors
are formed according to egs. (2.4) and (2.7)) in a somewhat different

form, using the identity
3P sink ~P PrT N3
;KET: k (-1) (E) Jp_'_%(k) ,p=01,2,..., (2.11)

where JP+% is the Besselfunction of order p+%. Eq. (2.11) follows from
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the definition'®

3,00 = (1P (293P a0 ik (2.12)

and the relation'®

rpl N
S5 R =k (K d/doP £(k) - (2.13)
ok :

If we now define a Fourier-transformed connector field

(n,m) v (a,m)
a0 =™ T d (2.14)

we have, in view of egqs. (2.5) and (2.11),

(n,m)

A (B = 6ma® (2o~ PP E (a7
‘An—ll an 'am—ll
x Jpa(ak)dgg(ak) k(L -k k. (2.15)

The above relation may be used to evaluate the tensor E(m,m) expli-

citly for m » 3, since (cf. eq. (2.7))
3™ - o (ilafak A @), w3 . (2.16)
0

The scalar part of the above integration may be evaluated with help of

the formula (ref. 15, pg. 679)
édk k-lJi_%(k) = (2o~1)7L . (2.17)

Using, for the angular integration in eq. (2.16), the results given in

appendix A (see eq. (A.9)), we find the explicit expression

A(m-l,id,m—l)_ m A(m,m)

3
g(m’m)= - 5 (m-1)1(2m-3) 11 =i &

m-1 , (m-1,m-1) G)m—2 é(m—l,m—l))

o

T >, w3, (2.18)
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where the symbol o% denotes an f2-fold contraction. The tensor

Am=1,Tdm=1) 5o 4 tensor of rank 2m with elements

(n~1,id,m-1) (m-1,m-1)

= . 2.1
@peeetn 15BY,070008, ésy Aal.--am_l,élo--ém_l (2:1%)

This tensor acts as a unit tensor when contracted with a tensor I(m)
of rank m which is irreducible (traceless and symmetric) in its first

m—-1 indices

é(m-l,id,m—l) o I(m) - I(m)- (2.20)

-1
The tensor E(m'm) appearing in eq. (2.2) is the generalized

(m,m)

inverse of B in the space of tensors of rank m which are irredu-

cible in their first m-1 indices. It is therefore determined by the

equation

g(m’m)—lo g(m’m)= é(m_l’id’mvl) , m»3. (2.21)

The result

E(m’m)—l= o %_(m_l)!(zm—3)!!]_l[é(m—l,id,m-1)+'ng é(m,m)
(EE%J(%%E%) é(m—l,m—l) 0m—2 é(m—l,m—-l):' , w3, (2.22)

may — with help of formulae (A.3)-(A.5) in appendix A - be checked by
-1

substitution into eq. (2.21). We recall that §(2'2) is defined in

eq. (2.6).

3. Self-diffusion

The short-time self-diffusion coefficient Qs is related to the

mobilities discussed in section 2 by a generalized Einstein relation-

N

Elgii > (3.1)

1
]28 = kBT_ﬁ <i
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where <...> denotes an average over all configurations of the N
spheres inside a volume V. We denote the temperature and Boltzmann's
constant by T and kg, respectively. The short-time self~diffusion
coefficient D, describes the diffusion of a single "tracer” particle,
over distances small compared to the interparticle separation (see in
this connection the discussion in ref. 2). Combining egs. (2.2) and

(3.1) we obtain (see also eq. (2.3))

-1
4 % @ ® N N N (1,my)  (my,my)
D /D=1+N1I 5 eee T 0% T eeex A TTVep L
-s o - s=l m=2 m=2 i=1 j;=1 jg=1 -13j -

i;ejs J.1;Ei js*js-l

-1
® A(ml’mz) @uee B(ms,ms) ® A(ms,l) >

. . ., > (3.2)
“I132 - =3l
where we have defined
Dy = kT (6mna)”L . (3.3)

Thus for isolated spherical particles Qs = Do 1 , the familiar Stokes-
Einstein result.

Equation (3.2) will be the starting point for the virial expansion
of Qs’ evaluated up to second order in section 4. In order to study
also the behaviour of D, at higher densities, we shall cast this
equation in a different form, which permits a formal resummation. We

first redefine the connector field in the following way

um) | (am) _(a,m)

() = A (r) 1fr#0,

1>

(f = 0) = 0. (3.4)

If we now use definition (2.4), eq. (3.2) becomes

N N
DM =1+N's 5 ..z [dFfdF..fd<s 8@ 2z s@. -F)
s'o - - _ 0 1 s L i 07,7 b 1
s=1 m1—2 m_ =2 i=1 31—1 1
N Ct,m ) (n..m )—1 (m_,1)
~ ’ ~

oz 8@ ADEF-T)eB N (F,~ ) > (3.5)

j =1 js 5 s

s
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(n,m)
Note that the introduction of the modified connector field A (;)

enabled us to perform the summations over the particle indices without
restriction. Due to homogeneity of the suspension, the integrand in
eq. (3.5) is invariant under a translation of the particle position
vectors over ;0. After a change of integration variables eq. (3.5)

takes the form

®© © -3 (l,m
-1 > > > > ~ 17 » >
QS/DO— L+n % % .12 fdrlfdrz..fdrs<n(r =0) & (rl)n(rl)
s=1 m,=2 m =2
1 s
-1 -1
CHE I N (m,m ) "
@ B eA (r,~r,)n(r,) o .. B o A (-r ) >, (3.6)
= = 2 1 2 - - s
where the microscopic density field, with average n, = N/V, is given
by
> N >
a(r) = ¢ s@&.- 1) . (3.7)
=1

Equation (3.6) may alternatively be written in operator notation

-1
_ ® el ® (L,my) (m,,m,) (m,,m,)
DM=1+0t £ 5 ...z n & Yaos 1Y ox 2,
25/ = o 8 2 a
s=1 m, =2 m_=2
1 s
-1
(m,m)" (m,1)
N o A }¢o10) >, (3.8)
N(n,m)
where n and A (written without argument) are linear integral
operators with kernels
n(r ') = n(r) 6(x'- 1) , (3.9)
(n,m) (n,m)
A |ty = & (T - 5. (3.10)
N N(n,m)
We see that in r-representation n is a diagonal operator and A a

convolution operator. The notation {...}(0|0) prescribes an evaluation

> >
of the kernel of the operator between curly brackets at r = r' = 0.
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Next we define matrices A and B_l with elements

(n,m)
{A} =4 , (3.11)

<1
{8ty =5 pmm (3.12)

n,m nm =

and projection operators P and Q =1 - P

{r} = 6n16m1 | Q}n,m = 6nm - énléml . (3.13)

*
With these notations we may write e.g.

= _(l,m) -1 _(m,1) _
: X eoB™™ X = PAQBTIAP (3.14)
m=2
and eq. (3.8) takes the form
D /D, =L+ “Sl 1 P <nA (a QB TA)O|0)>P. (3.15)
s=1

This equation can formally be resummed to yield

D /D =1+ n;l PfnA(T-n QB_lA )nl}(0|0)>P , (3.16)

=5’ "o

where we have used the fact that, in view of definition (3.4),

LD
<{nA }(0]0)>P = n_ A (r = 0) = 0. (3.17)

We remark that it is possible to derive eq. (3.16) algebraically
from eqs. (5.2)-(5.5) of ref. 10, in a way which does not require a
resummation. Eq. (3.16) — which contains the full hydrodynamic inter—
action of the N spheres — will be the starting point for the expansion

of QS in correlations of density fluctuations, performed in section 5.

*To be more precise: the right hand side of eq. (3.14) is a matrix
with the left hand side as the only non-zero element.
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4. The virial expansion

For a dilute suspension it is appropriate to express the short-time
self-diffusion coefficient QS as a power series in the demsity nj (a
socalled virial expansion). We shall evaluate this series up to and
including terms of second order in the density. Up to this order we
need consider only contributions from two— and from three—body hydro-
dynamic interactions; these contributions are discussed separately

below,

4.1 Two—sphere contributions
A restriction of Big to terms which depend on the positions of at

most two spheres has the following expansion in powers of 1/R%.1¢,17

-~ -~

15

4

6mna p,, (two-epheres) = 1 + I (- —Z-)(a/Rik) I

k#1
+ =z —l-(a/R )6 (105 ; ; -17 1) + O(a/R)g. (4.1)
16 ik ik " ik =
k#i

nge the vector ﬁiks §k~ ﬁi has magnitude Rik = Iiikl and direction
rik = ik/Rik. Substitution of eq. (4.1) in eq. (3.2) yields for the

two—sphere contributions to Es
_ Z 15 4 °*
QS/Do (two-spheree) = 1 + nojd gR) (-~ — (a/R)" rr

+-1% (a/R)® (105 rr - 17 1)), (6.2)

where g(R) denotes the pair distribution function for two spheres

separated by R. Up to order n, we have (see e.g. ref. 18)

0 if R < 2a ,
4o 4 1 3
g(R) = 1+51ta n,(8 - 3 R/a +-i—6—(R/a) ) if 2a < R < 4a, (4.3)
1 if R > 4a .
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An elementary integration gives the required first and second order

density corrections to D, due to two-body hydrodynamic interactions

D (two-spheres) = D_ 1 [ 1 - 1.73¢ - 0.93¢2 + O(¢3) 1, (4.4)
where ¢ is the partial volume or volume fraction of the spheres
. (4.5)

4.2 Three-sphere contributions

0f the three-sphere terms in the expansion of Byg in powers of 1/R
we have retained the dominant one (which is of order R_7), evaluated
in refs. 9 and 10,

75 2 3 2
émna p,, (three-spheres) = L I = — (a/Ry) (a/Ryy) (a/Rgy)

k#i f#i,k 16 1

x Tpria((U = 38001 = 3,2) + 65,28, 2+ 68,5,8,) + 0(a/R)?,  (4.6)

where gi 2 rypTigs gk g Iyt Tiy and gx = rgg*Tyy are direction co-

sines. The three-sphere contribution to D_ 1s obtained by averaging

=s

eq. (4.6) with the three-sphere distribution function g(RIZ’RIB’RZB)’

given in lowest order by

0 if Ry5 < 2a or Ryg < 2a or Ryy < 2a ,
g8(Ry),R14,Ry3) = (4.7)

1 elsewise .
After three trivial angular integrations, we are left with a three-
dimensional integral over a complicated domain, determined by eq.
(4.7). This integral was evaluated numerically using Monte~Carlo
* .
techniques . The resulting three—sphere contribution to 25 is

]'—)s (three-spheres) = D, 10 1.80q>2 + 0(¢3) 1. (4.8)

*
Use was made of the adaptive Monte—Carlo integration program
RIWIADZC.

29



If we add eqs. (4.4) and (4.8) we obtain the virial expansion of

QS up to second order in the density
Ils (two- and three-spheres) = D L[l - 1.73¢ + 0.88¢2+ o(¢3)]. 4.9)

The term of order ¢ is well known®»7. Batchelor® used exact expres—
sions for the two-sphere mobility tensors and found -1.83¢p for the
correction of order ¢. Comparison with eq. (4.9) shows that the terms

8

of order R ° and higher neglected in eq. (4.l) are not very important.

Concerning the three—sphere contributions neglected in eq. (4.6) (of

9

order R ° and higher) we can say the following: a calculation of the

contribution to Ps due to a typical three-sphere mobility term of
order R"9 was found to give about 1% of the value in eq. (4.8)*, which
results from the only term of order R,

We defer a discussion of our result (4.9) to section 8.
5. The fluctuation expansion
The fluctuations in the microscopic density field are defined by
() = n, + én(¥)- (5.1)
The average <6n(;)> equals zero by definition, while??
<Bn(f)én(z')> = n 8(f'- T) + noz[gq?'— I - 1], (5.2)
with g(r) the pair distribution function.
Our aim is to expand the expression between curly brackets in eq.
(3.16) in powers of &n. This can be done most conveniently by using

first the identity (A is an arbitrary operator)

*Using the notation of ref. 10: we found that the sequence of

connectors - -1 - -1 -
E_“'ZS)(Rl):_B_(ZS'ZS) :2(25'25)(R12):£(25'25) :_9(25'”(~R2)

contributes -0.01642 to Ds/Do'
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[1 - (n, + 6mAI™L = (1 - ng&)™L (1 - 6nA(L - n 2)7t )7L, (5.3)

Substitution of (5.1) in eq. (3.16) gives, with the aid of (5.3), the

alternative expression for Qs

-1 —1 -1
D./Dg= 1 +n P<{nAnO[ 1- én QB AnO] }(0]0)> p, (5-4)

where the renormalized matrix of connectors An is defined as

Ao P A LT 70 o8 a1t (5.5)
This renormalization accounts for the fact that fluctuations in the
concentration of the spheres interact hydrodynamically via the
suspension rather than through the pure fluid.

If we expand the expression between curly brackets in eq. (5.4) in
powers of 8n, we obtain an expansion of Qs in correlations of density

fluctuations of higher and higher order (a "fluctuation expansion™)

p =0® +p2 4 ., (5.6)
-5 =s -5
where Qép) contains terms of order <(6n)p>.
The zeroth order term 2;0) is given by
(0) _ (L,1) >
D, M/Dy =1+ A (E=0), (5.7)

o]

’

(n,m) >
where the renormalized connector field An (r) is the kernel of the

convolution operator Aé"'m), which in turn is an element of the matrix
o

A

n
Q
(n,m)
A =

“n n
[¢] [e]

| (5.8)

The renormalized connector field will be evaluated in the next

)

section; an explicit expression for 9;0 is given in section 7.

We shall include in our calculation of Qs the 1lowest order

(0)

correction to QS due to fluctuations in the concentration of the
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suspended particles. This correction Q;Z) results from terms of order

<(6n)2> in eq. (5.4) and is given by
(2) _ -1 -1
I_)S /Do =n, P<{6n Anoén 0B Ano

-1 -1
+ 0 Anoén 08 Anoén QB ~ A }(0]0YP, (5-9)

[e]

or, written out explicitly,

(2) ® (lam) -1 (m)l)
D, /o = L A (F=0) o 3™ o a (30
m=2 o o)
® (l)m) -1 (m’l)
+ oA ()o p(mm o A (D) [g(x) - 1]
m=2 o o)
hd g (l:m) -1 (m’k) -1 (kyl)
+ 5 I nofd; é (;) ® E(m’m) o A (;=0) ® E(k;k) ® é (_?)
m=2 k=2 oo o o
o @ (l,m) -1 (m’k> -1
+ 5 zolfaa A @) e s™™ o4 (Fr-F) o gl
m=2 k=2 © 25 Ty
(k, 1) > > >
o] én (—r‘)[g(lr'—rl)—l]. (5.10)
o

Use has also been made of eq. (5.2). The contributions to Q;Z) result
from pair-correlations (the terms containing g(r)-1 ) and from self-
correlations which would also be present in the hypothetical case of

penetrable spheres.

6. Evaluation of the renormalized connectors

According to eqs. (5.5) and (5.8) the renormalized connector field

éé"’m)(;) is formally given by
o
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(n,m) L(m,m) ®  ® (a,my) |

>

A () =4 Ty +z I ... z ng [dE ... [T & )
o =1 m=2 m =2
(m,n)" (m,m) m,m) ' (m,m
’ ~ } ] 1Y ~ ’
B 1 ® A 1772 (?2- ?1) ® ..B 578 e A s (? - ?S), (6.1)

cf. also definitions (3.10)-(3.13). We observe that we may replace

~( )
A nem (r) under the integral in eq. (6.1) by A(n m)(r), since these

two connector fields differ by a finite amount in a single point only,
cf. eq. (3.4). Hence, in terms of the Fourier-transformed connector

field defined in eq. (2.14), eq. (6.1) takes the form

L), e m e e . 2.2 (n,m
A (@)= F+2 T ..z SEm kT A TV
A s

o s=1 m, =2 m =2

1 s
-1 (m s ) -1 (m ’m)
(m, ,m, ) 1272 (m ,m ) s
o Y oa @) o..3 5 % o4 @®). (6.2)

To proceed we make use of the formula (proven in appendix B)

(n,p) (pom), (n,m)
n A (B)o B(P’P) oa (B =-a (&3 sp(Zp—l)Z
x (ak)—SJi_%(ak), p > 2, (6.3)
with the definition
€, 5/9 , e,= 1 (p>3). (6.4)

The volume fraction ¢ is defined in eq. (4.5). Using well known
formulae for Bessel functions (cf. appendix C) we can analytically

perform a summation over p in eq. (6.3)

®  (n,p) .oyt (@ (n,m)
Ton_ A (k) o B'P*P) 5 4 (k) = -¢ S(ak) A &y, (6.5)

where the function S(x) is given by
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S(x) = [x_lsi(ZX) + %x_zcos(Zx) + %x—3sin(2X)

N | W

b . 2

- x ‘'sin“x - 4x_6(sinx - xcosx)z]. (6.6)

Here the sine-integral Si(2x) is defined by
2x

si(2x) = | t lsint dt. (6.7)
0

For small values of x, S(x) behaves as
S(x) = 5/2 + 0(x%). (6.8)

With the aid of formula (6.5) we can resum the formal expansion
(6.2) to yield the required expression for the renormalized connector
field

(n,m) (n,m) 3. —ilel (n,m) .
& =% @) - el Ty T ()

i 13
o]

x ¢S(ak)[1 + ¢S(ak)]. (6.9)

We remark that as a consequence of the expansion (6.8), we have for r

large
(n,m) (n,m) i}

A, he=a T da+zeh (6.10)
[o]

We thus see that the range of a renormalized connector is the same as
the range of an unrenormalized one, or, in other words, the hydro-
dynamic interaction is not screened in the effective medium.

For the fluctuation expansion we need in particular the value
ééi’m)(;=0) (cf. eqs. (5.7) and (5.10)). Using, for the angular inte-
gration in eq. (6.9), the results (A.9)~(A.11) from appendix A we find

>

(1,1) ®
A (r=0) = - 1 [dk k
Al >4

3,200 08GO + 651 (6.11)
o
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-1 (m,m) -1
E(m’m) ® én (_{ = O) ® _B‘(m)m) =
o
2

) eS(O[L + 080T, w2, (6.12)

_.1 o _
= 3®™  on1)fak k
0

(m,m+2) (m+2,m)
(F=0) = A (2=0) = - 2 (wtl)1(2m-1)11 p@LmHD)
-n -n 2 =
) )
T -1 -1 .
x édk k Jm_%(k) Jm+3/2(k) #S(k)[1 + ¢S(k)] 7, (6.13)
(n,m) |
én (r=0)=0 if n#m and n # m* 2, (6.14)
)
~1
where B{™™  (m>2) is given by eqs. (2.6) and (2.22). The remaining

one-dimensional integrations in the above equations may be performed

numerically.

7. Numerical results for the fluctuation expansion

In section 5 we have written the fluctuation expansion of the

short—time self-diffusion coefficient Qs in the form

e, (7.1)

(p)
s
density fluctuations of order p.

where D contains terms of order <(6n)p>, i.e. correlations of

From eqs. (5.7) and (6.11) we obtain for 2;0) the expression

p{® - p 1(1 - 2

2 2 -1
D o E-¢édk (sink/k)” S(k)[1 + ¢5(k)] )

=p_ 1 %— dk (sink/k)Z [1 + ¢S(k)] Y, (7.2)

[e]

o8

where the function S(k) is defined in eq. (6.6). A numerical
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Table 1

The fluctuation expansion of D, to second order.

o D0 /p, + D{P /D, = D/D,
0.05 0.896 + 0.005 0.90
0.10 0.812 - 0.007 0.80
0.15 0.743 - 0.024 0.72
0.20 0.685 - 0.041 0.64
0.25 0.636 - 0.057 0.58
0.30 0.593 - 0.071 0.52
0.35 0.556 - 0.083 0.47
0.40 0.524 - 0.093 0.43
0.45 0.495 - 0.102 0.39

integration* yields the values listed in table 1.
With the aid of eqs. (6.13) and (6.14) the expression (5.10) for

2;2) reduces to

(2) (1:3) > (3 3)-1 (331) >
QS /Do = éno (r=0)e8B ® éno (r = 0)
@ (1,m) -1 (m,m) -1 (m,1)
+zn f@Ea (@ oer™™ o4x  @F=0)e ™™ on (D)
m=2 © ) By oy
© (1,m) -1 (m,m+2) -1 (m+2,1)
2 L0 fdF A (3o 3™ 5 4 (3=0)e B(EFHmi2) o (-1)
m=2 © o s o
® (1,m) -1 (m,1)
toun fiE s @ o™ eu T (H (a0 - 1)
m=2 2, o,
® (1,m) -1 (m,k) -1
1 ozalf@f@ e B o™ o TF- e plol)
m=2 k=2 %o %o
(k1) . s
° A (-r') [g(|z'- r|)-1]. (7.3)
[

*We used an adaptive routine based on Gauss quadrature rules?'. This
routine, together with an algorithm for the evaluation of the sine-
integral appearing in definition (6.6), is part of the NAG-library
(Oxford).
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We have numerically evaluated all the terms in eq. (7.3) not con-
taining connectors é;"’m)(;) with n or m larger than 2, i.e. restric-
ting ourselves to corrections to QéO) due to monopolar and dipolar
hydrodynamic interactions between density fluctuations. The results
can also be found in table 1. We approximated g(r) by the solution of
the Percus-Yevick equation for hard spheres, as found by Wertheim and

Thiele?2. Details of the calculations are given in appendix D.

8. Discussion

We have calculated the concentration dependence of the short-time
self-diffusion coefficient D, for spherical particles in suspension.
For low values of the volume fraction ¢ a virial expansion is appro=

priate. We found

D, =D, L[ 1-1.73 + 0.88° +00) 1. (8.1)
Only two—body hydrodynamic interactions contribute to the = well
known3,7 - term of order ¢, which dominates if the suspension is very
dilute. However, many—-body hydrodynamic interactions may mnot be
neglected at higher densities: a neglect of three-sphere contributions
would give a value of - 0.934)2 instead of + 0.88¢2 for the term of
order ¢2 in eq. (8.1). In a concentrated suspension it is therefore
essential to fully take into account the many-body hydrodynamic inter-—
actions between an arbitrary number of spheres*.

The expansion of Dg in correlations of fluctuations in the concen-
tration of the suspended particles satisfies the above requirement. In
fig. 1 we have plotted the results from this fluctuation expansion,

carried out to second order. At low values of ¢ we can compare these

*Yan Megen, Snook and Pusey23, in contrast, calculated the diffusion
coefficient by averaging the two— and three-sphere mobilities given in
eqs. (4.1) and (4.6) with "exact" distribution functions (as known
from computer simulations). The neglect of hydrodynamic interactions
between four and more particles in a concentrated suspension can
however not be justified.
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Fig. 1 Volume fraction dependence of DS/DO. The theoretical curve is
from table 1, the data points are from ref. 13.

results with the virial expansion of D (eq. (8.1)). We found from the
fluctuation expansion a value of -1.96 for the linear coefficient, in
reasonable agreement with the value of -1.73 given in eq. (8.1), or
with the exact value of -1.83, calculated by Batchelor®. In order to
obtain also an estimate for the accuracy of the fluctuation expansion
at higher densities, we examine the relative magnitude of its first
two terms: one sees from table 1 that up to volume fractions of 0.3

the lowest order correction D2 js of the order of 10% (or less) of

the zeroth order result D;O):s One might expect, therefore, that in
this regime the concentration dependence of D, is described reasonably
well by our results from the fluctuation expansion. At higher volume
fractions, however, the correction D;Z) becomes more and more impor-
tant and, consequently, one should expect our results to be increa-
singly less reliable.

Pusey and van Megen‘3 have measured D, for a concentrated suspen-
sion of colloidal 1latex particles, using dynamic light-scattering

techniques. Their data points are also plotted in fig. 1. Unfortu-
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nately, a comparison with the virial expansion (8.1) is not possible,
since no measurements could be performed at sufficiently low concen—
trations. As we can see, the fluctuation expansion is in agreement
with the experimental data in the regime ¢ £ 0.30, where we expect
our results to be reasonably accurate. However, for ¢ % 0.35 the
calculated values for Ds are considerably 1larger than the measured
ones, indicating the importance of higher order terms in the fluctua-
tion expansion. We shall deal with an important class of these terms

in the next chapter.

Appendix A. Formulae for irreducible tensors

We shall use the following formulae (cf. ref. 14)

|An—1'A lhnI (n-1,n-1) 'An—Z'
r r=r + 2L, "2 ¢ (A.1)
2n-1 = ’
Mal ol
r o' r =n!/(2n-1)1! (4.2)
(mm) _ (mm)  (m,n)
A o A =A ifm<n , (A.3)
(n,n)  (m,m)
A e A =0 ifm>n , (A.4)
(n’n) (n’n) (n_l,n_l)
nt+l _ 2nt+l
4 ° 4 =51 4 , (A.5)
1 JRICLLR™Y -1 (n,n)
— = 1 1 . .
o far r = § ., n!{(2atl)] " A (A.6)
Integrals of the form
(n,m) 1 a1t o Fm-11
J = o far (L-rr)r , n,m>» 2, (A.7)
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can now be evaluated using first eq. (A.l), and then eq. (A.6) and its
corollary (cf. definition (2.19))

[ n—ll f m—ll (n-1,id,n-1)

PN ~

afarr Lr =5 (a-D[2n-1)11]7" g . (A.8)

The result is

(n,n) -1 (n-1,id,n-1) (n,n)
J = (o-1)![(2n-1)11] 7" (A - 5= b
- gL p(mheh) a2 (etLetly (4-9)
g(om¥2) (420 rpen + 3yt h p(mtL e (A.10)
™o 0 if n#m oand n#m# 2, (A.11)

where we have made use of eq. (A.3) to simplify the expressions.

Appendix B. Proof of equation (6.3)

Every tensor of rank 2, constructed from the tensor 1 and the

an

vector r, is necessarily of the form « 1 + B rr, with scalars «

and B. Hence we can write

f n—11

~n ~

-1 f n—ll .
L-rm)r o g(n,n) o" r (L-rr) =al +B8rr, n>» 3, (B.1)

-~ An -~

-1
with B™*™ (0 > 3) given by eq. (2.22).
If we contract both sides of eq. (B.l) with r, we find

0=(e+B)r, (B.2)
hence B = —a. To determine o we take the trace of eq. (B.1l)
. c =1 B(n,n)_l |
cesl

. & Y, eeol r
Bpeesby Vieeevy HIVIB2 BpHpeccBlaVieeeVy Vg V)

A'-n—l' f n—ﬂ N

(a,m) " on
-rr o B s o r r = 2a. (B.3)
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The 1l.h.s. of eq. (B.3) can be evaluated with help of the formulae

: s s T~ Al (n-1,id,n~- l)l 1 3 (n-1)! (B.4)
r A --l‘ e .
Bpeopy Vp-evy PIVLB2T Ty Bt BV Ve Ve V2T T (a1t

5 s 8 LN ~1 A(n,n) = ~1 (20+1) (n-1)!
r es I T ool = n —_—
Bleoby Vpeevy PIVIH2 Hp BpecB1sVieVpVno V2 (2n-1)11 °
(B.5)
. 5 r= ~1 (n,n) = =1
T el T el =
Ppeely VieeVp B1Vi B2 Bp MpecB1oVieeVp Voo V2
Fn? o o1 .
=r oty = (n=1)!{(2n - 3)11]7" , (B.6)

il (n-1,id,n-1) a1l T -1 [ n-1}
n _ n-1 . (n-1)! B.7
rToe fr xr=x o r =goymy. 6D

>

o1 0 (n n) ' 11, ol Il

_ n n!
rr o A o r r=tr © r (Zn—l)!! , (B.8)
S (n,n) n'An—l'A LS _zr:n-ll -
rr o™ T e r r = rer ol r °r =
| Y | Ma—21
- (2212 ~n2 272 P al (eely (8.9)
2n-3 r 2n-3 (2n-3)11 ° )
cf. eqs. (A.1)-(A.5)). We have used the abbreviation
(n,n) (n-1,n-1) n-2 (n-1,n-1)
= A ® A . (B.10)

Substitution in eq. (B.l1) of the values for « and B which follow
from eqs. (B.2)-(B.10) yields

AA'-n—lln TR L PN
(l-rr)r o" B'™ o' r  (l-rr) = -[(2n-3)!!] “(l-rr), n>3. (B.1l)

-1
Since E(Z'Z) equals - 18_4(2,2) (definition (2.6)), a simple calcu-
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lation gives

An A

~1 R ~a ~n
(L - rr)r 3(2’2) tr(l - rr) = - %-(l - 1r). (B.12)

Eqs. (B.1l) and (B.1l2) give, together with eq. (2.15) the required
formula (6.3).

Appendix C. Derivation of equation (6.5)
We wish to calculate the sum

@

2 .2 22 2
n21(2n+1) Toay(®) = 2x nzo[J“+%(X) IO (0]

2.2 2
X [J%(X) + J3/2(X) + 2J_%(X)J3/2(X)], (€.1)

where we have used the recursion relation!?

Qut)T L, G = xT (0 + (x)- (C.2)

nt3/2

In ref. 24 (§116) we find the useful formula
L
n=0

Ty (I G = 7 [ VPS03 (o) a, (C.3)

O~

for v and p real numbers. If we take v = p = % we find

=2 1 FE -1
2 Joa(x) = [t eint dt = & = $i(2x), (C.4)
n=0 % 0
while the choice v = 3,2, p = - % gives
: -2 -1% -2 -1
zJ " ) _ (x)=x=n ftsinZt dt = x "m " (%sin2x-%xcos2x). (C.5)
n=0 7372 n-% 0

Substitution of eqs. (C.4) and (C.5) into (C.l) ylelds the result
o 2 —
b (2n+1)2 Jn+%(x) = %{XZSi(Zx) + %sin2x + %xcos2x - x 1sinzx]. (C.6)

n=1

This is the formula we need in deriving eq. (6.5).
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Appendix D. Calculation of DS(Z)
We can write the integrals in eq. (7.3) in terms of Fourier trans-

formed renormalized connector fields é;n’m)(ﬁ), which, according to

eqs. (2.14) and (6.9), are given by °

Ay = 4@ 1+ gsao) (.1)

o}

Restricting ourselves to terms in eq. (7.3) containing only connectors

with upper indices n,m < 2, the expression for 9;2) takes the form

(2) 4, (1,2 -1 (2,2), -1 (2,1),
D, /D= n (2m) 3a A . (k) 3(2:2) éﬂo (7=0y:5( 2 :éno 3

(2,1

»1)
sa (R (kR
o

) L) -1
+ o (2m) "0 fakfak" B & : 3(32

-1 (2,2), -1 (2,1),

o, LD,
ol () Cfakfakr & (BB P T dna®P T M

(o] e [¢]

x v(|Ek']), (D.2)

where v(k) is the pair correlation function in wave vector represen-—

tation
DT
v(k) = [df e "F [g(x) - 1]. (D.3)

The first integral in eq. (D.2) (due to self-correlations, cf.
section 5) can be evaluated with the aid of eqs. (2.6), (2.15) and
(6.12)

2 2 2
D77 (self-correlation) = - ———-n¢ 1D jdx X J%(X)J3/2(x)[l+¢8(x)]
" .12 -1
x édy y Iy, SRS - (D.4)
21

A numerical integration of these one—dimensional integrals yields

the values listed in table 2, column I. The two remaining integrals in
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eq. (D.2) contain the pair correlation function v(k). We have approxi-

mated v(k) by the solution of the Percus-Yevick equation for hard

spheres??. (4n explicit analytic expression for v(k) can be found in

ref. 25.) Using eqs. (2.6) and (2.15) we can write the two terms in
eq. (D.2) containing pair-correlations as two three—dimensional inte-
grals. These integrals were evaluated by Monte-Carlo integration19.

The results can also be found in table 2, columns II and III.

Table 2

Specification of the terms contributing to D(Z)/Do =1+ II + III.
The values under I, II and III correspond to the first,second and
third term, respectively, on the r.h.s. of eq. (D.2).

o I 11 III
0.05 - 0.007 + 0.014 - 0.003
0.10 - 0.019 + 0.021 - 0.009
0.15 - 0.033 + 0.024 - 0.014
0.20 - 0.046 + 0.024 - 0.019
0.25 - 0.057 + 0.024 - 0.024
0.30 - 0.066 + 0.022 - 0.027
0.35 - 0.073 + 0.020 - 0.030
0.40 - 0.079 + 0.018 - 0.032
0.45 - 0.084 + 0.016 - 0.034
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4.
5.
6.
7.
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10.
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12.
13.
14.

15.
16.
17.
18.
19.
20.

21.
22.

23.
24.

25.

References

. P.N. Pusey and R.J.A. Tough, in: Dynamic Light~Scattering and

Velocimetry, ed. R. Pecora (Plenum, New York, in press).

P.N. Pusey and R.J.A. Tough, J.Phys. Al5 (1982) 1291.

G.X. Batchelor, J.Fluid Mech. 74 (1976) 1.

H.M. Fijnaut, J.Chem.Phys. 74 (1981) 6857.

M. Muthukumar, J.Chem.Phys. 77 (1982) 959.

B.U. Felderhof, J.Phys.A 11 (1978) 929.

R.B. Jones, Physica 97A (1979) 113.

M.M. Kops-Werkhoven and H.M. Fijnaut, J.Chem.Phys. 74 (1981) 1618.

. G.J. Kynch, J.Fluid Mech. 5 (1959) 193.

P. Mazur and W. van Saarloos, Physica 115A (1982) 21.

G.D.J. Phillies, J.Chem.Phys. 77 (1982) 2623.

D. Bedeaux and P. Mazur, Physica 67 (1973) 23.

P.N. Pusey and W. van Megen, J.Physique 44 (1983) 285.

S. Hess and W. Kthler, Formeln zur Tensor-Rechnung

(Palm und Enke, Erlangen, 1980).

I.5. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series and
Products (Academic Press, New York, 1980).

A.J. Weisenborn and P. Mazur, Physica 123A (1984) 191.

B.U. Felderhof, Physica 89A (1977) 373.

J.G. Kirkwood, J.Chem.Phys. 3 (1935) 300.

B. Lautrup, Proc.2nd.Colloquium on Advanced Computing Methods in
Theoretical Physics (Marseille, 1971).

E.M. Lifshitz and L.P. Pitaevskii, Statistical Physics, part 1
(Pergamon Press, Oxford, 1980): § 116.

E. de Doncker, Signum Newsletter No.2 (1978) 12.

M.S. Wertheim, Phys.Rev.Lett. 10 (1963) 321;

E. Thiele, J.Chem.Phys. 39 (1963) 474.

W. van Megen, I. Snook and P.N. Pusey, J.Chem.Phys. 78 (1983) 931.
N. Nielsen, Handbuch der Theorie der Cylinderfunktionen
(Teubner Verlag, Leipzig, 1904).

F. Mandel, R.J. Bearman and M.Y. Bearman,

J.Chem.Phys. 52 (1970) 3315.

45



CHAPTER III

DIFFUSION:
PARTIAL RESUMMATION OF CORRELATIONS

1. Introduction

In the previous chapter we calculated the concentration dependence
of the (short—time) self-diffusion coefficient for spherical particles
suspended in a fluid. This quantity, denoted by D, is the large-k
limit of the wavevector dependent diffusion coefficient D(k), which
describes the initial decay of the dynamic structure factor measured
by inelastiec 1light- or neutron—scatteringI'z. In chapter II we
resummed the contributions due to hydrodynamic interactions between an
arbitrary number of spheres. By including at most two-point correla-
tions between the spheres, we obtained in that chapter a reasonable
agreement with experimental results3 for Dy for volume fractionms

¢ £ 0.3 . At higher concentrations the calculated values were too
large, indicating the importance of higher order correlations.

The purpose of this chapter is twofold: i) we extend the formalism
to diffusion at arbitrary values of the wavevector; ii) we resum to
all orders the contributions from a special class of correlations.

The (short-time) wavevector dependent diffusion coefficient D(k)
may be expressed in terms of the mobilities of the spheres‘. To linear
order in the density only two-sphere hydrodynamic interactions need to
be considered and results for D(k) to this order have been obtained by
Russel and Glendinning and by Fijnaut . In a suspension which is not
dilute, however, it is essential to fully take into account the many-

body hydrodynamic interactions between an arbitrary number of spheres,
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as we have seen in the previous chapter. Using general expressions for
many-sphere mobilities obtained by Mazur and van Saarlooss, we shall
give in section 2 a formula for the diffusion coefficient which is a
convenient starting point for the calculation of D(k) in a concentra-
ted suspension, through an expansion in density-fluctuation correla-
tion functions of increasing order. Such a "fluctuation expansion”, in
which the many-sphere hydrodynamic interactions are resummed algebrai-
cally, was employed in ch. II also (for the case of self-diffusionmn).
In this chapter we shall - in addition - resum to all orders the con-
tributions from a class of self-correlations, cf. sections 3, 4 and 5.
Results for the concentration and wavevector dependence of D(k) are
given in section 6, and are compared with experimental data’’ 778, we
conclude this chapter in section 7 with an interpretation of our

results in terms of an effective pair-mobility.

2. An operator expression for D(k)

As in ch. II we study a system of N spherical particles with radius
a and position vectors ﬁi (i =1,2,...N), suspended in a liquid with
viscosity n. While in our previous analysis we restricted ourselves
to the self-diffusion coefficient DS of the suspended particles, we
shall consider here the wavevector dependent diffusion coefficient

D(k), given by (see e.g. ref. 1 and ch. I)

4N . ~ 1keR
D(k) = kyT[NG(k)] "~ 5 <kep, .k e I>. (2.1)
30

~

Here k is the wavevector with magnitude k and direction k = ﬁ/k, G(k)
is the static structurefactor, p,. is a mobility tensor, K,,E ﬁ.— R ,
1] ij j i
and kg and T denote Boltzmann's constant and the temperature respec-—
tively. The angular brackets denote an average over the configurations
of the spheres in a volume V.
The quantity defined in eq. (2.1) describes diffusion of the

spheres on a time scale over which their positions are essentially
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constanti. It can be measured by light-scattering, and is called in
this context the "effective" diffusion coefficientz- The (short-time)

self-diffusion coefficient D, studied in ch. II, 1is given by

1
i

™M=

D, L= kIN <4 (2.2)

1

It is the large wavevector limit of D(k)

D_= 1lim D(k 2.3
Skw()’ (2.3)

as can be understood by noting that

iig G(k) =1 (2.4)
and that in the limit k+~ only the terms with i=j contribute to the
average in equation (2.1). Note furthermore that, in an isotropic
suspension, the average in eq. (2.2) 1is proportional to the unit
tensor l.

General expressions for the many-sphere mobility tensors Eij were
derived by Mazur and van Saarloos®. It is convenient to write these
results in the compact operator notation used in ch. II. To this end

we express the mobilities in terms of an operator kernel g(;|;'), by
> > > > > >
= + J - - R M. .
6tnay, ;= 16, o+ fdTSdE" 6(F R )8(2 PrElEn (2.5
We further define the microscopic number density n(?) of the spheres

n(¥) =
i

N~ =

8(% - ﬁi). (2.6)
1

Eq. (2.1) then takes the form

> > > >
ker +,e1k°r’

GUOD() /D= 1 + N gt & Trad ken(D)E [0y k>, (2.7)

or, defining the operators p with kernel E(;|;') and n with kernel

n(T)8('- 1),
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G(k)D(k)/D = 1 + N ke {npn} (& &) +k>. (2.8)

In this last equation we have defined the Fourier transform of an
> > > >
operator kernel C(rlr') = {npn}(rlr') as

> >
>, dik'er'

> —'ﬁ-* > >
e T Trart e c(r|t"). (2.9)

ck k") = sar
The Stokes—Einstein diffusion coefficient is denoted by
D=k T(6tna) 2.10
o B nna . (2.10)

Adopting the notation of ch. II (cf. eqs. (II-3.4), (II-3.10)-
(I1-3.13)), expression (II-2.2) for the mobility tensors takes for the

operator p the compact form
-1, -1
p=PA(l-n QB A) P, (2.11)

and we thus finally obtain for the diffusion coefficient the

expression
G(RID(K)/D_= 1 + N '<ke{P nA (1 = n 0B A ) lnp J(& k)i (2.12)

Expression (2.12) for the diffusion coefficient D(k) is exact and
fully contains the many-body hydrodynamic interactions between the N
spheres. It is the required extension of the formula for the self-
diffusion coefficient D, given in ch. II, eq. (II-3.16). As we have
shown there - and will see again in the next section ~ such formal
operator expressions are very useful in a study of concentrated

suspensions.

3. Renormalization of the connectors

{m,m)
Let Yo g (m =1,2,3,...) be an arbitrary constant tensor of rank

2m. We denote by y, the diagonal matrix with elements
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v} =6 ™™, (3.1)

o‘n,m nm -0

A matrix of renormalized commectors A is defined - for each y_ - as

o
AL zA (1-v, 08 Ay (3.2)
Yo = Yo ¥
The n,m element of the matrix A'Y is a renormalized connector
o
A(n'm), which in turn is a convolution operator with kernel

-
A( ’ )(I)-
m,m)

(] (
We now choose y to be a function of the average number density

of the spheres nj = N/V,

(1,1)
Y =n

1’
Yo ol
-1
(W g mm) s ) 2y = a 1™ a s . (3.3)
Lo <o = -y o -

o]

m,m . . R . .
The tensor l( »m) used in this equation is a generalized unit tensor

of rank 2m,

12,2, ) (el idntl) gy (3.4)

where the A-tensors are defined in eqs. (II-2.9) and (II-2.19). The

renormalized "density" y(;), with average y,, 1s given by
>, _ -1 >
() = v, n; (3.5)

the corresponding diagonal operator y has kernel y(;)é(;'— ;). The
renormalized density and connectors defined above will be explicitly
evaluated in section 4.
In ch. II we defined renormalized connectors An according to eq.
(3.2), with y, replaced by n,, and used the identity
ACT-n g8 Ad a= 4 (1-6008 " A ) ha, (3.6)

n n
o] [e]

where én = n-n, denotes the density fluctuations. If one substitutes
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this identity into eq. (2.12) and expands the operator between braces
in this equation in powers of &n, one obtains an expansion for D(k) in
correlation functions of density fluctuations of higher and higher
order (a socalled fluctuation expansion). For the case of self-
diffusion, this expansion was evaluated to second order im ch. II. The
renormalized connectors A ng account for a full resummation of the
many—-body hydrodynamic interactions in the absence of correlations,
and in this way for the fact that (in some averaged sense) spheres

interact hydrodynamically wvia a suspension with density =n rather

o’
than through the pure fluid. As we shall shortly see, the renormaliza-
tion of the density, defined in eq. (3.3), will moreover account for a
partial resummation of correlations.

The following identity will prove very useful in our analysis
-1, -1 -1 9 -1
A(l-n 0B A) n= A (1-686y0B A ) y. (3.7)
Yo Yo

This formula differs from the previous one (eq. (3.6)) in that it con-

tains the renormalized density y, density fluctuations &y = y - Yo

O(n,m) o .
and cut—out connectors A ={A } with kernels
=Y n,m
o o
> >
(n,m) (n,m) 0Oif r=1r' and n = m,
] > > >
A (r|r") = A (r'- 1) = ( ) (3.8)
o Yo L . s >
éY (r'- ) if r #r' or n # m.
o

A proof of eq. (3.7) is given in the appendix of this chapter.
Substituting this identity into expression (2.12) for D(k) one finds

o
G(RID(K)/D = 1 + N ke | Pa, (1- 8y 08" AYO)"lnP JE[©)k>, (3.9)
where use has been made of the fact that yP=nP, in view of defini-

tions (3.3) and (3.5).

If one expands the operator between braces in eq. (3.9) in powers
of 5y one obtains again an expansion for D(k) in density fluctuation
correlation functions, since &y = Yon;lén (cf. eq. (3.5)) is linear in

the density fluctuations &n. The Sy~expansion differs, however, from
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the Sn—-expansion considered in ch. II, in that the contributions from
a special class of correlations (which we call ring self-correlations)
are in the former expansion included in the lowest order term. Indeed
each term in the §y—expansion may be obtained by partial resummation
of the én-expansion.
The difference between these two expansions of the diffusion
coefficient may be wunderstood as follows. An s-point correlation
<6n(; )én(; )...én(r )> contains many terms which are proportional
to delta functions 6(r -7 ) (k,2 = 1,2,.04,8; kK # 8). For s = 2 one

has e.g.
<an(¥1)5n(¥2)> = noé(;z— ?1) + ni [g([%z— ¥l|)-1], (3.10)

where the delta function term represents the self-correlation and g(r)
is the pair distribution function. As a consequence of self-
correlations, an expression of the form <(én ) > contains a class
of contributions with factors A; (;—O) (m,k = (1,2,3,...). Referring
to a diagrammatic representation, this factor is called a ring self-
correlation. We remark that a contribution from these ring self-
correlations is most important when the upper indices m and k of the
factor A;:'k (;=O) are equal*. In this case we speak of diagonal ring
self-correlations.

Similarly, an s-th order correlation between renormalized density
fluctuations <(&y ° )S> would contain terms with factors
otm,k) » Yo

(r=0). However, in view of definition (3.8) of the cut-out

connector field, these terms are zero, unless m # k. For this reason
the various terms in the Sy-expansion do mnot contain diagonal ring
self-correlations. The contributions of these have been resummed alge-
braically by the renormalization of the density through eq. (3.3).

To conclude this section we give the expression for the self-

diffusion coefficient Ds’ which follows from eq. (II-3.16) with the

*For example, the contribution (of second order in 8n) to_the self-
diffusion coefficient from the term with the factor A (2,2 (r 0) is

-0. 084D at the highest density considered in ch 1 L(cf. table 2).
At the same density, the term with the factor A (1,3) (r*O) contributes
only =0.002D_. "o
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use of identity (3.7),

-1 -1 % -1
< ( - 8y Y n JE|E)>. (3.11)

1D /D =1 +n
s o - ° Yo Yo

Note that, due to translational invariance, the r.h.s. of this
>
equation is independent of r. We recall that, as indicated in section

2, D_. is also the large wavevector limit of D(k), given by eq. (3.9).

s
One must realize, however, that if one first expands the r.h.s. of eq.
(3.9) in correlation functions of &n of higher and higher order, this
series expansion is not equal term by term, in the limit k + =, to the
corresponding series expansion of eq. (3.11). We shall return to this

point in section 5.

4. Evaluation of the renormalized connectors

In order to solve eq. (3.3) for y, we make the following "Ansatz"

(m,m) _ (m) l(M,m)
1, Yo = >

m>2, (4-1)

)

where Yém is a scalar function of the density n . As we shall see,

this is indeed the form of the solution. The generalized unit tensor

l(m,m) was defined in eq. (3.4) and has the property that

L@, g ) (4.2)

n,m) >
The evaluation of the renormalized connector field AY ’ (r),
o)
defined in section 3, then proceeds entirely as the evaluation of
(n,m) >
(r) in ch. II, section 6, and gives

bn,
(n,m) (n,m) - _it.r (n,m)
A B =% & -ena ety T
s =
x 95 (ak)[L + ¢S (ak)] L. (4.3)
YO YO

Here ¢ = %—na3no is the volume fraction of the spheres and the
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function SYo(ak) is given as an infinite sum of Bessel functions
-1 2 -3 2
Yo B, (2p-1)" (ak) Jp_%(ak). (4.4)

We have defined e,= 5/9, €p” 1 (p»3). The case considered in ch. II
corresponds to Y(p) =n for all p. The series in eq. (4.4) can then
be summed analytically and gives the function S(ak) defined in eq.
(I1~6.6).

To calculate the density dependence of vy, given by eq. (3.3), we

need the result

-1 (m,m)
p(mm) o 4 30y = 1M m)(zm—l)jdk K2 L es ()
B A, AR

x [1+6S. (k)]7%, m2, (4.5)
Yo

and for later use also

(1,1) > ® -1.2 -1
A (¥=0) = -1 [dk k “Jy(k)eS_ (k}[1+S_ (k)] ~, (4.6)
Yo ) % Yo Yo
(m,m+2) R (mt+2,m) S 3 (m+l,mt+l)
éYo (r=0) = éYo (r=0) = - E-(m+1)!(2m—l)!!é
x édk k Jm—%(k)Jm+3/2(k)¢sYo(k)[1+¢Svo(k)] , (4.7)
(n,m)
A (r*O) =0, if n#mand n # m + 2. (4.8)
-‘YO
Here (2m—1)!! = le3e5e...¢(2m-3)+(2m-1); the A-tensors are defined in

eq. (II-2.9). Egs. (4.5)-(4.8) are the analoga of eqs. (II-6.11)-
(11-6.14) for A;n'm (;=0), and are obtained by performing the angular
integration in eq. (4.3), using the explicit expressions for
(n m)(k)
Substitution of formula (4.5) into eq. (3.3) shows that y, is
indeed of the form (4.1) and gives for the scalar functions Y(M) the

equations
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(m) (w

T -l
Yo " Yo ¢(2m—1)£dk k

2 -1 ~
Jm_%(k)Sng)[1+¢Sng)] =n,, 1=2,3,... (4.9)

' differs from n, by terms of order ¢2.

One sees that Y;m
In order to solve the infinite set of coupled equations (4.9) to a
sufficient accuracy we approximate the function SY (k) by
o
(L L (p)
= 9 -1 2 ,-3.2
sYo (k) = S(k) + Ez Z-nep(yo no)no (2p-1)° k Jp_%(k), (4.10)
P
for a given number L = 2,3,... . From the definition of S(k) (eq.
(I1-6.6)) and SY (k) (eq. (4.4)) it follows that
o

(W
lim S (k) =85 (k). (4.11)
Iso Yo Yo

(m)

With the above approximation the L-1 equations for Yo (n = 2,3,..,L)

in (4.9) decouple and may be solved numerically*. We give in table 1,
(m)
/n

for volume fractions ¢ up to 0.45, the values of oY,

(m = 2,3,4,5) obtained by this procedure with L = 5.
To calculate the diffusion coefficient D(k) we shall in the next
section use these values for Y;m); also, 1in expression (4.3) for

(n,m) =
A (r), we shall approximate SY (ak) by S;S)(ak), as defined in
o o

equ(4.10). An estimate of the error resulting from this approximation
can be obtained by repeating the calculation of Yo described above to
a lower order. In table 2 we give for ¢ = 0.40 the values of

¢y;m)/no (2<m<L) and L + A;;’l)(;=0), obtained from this calculation
with L ranging from 2 to 5. One finds, in particular, that by in-
Y (m = 2,3,4) is

creasing the order L from 4 to 5, the change in Yém
) >
(r=0) changes by even

smaller than 3%, while the value of 1 + A;;,
less. This last quantity 1is equal to the large wavevector limit of
D(k), to lowest order in the expansion in correlation functions, cf.
section 5. Moreover, it has been checked that also for smaller wave-
vectors use of 8;4) instead of S¢5) would change the (lowest order)

o o
results for D(k) by not more than 27%.

*Use was made of numerical algorithms from the NAG library (Oxford).
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Table 1

Values of the scalar functions ¢yém)/no (m = 2,3,4 and 5)
for nine different volumefractions ¢.

oy /n
o} n=2 n=3 m=4 m=5
0.05 0.0553 0.0542 0.0533 0.0525
0.10 0.1228 0.1177 0.1135 0.1104
0.15 0.2048 0.1918 0.1813 0.1738
0.20 0.3038 0.2777 0.2574 0.2432
0.25 0.4224 0.3766 0.3423 0.3186
0.30 0.5627 0.4895 0.4364 0.4005
0.35 0.7267 0.6172 0.5402 0.4888
0.40 0.9157 0.7601 0.6538 0.5839
0.45 1.1310 0.9183 0.7776 0.6856
Table 2

Values of ¢y{m)/n, (2€m<L) for ¢ = 0.40, obtained by sol-
ving eq. (4-5) with the approximation of SYO by S(t) (eq.
(4.10)). The order L of this approximation is increased
from 2 to 5, the value L = 5 giving the results presented
in the previous table for the whole range of volume frac-
tions. Also shown, ﬁgr ¢ = 0.40, is the convergence of the
quantity 1 + A§é’1)(r=0), as the order of the approxima-
tion increases.

oy" /(¢ = 0.40)
(1,1) >
L m=2 m=3 m=4 m=5 1+ A (r=0)
Yo
2 0.783 0.397 1
3 0.868  0.711 0.363 1
4 0.901  0.745  0.637 0.353 1
5 0.916  0.760  0.654  0.584 0.348 1




We thus conclude that the approximation made by replacing SY by
o
S;S) (defined in eq. (4.10)) is for present purposes sufficiently
o

accurate.

5. Expansion of D(k) in correlation functions of renormalized density

fluctuations

We now return to the formal expression (3.9) for the wavevector
dependent diffusion coefficient. We first note that we may replace the
two density operators n in this expression by their fluctuations

én = n-n . The terms containing the average n, do not contribute, in
view of the fact that
k'r thm Yok = 0. (5.1)
o Yo
Indeed these integrals are proportional to either £-§(1’m)(§) or to
Atm 1)(k) k (cf. eq. (4.3)*), both of which quantities are zero for
all m, as follows from eq. (II-2.15). The resulting exac? expression

for the diffusion coefficient D(k)

- o _ -
G(K)D(K)/D = 1 + N '<ke | PenA (1-5y 0B ! A Lon PY @RI B) o>, (5.2)
o o

is the starting point for an expansion of this quantity in correlation
functions of renormalized density fluctuations &y of higher and higher
order.

To lowest order in &y one has

N (1,1)

G(k)D(K)/D = 1 + N <k {6na A, s} (&| %) +k>- (5.3)
[¢]

>
In r-representation the two—point correlation in this equation can be

*Note that if expression (4.3) for A tn, m)(r) is substltuted into eq.
(5.1), one may replase the connector ® field A(n m) (?) in this ex-
pression by A‘":™ (¥), since these two connector fields differ by a
finite amount in a single point only (cf. eq. (II-3.4)).
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written as the sum of a self- and a pair-correlation (cf. eq. (3.10))

Wy L LD, L, (LD
<{6n§YO 6n}(x] £')> = n éYO (r=0)8(r'- t) + n AYO (r'- ¥)
x [g(| T'- #|) - 11, (5.4)

where g(r) is the pair distribution function. Transforming to wave-
vector representation according to eq. (2.9) one therefore finds for

D(k) to lowest order

~ (1,1 | -
6(k)D(k)/D_ =1 + k-éy (r=0)+k
o]
s gfF s (LD, s
+ 0 fdr e k-éY (r)ek [g(r)-1]. (5.5)

To evaluate this expression we used (as in ch. IIL, cf. appendix D)
the Percus—Yevick approximation for the Fourier transform of the pair

correlation function

Va0 = sat o Fgey). (5.6)
The structurefactor G(k), defined as

G(k) =1 + nyv(k), (5.7)
was calculated in the same approximation*.

The first two terms on the r.h.s. of eq. (5.5) are wavevector inde-

pendent; from eq. (4.6) one finds

~ LD, ey -1
1+ keh (r=0)+k = —-fdx(51nx/x) [1+¢s (x)] . (5.8)
Yo ™o

The function SY (x) was discussed in the last section. The third term
o
on the r.h.s. of eq. (5.5) is, according to eq. (4.3) (cf. also the

first footnote of this section), given by

*For the value of G(k) at k = 0, however, we used the slightly more
accurate formula of Carnahan and Starling®.
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> qker ~ (LD, oa 3~ (L1
n_fdr e keh — ()ek[g(r)-1] = n (2m) JdK'keA (K')ek
[o]
x [1405_ (ak')] Tu(|R - B']), (5.9)
YO
where (cf. eq. (II-2.15))
n, AP @) = 2 g a0 sin’ (@)@ - k). (5.10)

The results from a numerical integration of these equations will be
given in the next section. We note that for large wavevectors k the
integral (5.9) goes to zero and only the contribution (5.8) to the
diffusion coefficient remains, which in this 1limit represents the
self-diffusion coefficient.

From eq. (5.2) one sees that the first correction to the result
(5.3) for D(k) is due to three—point correlations between renormalized
density fluctuations. In general this correction will therefore
contain the three—sphere correlation function and is difficult to
evaluate. Nevertheless, an indication of the accuracy of our lowest
order vresult for D(k) can be obtained by calculating the self-
diffusion coefficient D, to higher order. Indeed DS contributes to
D(k) at all wavevectors,

. ~ ikeR,

GUD(k) = D+ kTN~ & <kep
s i#j

iJ,- (5.11)
(cf. eqs. (2.1) and (2.2)), and 1s in fact the largest of the two
terms on the r.h.s. of eq. (5.11), over the whole range of wavevectors
and densities. For this reason we shall in the remaining part of this
section focus our attention on the self-diffusion coefficient, given
by eq. (3.11).

Upon expansion of eq. (3.11) for Dy in correlations of renormalized

density fluctuations, one finds for the zeroth order term D;O)

(0) (1,1)
1D /Dg=1+ éYo (r=0). (5.12)

The r.h.s. of this equation is identical to eq. (5.8); the lowest
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order term therefore in the expansion of formula (3.11) for DS is
equal to the 1limit k » « of the lowest order term in the expansion of
eq. (3.9) for D(k). This correspondence, however, does not exist term

by term for higher order terms. (See in this connection the remark

(0)

after eq. (3.11).) The values of DS (resulting from a numerical

*
integration of the integral in eq. (5.8) ) are shown in table 3, for

various volume fractions up to ¢ = 0.45 .

(2)

The 1lowest order correction DS to D;O) results from two—point

correlations; it is given by (cf. eq. (3.11))

10, /D =n tP<[A <syQB"12 n
° ° YO YO

(o]
1 > >
AY no}(rlr)>P R (5.13)

._]_O -
+A & 0B A B
v Y Q Yoév 0 .

[o]

or, written out explicitly (cf. eqs. (3.5), (3.8), (3.10), (4.1) and

(4.2))
(2) (3) (1,3 -1 (3,1
Iy (7=0) o 3(33) 54 z
(o] YO

© (m) (mt2) _ (1,m) -1 (m,mt2)
*21y, v, ngsata (®) o r™™ oa (#=0) o
w=2 ° Yo Yo
-1 (m+2,1) o (m) (1,m) -1
° §(m+2,m+2) o A (_;) +5y fd; A (;) ° B(m,m) ®
Yo w=2 ° Yo
(m,1) e e ) L Lw e
@ A (—r)[g(r)-1}) + % Ly Y drfdr'A (r) @B ®
o n=2 k=2 ° ° Jos Yo
(m,k) =1 (k,1)
o A (Fr- 2y 0 3K oy (F1e(| - 2)H-1]- (5.14)
LA - Yo

To simplify this expresslion we have also used eqs. (4.7) and (4.8).
The above eqs. (5.12)-(5.14) are the analoga of eqs. (II-5.7),(II-5.9)

, cf. section 4.

*With the approximation of SY by S 5)
(-3 (-]

Y
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and (II-7.3), which give the first two terms of the expansion of Dy in
correlations of wn renormalized density fluctuations. Note however that

the present expression for D;Z)
(m,m) >
AY *"" (r=0), since these diagonal ring self-correlations are here
o
already accounted for in the zeroth order term D;O), cf. the dis-

does not contain terms with factors

cussion in section 3. This is in contrast to the expansion given in
ch. II, where corresponding factors did occur in the second order term
(eq. (1II-7.3)).

The above lowest order correction D;Z) may be evaluated using the
results of section 4 (cf. the similar calculation in ch. II, app. D).
As in ch. II, we have restricted ourselves to a numerical evaluation
of those terms in eq. (5.14) which do not contain connectors A;l'm)
with n or m larger than 2. This amounts to a restriction to correc—
tions from monopole-dipole and dipole-dipole hydrodynamic interactions

between density fluctuations. The results can be found in table 3.

Table 3

The §y-expansion of D, to second order

(0) 2)

¢ Dy /D, + D/D, = D_/D
0.05 0.887 + 0.012 0.90
0.10 0.781  + 0.012 0.79
0.15 0.685 +  0.007 0.69
0.20 0.598 -  0.000 0.60
0.25 0.521 -  0.008 0.51
0.30 0.454 = 0.014 0.44
0.35 0.397 - 0.020 0.38
0.40 0.348 - 0.023 0.33
0.45 0.307 -  0.025 0.28

6. Results and discussion

In the previous sections we have calculated the concentration

dependence of the wavevector dependent (short-time) diffusion
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coefficient D(k) for spherical particles in suspension. For this
purpose we derived the exact expression (5.2), from which one can
obtain D(k) as an expansion in correlation functions of higher and
higher order. The lowest order term in this expansion (eq. (5.5))
fully contains the many-body hydrodynamic interactions between an
arbitrary number of spheres. Moreover, the contributions from a
special class of correlations, the socalled (diagonal) ring self-
correlations, are included in this term.

For the particular case of the (short—time) self-diffusion
coefficient D, (which is the large wavevector limit of D(k) and is
given by eq. (3.11)) we were able to calculate not only the zeroth
order term D;O) (eq. (5.12)), but also the lowest order correction

D;” thereto (eq. (5.14)), which is due to two-point correlations. In

figure 1 we have plotted D;O)/Do and (D;O)-F D;Z)

)/DO as a function of
the volume fraction ¢ (from table 3). In the same figure we have also
shown the corresponding results from the alternative expansion of Ds
considered in ch. II: there the zeroth order term D;(O) contained no
contributions due to correlations. If one compares the zeroth order
results D;O) and Dé(O) from these two alternative expansions (the two
dotted curves in fig. 1), one sees that due to the inclusion of
contributions from ring self-correlations the values for Dg in the
absence of correlations decrease by almost 407 at the highest volume
fractions. Moreover, the lowest order correction D;Z) is in the
present expansion at most 87 of D;O), whereas the corresponding term
DE';(Z) in the expansion considered in ch. II was 20% of Dé(Z), at the
highest volume fractions.

We conclude therefore, that the present expansion — resulting from
an (algebraic) resummation of a special class of correlations - pro—
vides a more reliable zeroth order result for the diffusion coeffi-
cient than the expansion of ch. II. We note that to linear order in
the density these two expansions are, however, identical*.

As argued in section 5, one may use an error estimate for DS to

obtain an indication of the accuracy of our lowest order result for

*This results from the fact - observed in section 4 — that the renor-
malized density differs from the real density by terms of order 62,
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D(k). Indeed DS/G(k) (where G(k) is the structure factor) gives at all
wavevectors the largest contribution to D(k), which may also be
written as (cf. eq. (5.11))

. ikeR

£ <kep, ok e 1. (6.1)
1] 1

- -1
G(k)D(k) = DS+ kBTN

To lowest order the r.h.s. of the above equation is given by eq. (5.5)
(03 (cf. eq. (5.12)). It 1s found that adding the
to D;O) changes this lowest order result for D(k) by

and contains D
correction D;Z)
less than 10% for wavevectors ak » 3 (where a is the radius of the
suspended spheres). This remains the case for all values of the wave-—
vector 1if the volume fraction ¢ does not exceed 0.3 . However, at
small wavevectors and the highest densities considered, our lowest
order results for D(k) become increasingly less accurate due to a near
cancellation of the two terms on the r.h.s. of eq. (6.1).

In figs. 2 and 3 we have plotted for five values of the volume
fraction ¢ the results* for D(k)G(k)/DO (which 1is the 1longitudinal
part of the wavevector dependent sedimentation velocity, relative to
its value at infinite dilution) and for DO/D(k). Note that in the
absence of hydrodynamic interactions the first quantity is identically
1 and the second quantity equals the structure factor G(k). A compari-
son with experiments 1is possible for the large and small wavevector

limits of D(k),
Dg= lim D(k), D= Lin D(k), (6.2)

which are the (short-time) self and collective diffusion coefficients
respectively. In fig. 4 we have plotted the theoretical values for
these two coefficients, together with experimental results>» 748,

The diffusion coefficient at small wavevectors has been measured,

by means of dynamic light-scattering, by Cebula, Ottewill, Ralston and

*The values plotted contain the lowest order values calculated from
eq. (5.5) to which the correction DS(Z) (given in table 3) has been
added. In this way the values for D, given in fig. 4 are obtained from
figs. 2 and 3 in the limit k » .
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D (0), curve d to D_{(0) + D (2)) and from the Sn—expansion of
s

ch. II (curve a: D;Fb), curve b: DJ(O) + D;(Z)).
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¢~Dependence of the (short-time) self and collective diffu-

sion coefficients, DS/Do and DC/Do respectively. The solid
curves correspond to the values given in fig. 3, in the two
limits of large and small wavevectors. Experimental data for
D_ are taken from ref. 3 (lower dots), for D_ from refs. 7
(triangles) and 8 (upper dots).
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Pusey’ for micro-emulsion droplets and by Kops—-Werkhoven and Fijnaut8
for silica particles. These experiments both indicate that the collec-
tive diffusion coefficient is rather insensitive to changes in the
concentration over a large range of volume fractions. This remarkable
result is confirmed by our calculations of Dc’ shown in fig. 4 for
volume fractions ¢ < 0.3 (as we remarked above, at higher concentra—
tions our small wavevector results become less and less reliable due
to cancellations). One should keep in mind, however, that on the time
scale* of these experiments7’8 a particle diffuses over a distance of
several radii, whereas our results are - strictly speaking - wvalid
only for short times in which the configuration of the particles
remains essentially constant.

Pusey and van Megen3 measured the diffusion coefficient of latex
particles of radius a = 0.6 p, at large wavevectors k ~ 18/a for which
D(k) has attained its large-k limit. The time scale of these measure-
ments 1s such that a particle diffuses over a distance of about a/10.
For the densities considered one may therefore assume that the confi-
guration of the particles is essentially constant on this time scale
and that the measured quantity is indeed, as argued by Pusey and van
Megen, the short-time self-diffusion coefficient. One sees from fig. 4
that the theoretical results for D, agree with the measurements up to

the highest volume fractions. We recall that in ch. II good agreement

was obtained only for ¢ £ 0.3 .

7. Interpretation in terms of an effective pair-mobility

Our lowest order result (5.5) for the diffusion coefficient can be

written in a form similar to eq. (2.1)
-4
i 00N o e 1k.§ij
D(k) = kBT[NG(k)] by <k-},_Lij ke > (7.1)
i, j=1

with gj?f given by (cf. eqs. (5.8)=(5.10))

*This time scale is the decay time of the electric field auto-—
correlation function, which is of the order of (Dokz)".
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>
3 ~ikeR, .

T2 G rademrdk e M-k ar) s’ (ak)

eff- (6mna)
x [l+¢SYo(ak)]_1. (7.2)

This quantity depends only on‘ﬁi and ﬁj and may therefore be inter-
preted as an effective pair-mobility. The renormalization factor

[1+¢SYo(ak)]—l in this expression accounts for the many-body hydro—
dynamic interactions between an arbitrary number of spheres, including
contributions from (diagonal) ring self-correlations.

For small values of ak, SYO(ak) behaves as

SYo(ak) = %'YéZ)/no + O(ak)z, (7.3)
as follows from expansion of definition (4.4). Since the largest con-—
tribution to the integral in eq. (7.2) arises from small values of ak,
one may approximate Syo(ak) in the integrand by its small-k limit (the
numerical consequences of this approximation for D(k) are discussed
below). One then has for the effective pair-mobility the simple ex-—

] . (L, 1)
pression (cf. the evaluation of the connector éi' in ref. 6)
eff * -1 _ 3 o
0 (6mn a) [;6ij+ (1 Gij)(z(a/Rij)(l gt

~ -~

+ %(a/Rij)B(l - 3ry1, )], (7.4)

with the definition

*E n(l + % ¢Y(()2)/no)- (7.5)
The vector ﬁ.jE ﬁJ— R, has magnitude RiJ and dlrectlon T, = ﬁ /
The renormalized density Y( ) is given as a function of n0 in table 1-
If one calculates D(k) from eq. (7.1l), with the approximation (7.4)
(using the Percus—Yevick pair correlation function), one finds values

for D(k) which are smaller than the results’ shown in fig. 3, espe-

tWe recall that these values result from eqs. (7.1) and (7.2), with
the addition of the correctlon Dg /G(k), from table 3.
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cially at small wavevectors. For ak % 3, however, the difference is
less than 10%, over the whole range of volume fractions. For self-

diffusion in particular, one finds from eq. (7.4) that (cf. eq. (2.2))
D 6an a) L 7.6
s = kgT(bmn a) ~. (7.6)

This formula differs from our full result (fig. 4) by at most 77%.
Expression (7.4) for the effective pair-mobility has a simple
physical interpretation: it is the mobility tensor ~ up to terms of
order (a/RiJ.)4 —- of two spheres, in a fluid with viscosity n*- We
shall show in the next chapter that, within the order of approximation
of eq. (7.1), n* equals the effective viscosity of the suspension. To
linear order in the density this identification is in fact exact,

since y;Z) =n_+ 0(¢2) (cf. remark after eq. (4.9)), so that

n=a(l 20+ 06)), 7.7

which is Einstein's result for the effective viscosity.

We stress the fact (noted also in ch. II) that the hydrodynamic
interaction between two particles in a suspension is not sereened by
the presence of the other particles. By this we mean that the effec-
tive pair-mobility discussed above 1s of long range (it falls off as
1/R). In contrast, Snook, van Megen and ‘I‘ough10 have proposed an
empirical sereened pair-mobility to reproduce the experimental data
for the diffusion coefficient. In view of the above, there does not
appear to be a physical motivation for their choice.

It should be mentioned that screening of hydrodynamic interactions
does occur in a different system, viz. in a porous medium consisting
of immobile particles in a viscous fluid (see e.g. ref. 1ll). The
properties of such a medium - which are different from those of a
suspension, in which the particles may move freely - were studied (in
particular for large concentrations of the particles) by Muthukumar12,

including also the effect of many-body hydrodynamic interactions.
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Appendix. Proof of eq. (3.7)

We start from the identity

a0n g8 A T = A 11 - vy BT AL 17, (4.1)
YO YO

where AY has been defined in eq. (3.2). It is convenient to define
o

an operator I with kernel

1, if ¢ = ',
(F|T") = (A.2)
0, if ¥ # ',

and a matrix B with elements
o)

(m,m) >
{8, bau= 08, (70D (A.3)
o]

A = A +B I, (A.4)

o)
where AY is defined in eq. (3.8). In the same compact notation we
o -
have for y = yonol n,

-1 -1
y=n(l- 08 B, ), (A.5)
Yo
cf. eqs. (3.1) and (3.3).
We note that as a consequence of the fact that A ¥ I = 0, one has
o

the identity

-1 -1
= - I . .6
Ay Ay (=7, 8 B D (A.6)

YO o

Upon substitution into the r.h.s. of eq. (A.l1) and repeated use of
definition (A.4) one then finds

69



-1 -1 -1 -
-— = — + ()
A ~nQB " A) n AYOU n 9B AYO Y, 0B ]

(A.7)

o]
=4, (1= -0 B D) B A )0 - a T B DT

YO o] o} o

We now use the identity

_10
=1, B A, 4.8)

o]

-1 -1 -1
- I A
(1-n08" B, Dy, G V.

Yo
o
which follows from I AY = 0, and another identity
o

(1 - n QB"l BY I)_ln = n(] - 087! B )"1 =y, (A.9)

(o YO

(cf. eq. (A.5)). Eq. (A.9) is a consequence of the fact that nIn = n.
Substituting egs. (A;8) and (A.9) into eq. (A.7), one then finds

(o]
A ~n g8 A a= A -8y 0B A )Y, (A.10)
YO YO

where &y = v — yo+ This is the required formula (3.7).
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CHAPTER IV

EFFECTIVE VISCOSITY

1. Introduction

rr

The concentration dependence of the effective viscosity ne of a
suspension of spherical particles in a fluid (with viscosity no) is
well understood in the regime of low concentrations. To second order
in the volume fraction ¢ of the suspended particles one has the ex-

pansion

neff/no=1+%¢+5.2¢2. (1.1)
The coefficient of the linear term was first calculated by Einstein'
(cf. also ref. 2); the quadratic term has been evaluated by several
authors3"7, the value given in eq. (1.1) being due to Batchelor and
Green? (with an error—estimate of 6%)*.

Up to the order given in eq. (1.1) it is sufficient to consider
only the hydrodynamic interactions between pairs of particles. Higher
order terms, however, contain contributions from specific hydrodynamic
interactions of three and more spheres. In fact it has been demonstra-
ted in ch. II in the context of diffusion that these many-sphere
hydrodynamic interactions may not be neglected if the suspension is
not dilute.

In order to simplify the problem of solving the hydrodynamic equa-

*

Contributions to the effective viscosity from Brownian motion of the
spheres are neglected in these analyses, as well as in the present in-
vestigation. We shall return to this point in section 8.
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tions of motion in the presence of more than two spheres, an approxi-
mation which neglects the finite size of the spheres is customary.
Several authorss'1°, for example, have treated the suspension as a
mixture of two fluids, one fluid (with volume fraction ¢) having an
infinitely large viscosity, the other fluid having viscosity No* This

approach yields a very simple formula for the effective viscosity

eff,

- 5 R
o= ltzoea-307, (1.2)

Y|
which for small ¢ is in good agreement with eq. (l.l). Indeed, one
might expect that a point-particle approximation 1is reasonable if the
suspension 1s sufficiently dilute, since in that case the average
distance between the spheres 1is large compared to their radius. At
higher concentrations, however, this approximation is unjustified and
leads to incorrect results, as we shall see in this chapter.

In this chapter we present a theory for the effective viscosity
which fully accounts for the hydrodynamic interactions between an
arbitrary number of spheres. Our analysis 1s based on: 1) a general

12, to solve the hydrodyna-

scheme, developed by Mazur and van Saarloos
mic many-sphere interaction problem; 1i) a technique of calculating
the influence of many-sphere hydrodynamic interactions on transport
properties of suspensions, by means of an expansion in correlation
functions of fluctuations in the concentration of the spheres of
higher and higher order. Such an expansion has been used in the
previous chapter in the context of diffusion.

In section 2 we give a formal theory for the wavevector dependent
effective viscosity n(k) (of which the quantity ne considered above
is the zero—wavevector limit) of a suspension of spheres, by conside-
ring the average response of the suspension to an externally applied
force. This theory (which makes essential use of the socalled method
of induced forces’3’14) differs from the conventional approach where
the dependence -of stress on shear is considered. To obtain the effec-
tive viscosity by this second method (used e.g. by Peterson and

*This same formula was first derived by Lundgren1‘, from a different

starting point.
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Fixman3), one must find both the average stress and gradient of the
average flow velocity and eliminate the imposed flow between these
quantities. This double calculation is not necessary in the first
method (used e.g. by Freed and Muthukumar B, where one finds the
effective viscosity directly from the dependence of the average flow
velocity on the external force.

Using results for many-sphere hydrodynamic interactions obtained by

12 (ef. section 3), we find in this way in

Mazur and van Saarloos
section 4 an explicit expression for the effective viscosity n(k). As
illustrated in section 5, a calculation of coefficients in the expan-
sion of this quantity in powers of the concentration is from this
point on straightforward. (The zero-wavevector results given in this
section were previously obtained by Freed and Muthukumar ’ by a similar
method, cf. the preceding paragraph.)

If the suspension is not dilute, an expansion in the concentration
is no longer appropriate. For this reason we study in sections 6 and 7
the effective viscosity of a concentrated suspemsion through an expan-
sion in density-fluctuation correlation functions of increasing order,
along the lines of ch. III. Each term in this expansion accounts for
the hydrodynamic interactions of an arbitrary number of spheres, and
contains the resummed contributions from a class of self-correlations.
Results for the wavevector and concentration dependence of n(k) are
given in fig. 1 and table 1. In section 8 we discuss these results and
give a comparison with previous work and experimental data. It is
found, in particular, that the divergency of the effective viscosity
which follows from the point-particle approximation (cf. eq. (1.2))
does not occur if the finite size of the spheres is accounted for
properly.

We conclude in section 9 with a discussion of the relation between
effective viscosity of a suspension and diffusion coefficient of the
suspended spheres. In particular, we show that — within a certain

eff

approximation - the product of 7 and self-diffusion coefficient is

independent of the concentration.
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2. Formal theory for the effective viscosity

We consider a suspension of N spherical particles with radius a in
an incompressible fluid with viscosity Nge We describe the motion of

the fluid by the quasi-static Stokes equation, which - within the !

context of the method of induced forces!'3:'4 - reads
N . s ext N ind R
§p(r) - noAv(r) =F (r) + = F, (r), (2.1)
=1
Yv(r) = O. (2.1a)

>, > . > 3
Here v(r) is the velocity field, p(r) the hydrostatic pressure and
FeXt(¥) an external force density. The induced force densities

f;"d(;) (j =1,2,...N) are to be chosen in such a way that

ind N R
i'j (£) = 0 for |T - fij| > a, (2.2)
> > > > > >
v(r) = uj + mj A(r - ﬁj) for |r - ﬁjl < a, (2.3)
p(¥) = 0 for |F - R <a, (2.3a)

so that the velocity of the fluid satisfies stick boundary conditions
on the surfaces of the spheres. In these equations ﬁ, is the position
vector of the center of sphere j, and Gj and ;j are its velocity and
angular velocity respectively. We shall assume that the spheres move
freely in a large volume V, so that the forces and torques on the
spheres are zero. From eqs. (2.1) and (2.2) one therefore finds for
the force density induced on each sphere

d

ind > > > > in >
(F) =0, far (F - K Al?j (£) = 0, (2.4)

fdr F,
J
(where we have furthermore assumed that fex+(;) is non-zero outside V
only).

In order to obtain a formal solution of eq. (2.1) it is convenient

, >, >
to introduce the Fourier transform of v(r),
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>
v(ﬁ) = fdr e v(r), (2.5)

fexf

and similarly of p(;) and (;). The Fourier transform of f;"d(;) is

defined (for each j) in a reference frame in which sphere j is at the

origin
ind , -ike(FK) ind
fj (k) = [dF e J fj (). (2.6)

The formal solution of eq. (2.1) is then found to be

. ﬁ .
N 2. -1 ~n ext N N -ike i ind N

v(k) = (n k)@ - k) [F (K) + Tee F. @] 2.7)

j=1 ;
(The wavevector % has magnitude k and direction k = R/x; 1 denotes the

second rank unit tensor.)

Following the general scheme of Mazur and van Saarloos '2, one can
use eqs. (2.2)-(2.4) to eliminate the induced forces in eq. (2.7) in
favor of the external force. The resulting solution for the velocity

field is of the form

ext
V(E) = fdEr ME|ED)-F @D (2.8)

An explicit expression for the tensor y(;]?') is derived in appendix
A. The macroscopic velocity field may now be obtained by averaging eq.
(2.8) over the equilibrium distribution function of the positions of
the N spheres in the volume V. For an infinite system the average

<§(;|;')> will depend on the separation -7 only, as a consequence
of translational invariance of the distribution function. In view of
incompressibility of the fluid (eq. (2.la)), this average must be of

the form
- - *. e -4 - ~a
wEEN> = em™ fdk T D) a - w), (2.9)
giving for the macroscopic velocity the expression

PN ext
G@EY = (nkA) T - ke F (@) (2.10)
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The function n(k) defined through eq. (2.9) represents the wavevector
dependent effective viscosity of the suspension: indeed eq. (2.10)
gives the velocity field due to an external force fex*(ﬁ) in an in-

compressible fluid with viscosity n(k).
3. Results from the hydrodynamic analysis
As we show in appendix A, the tensor M(;]?') - which relates the

> >
velocity at point r to the external force density at point r' (eq.

(2.8)) -~ may straightforwardly be derived from the results of Mazur

and van Saarloos'Z. One finds the expression
(1,1 ® ¥ (1,m) (n,m)
6nn a M(;|;') =T (r'- ) + = I T (ﬁ - %) o g
n,m=2 1, j=1

® E(m,l)(;l_ Kj)’ (3.1)

(n,m)

where g is given as an infinite series of reflections or scatte-

rings from the spheres,

(n,m) - (n,m) -1
_ o(n,m)" (n,n) (m,m) -
gij B 6nm513 + B ) éij ® B (1 6ij)
° > = N N N (n,p;)
+5 L % X I T a3 g(“’“) o
s=l py=2 p,=2  p_=2 ;=1 j,=1 1 ]

33
31#1 Jo#dy 3g*ig_y»d

et PP g p )Tt Be™ (@
e B © A, . ©...B @ A, . ©B . (3.2)
13, 3G

(n m) (n m),> (n m) (n,m)_

(r), 4,

tions are tengors of rank ntm. The dot © in e.g. Aij
prescribes an m-fold contraction, with the (nesting) convention that

in the above equa-

The objects C ¢
n,m)

and B
® E(m,m)_

the last index of the first tensor is contracted with the first index

of the second tensor, etc. The definitions of the temsors T, A and
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B™! will be given below-
We first notice that in the absence of suspended particles only the
first of the terms on the r.h.s. of eq. (3.1) remains, which is the
wellknown Oseen tensor (see below). The perturbation of the fluid flow

by the spheres is accounted for by the generalized (dimensionless)
(n,m)
1

of the induced force on sphere i to an m-th order multipole moment of

friction tensors { , which relate an n-th order multipole moment

the unperturbed flow on the surface of sphere j (cf. eq. (A.4) in

appendix A). If there is just one sphere, Q;;'m)

is unequal to zero
only for n=m and different multipole moments are uncoupled. The hydro-
dynamic interactions between two and more spheres are given by the
series of products of tensors A and §~1 in eq. (3.2). This series
constitutes an expansion in inverse powers of the interparticle sepa-
ration, in view of the following property12 of the "connectors"”

Al" ™ (defined for i#3)

(n,m) (n,m) —(ntm-1) (n,n) —-(ntmtl)
A,. =6G,, R,, +F.. R, s (3.3)
=ij -ij ij =ij ij

where the tensors G,, and F_,. depend only on the direction of the

vector ﬁ._ =R, - ﬁ_ (and not on its magnitude R,.). The tensor
- 1j j i 1]
B ", on the other hand, is independent of the positions of the

spheres.

We shall now give the definitions of the tensors occuring in egs.
(3.1) and (3.2). The general expression for the connectors é;g’m) in
terms of the connector field é(n’m)(;) is given in eqs. (II-2.3), (II-

2.4), (II-2.14) and (II-2.15). The “propagator” T'"*™ (%) is defined

in terms of its Fourier transform by
iker )
e r I(n,m

Z(n,m)(i) = fa? (£) = 6mai™ ™(2n-1)11(2m~1)1!

f n—lI f m—lI
24 ' (ak) k 1 - kk) k (3.4)
x k"3 q(ak) i, (ak) 1 , .
with the definition
. - iy - )
Jp(X) JP(X) for p>1, ji(x) =1, (3.5)
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where jp(x) = (%ﬁ/x)%Jp+%(x) is a spherical Bessel function. Finally

(n,n)"

1
we recall that expressions for the constant tensors B (n»2) are

given in eqs. (II-2.6) and (II-2.22).

4. Formulae for the effective viscosity

We shall in this section combine the results from the previous two
sections to give explicit formulae for the effective viscosity. We
first note that, according to eq. (3.1), the Fourier transform

>, 1k'e¥
e

> ~iﬁ-; or' >
far e [dr M(r|r') (4.1)

MK|E") =

of the kernel M(;f;') is given by

> > 3.,> > (1,1) > @ N (1,n) N
ﬁﬂnoa y(k|k') = (2r) 6(k'~ k)T (k) + = r T (k)
n,m=2 i,j=1

—iﬁ.ii (n,m) iK'-ﬁj (m,1) R

° e Qij e o T (k'). (4.2)

From translational invariance of gij and of the distribution function

it follows that (for an infinite system)

N —ii-ﬁi (n,m) ik'-R,

< I e Qi' e 5= no(Zn)36(E'—§)
i,3=1 J .
4 ¥ (am ik-ii.
x <N % og,. e b, (4.3)
i,3=1"*J

where n = N/V is the average number density of the particles.
From eqs. (2.9) and (4.2) we thep find, with the help of eq. (4.3),

for the wavevector dependent effective viscosity n(k) the formula

> >

] an 9 = (1l,n) N -1 N (n,m) ik-Rij

na(n /n(k)=1)(L -~ kk) = n k° £ T (K)o "z g, e >
n,m=2 i, j=1 J

o 1M Ry, (4.4)
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Use has also been made here of the explicit expression for T(l 1)(k)
(eq+ (3.4)). One may verify (using the fact that KeT (1’n)(k) 0 for
all n, cf. eq. (3.4)) that the r.h.s. of eq. (4.4) is the product of a
scalar function of k and the tensor 1 - ﬁﬂ, as implied by the 1l.h.s.
of this equation.

At infinite dilution the r.h.s. of eq. (4.4) vanishes and n(k)
equals U for all k, as it should. The influence of the suspended par-
ticles on the viscosity of the suspension is taken into account by the
term on the r.h.s. of eq. (4.4), to all orders in their concentration.
We observe that this term vanishes in the limit k»» (cf. eq. (3.8)),
so that in this limit the effective viscosity is equal to the viscosi-

ty of the fluid

lim n(k) = (4.5)
k>
This limiting behaviour reflects the fact that for large wavevectors
the Fourier transformed imposed velocity field of the fluid remains
almost unperturbed by the presence of the spheres.
The zero-wavevector limit of the effective viscosity is of particu-
lar interest in the study of properties of suspensions. We denote this

quantity by

2fF = 1im n(x). (4.6)
k>0
(rys) fy 4 r+s—4
From the fact that T (k) is of order k for small k (cf. eq.
(3.4)) it follows that only the term with n=m=2 in the series on the
r.h.s. of eq. (4.4) gives a non-vanishing contribution in the limit
k+0. For neff we therefore have the more simple formula

a0 N(2,2) 1ek-§ij

(n, meff - 1)a - k) = 11m._ o(L = Kok~ % L. e >
5+0 i,j=1 J

(L - kk),  (4.7)

where the colon indicates a double contraction and ¢ denotes the

volume fraction of the spheres.
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Eqs. (4.4) and (4.7) are a most convenient starting point for the
calculation of the (wavevector dependent) effective viscosity of a
suspension, by means of an expansion in powers of the concentration of
the suspended particles. This will be illustrated in the next section.
In order to study also the behaviour of the effective viscosity at
high concentrations (where such an expansion is no longer appropriate)
we shall now cast eq. (4.4) in a different form — adopting an operator
notation which has proved its use in the previous chapters.

First we define a modified connector field z("'m)(;) and a convolu-
tion operator A‘™™ as in egs. (II-3.4) and (II-3.10). Similarly, we

define an operator I("'m) with kernel
TGy = D@ . (4.8)

Next we introduce a matrix H of which these operators are the elements
g(“’m) if n=1 or m=1,
= 4.9
{ H}n,m ~(n,m) ( )
A if n#l and m#l.

and matrices 51 and Q as in eqs. (II-3.12) and (II-3.13). Finally,

we recall the definition of the diagonal operator n, which corresponds

to the microscopic density field n(;), in eqs. (II-3.7) and (II-3.9).
For the kernel M(;l;'), given by eqs. (3.1) and (3.2), we now have

in this compact notation
6nnga M(F|E) = {H(T-n 0B H)TY}, [ EEN. (4.10)

In this equation the kermel is taken of the 1,1 element of the matrix
of operators between braces. From eqs. (2.9) and (4.10) we thus find

for the effective viscosity n(k) the operator formula

-ﬂ% {#}, (&&= Fl; H(1-n0B " H)—l}l’l(ﬁﬁz')), (4.11)

where the Fourier transform of an operator kernel was defined in eq.
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(4.1). This alternative formula is a convenient starting point for the
calculation of the effective viscosity of a concentrated suspension,
by means of an expansion in density-fluctuation correlation functions

of higher and higher order, cf. section 6.

5. Expansion in powers of the concentration

At low concentrations of the suspended particles an expansion of
the effective viscosity in powers of the concentration is appropriate.
To first order in the concentration egs. (3.2) and (4.4) give
1 -1 1
i y o B @™ @D
6na(no/n(k) - 1)(L - kk) = nk”zT (k)eoB e T (k). (5.1)
m=2
The series in this equation may be summed analytically, in precisely
the same way as the corresponding series for the connector field A was

summed in eq. (II-6.5). The result is
(ng/n(k) = 1)(L - kk) = = ¢S(ak)(L = kk), (5.2)
where the function S(x) is defined in eq. (II-6.6). Eq. (5.2) implies

n(k) = [1 + ¢S(ak) + 0(o7)], (5.3)

1,2 formula for the effective

representing an extension of Einstein's
viscosity at zero wavevector to arbitrary values of k. For small k,
the function S(ak) behaves as

Sak) =2 - 3% (a)* + 0¢ak)®, (5.4)

Nl

as follows from expansion of the r.h.s. of eq. (II-6.6). It is note-
worthy that the term of order (ak)2 does not occur in this expansion,
and that hence the finite wavevector corrections to Einstein's formula
are of fourth order. Bedeaux, Kapral and Mazurs, on the contrary,

found a nonzero coefficient for the term of order ¢(ak)2 in the effec-—
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tive viscosity. It has been pointed out by Schmitz6'15, however, that
eq. (4.7) in the paper by Bedeaux et al. (which gives the function
which relates the symmetric gradient of the velocity field perturbed
by the presence of one sphere to the symmetric gradient of the
unperturbed field) is incorrect as far as terms of second power in the
wavevector are concerned. Indeed an error in this order would affect
the value of the coefficient mentioned above.

To second order in the concentration, only those terms in ex-—
pression (3.2) for the generalized friction tensors contribute to the

effective wviscosity, which depend on the positions of at most two
(2,2)
1]

tricting ourselves to these terms, (cf. also eqs. (3.3) and (II-2.6))

spheres. For the dipole-dipole friction tensor { we find, res-

(2,2) (2s,25)
- - 10 21042 L
iy ="7goy;a+ (-5 -804,
(23,2s) (2s,2s)
10,3 -6 ’ ’ -8
*(=79)76;; T Ry Gy F Gy * 0®™, (5:5)
I kei

to eighth order* in the expansion in inverse powers of the separation
of the spheres R. (The tensor A used in this equation is identical to
the tensor é(Z‘Z) defined in eq. (II-2.10).) The connector

é(ZS’ZS)E A 5(2'2): A is traceless and symmetric in both the first

and second pair of indices; it consists of two terms of order R and

R respectively (cf. eq. (3.3)). The tensor Q;ES'ZS) is given by12
(2s,2s) 9 3 a A A A - - 5.6
Six A A Orgratara T W lrg) i s (5-6)
where r, = ﬁ, /R,, is the unit vector in the direction of ﬁ_ . From
ik ik’ ik ik

this last equation one readily finds

(- 19)3R—6 G(ZS’ZS):G(ZS,ZS)= - lgé{—i—J6A-(2; fot. T
9/ Mk Zik ki 9\R, ) STk K ik ik
tr, 1 rik):é. (5.7)

*The absence of a term of order R-7 in the expansion of Ef?'Z) in
powers of 1/R is noteworthy. 1]

82



The above equations enable us to calculate the zero wavevector

eff

tration. Substituting eq. (5.5) into formula (4.7) one finds for this

limit n of the effective viscosity to second order in the concen-

quantity the equation

ff- 1y -y =26 L - Ry AL -
(g/n777= 1)(L = k) =5 ¢ (1 = KOk:(T, + T, + Ty)ik(L - kk), (5.8)

with the definitions

21 =" 79 A, (5-9)
. (2s,2s)
100 . > igker
T, =37 B, lim [dr g (r) e A T, (5.10)
>0
1, = -2 faf g ()a/m®a: rrr Tl t o (5.11)

Here go(r) is the equilibrium pair distribution function to lowest

order in the density,

0 if r<2a
g (r) = (5.12)
1 if r>2a.

The evaluation of T, requires care because of the long range of the

2
connector field A. In terms of its Fourier transform we may write for

this contribution

(25,25) _ (2s,2s) .
T,- *o% o lin[4 (ek) + (2n) >fakra & yv_(lek=E' )], (5-13)
= o - - o
e+0
with
> 'I:.—) 2, -1
vok) = [dr e F[g (r) - 1] = ~l6ma’k ) (2ak). (5.14)

Using expression (3.6) for the Fourier transformed connector field one

finds, upon integration,
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T, =32 o(58 : k(L - KRk : A - A), (5.15)

in the required limit e+0. For the contribution I3 a straightforward

integration of eq. (5.11) gives
T, =-2 4. (5.16)

Substituting the results (5.9), (5.15) and (5.16) into eq. (5.8),

one finds for the effective viscosity at zero wavevector the equation

vy 5 y2 _ 155 2 o
g/ =D -1 = 30+ 30 -2 e 10 -1, (57
which gives the expansion to second order
3
neff = 0,11 +§¢ + 4.84 ¢2 + (0], (5.18)

found previously by Freed and Muthukumar’ by a similar method (cf.
section 1).

The importance of terms of order R—8 and higher in the hydrodynamic
interactions between two spheres (not included in eq. (5.5)) has been
investigated by Schmitz6. He obtained a value of 5.36 for the coeffi-
cient of the term of order ¢2, by including hydrodynamic interactions
of order R™® with n<l15. Although the coefficient in eq. (5.18) differs
from this result by only 10%, the convergence appears to be rather
slow: Schmitz estimates that terms of still higher order in 1/R can
give further corrections of at most 5%. In the works of Peterson and
Fixman® and Bedeaux, Kapral and Mazur® certain contributions from
short-ranged hydrodynamic interactions are also included. These
authors obtained values of 4.32 and 4.8 respectively.

The above results for the second order coefficient = which are all
based on a multipole expansion of hydrodynamic interactions — may be
compared with the value of 5.2 + 0.3 obtained by Batchelor and Green4,
from an exact solution of the motion of two spheres in a linear flow

field.
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6. Expansion in correlation functions

In order to study the effective viscosity of a suspension which is
not dilute, we shall adopt the method of expansion in correlation
functions used in chs. II and III to calculate the diffusion coeffi-
cient of the suspended spheres. Formula (4.20) for n(k) is the star-
ting point of our analysis. Following ch. III, we now proceed to write
this formula in terms of "renormalized” connectors, which account for
the fact that (in an averaged sense) spheres interact hydrodynamically
via the suspfnsion ~ rather than through the pure fluid.

{(n,n

Let Y, (n = 1,2,3,...) be an arbitrary constant tensor of rank

2n. We denote by y, the diagonal matrix with elements

v} =6 4™, (6.1)

o’n,m nm -0

The matrix HY is defined - for each y, - in terms of the matrix H
o

(given in eq. (4.12)), by

-1 -1
H = H(C1- 0B H . (6.2
Y, 1=y, 0 ) )
This matrix has elements
(n,m)
T if n=1 or m=1
- —YO
{ Hyo}n,m - (n,m) (6.3)
A if n#l and m#l,
Yo

(n,m) > (n,m) >
which are convolution operators with kernels 1Y (r) and AY (r)
o o
respectively. The latter kernel is identical to the renormalized

connector field defined in ch. III.

,n)

(n
We now choose Y, to be a function of the average number density

of the spheres ng,
(n:n) (n’n) a -1 (n9n) > (n’n) *
y - ° B o A (r=0) =n 1 (n>2) . (6.4)
o Lo - —y o~
o
*The quantity 70(1") does not play a role in the analysis and need
not be further specified.
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(n,n)

The tensor 1 used above is a generalized unit tensor of rank 2n,

1(2,2) = A, -]:(n,n)= é(n-l,id,n—l) (n>3), (6.5)

where the A-tensors have been defined in egs. (II-2.9) and (II-2.19).

n,n)

(
It has been shown in ch. III that Y is of the form

1én,n) _ Yin> l(n,n)’ (6.6)

where Y;n) is a scalar function of n_ . The renormalized 'deneity"

Y(;), with average y,, is given by
@& = y.n ady; 6.7
v(r) Yohy n(r); (6.7)

the corresponding diagonal operator y has kernel Y(;)é(g’— ;).
We shall write formula (4.20) for the effective viscosity in terms

of the renormalized connectors defined above, using the identity

-1 -1 -1° -1
HCT-n 08" W 7] 4 = | Hy (1787 QB H, ) bi10 (6.8)
The proof of this identity is very similar to that of eq. (III-3.7),
given in the appendix of ch. III, and is therefore omitted here. The
inverse operator on the r.h.s of the above equation contains fluctua-

o
tions 6y = v - vy, and a matrix HY with elements

o
(n,n)
° if n=m#l
_ o 6.9
{ Hvo}n,m = (6.9)
{ . } elsewise.
Y, DM

Here the cut-out connector g;"’") (n>2) has kernel
o

(n,n) | (m,m) |
KGR - &Yo (- D) = @ (6-10)
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Substitution of identity (6.8) into eq. (4.20) gives for n(k) the al-
ternative expression
1

m { H}l’l(-lzlﬁ') =?1-]; <{HY ( 1- 6YQB_
o] o]

lo (-1 >3,
HYo) b EIED>. (6e1)

Upon expansion of the inverse operator on the r.h.s. of eq. (6.11)
in powers of 8y, one obtains an expansion for the reciprocal of the
effective viscosity A(k) = 1/n(k) in correlation functions of (remor-

malized) density fluctuations of increasing order

Ak) = x(o)(k) + x(z)(k) + e, (6.12)

(p)(k) contains terms of order <(6y)p>. Each term in this

where A
"fluctuation expansion” contains contributions from many-body hydro-
dynamic interactions of an arbitrary number of spheres. Furthermore,
the renormalization of the density through eqs. (6.4) and (6.7)
corresponds to an algebraic resummation of a class of self-correla-
tions, cf. ch. IITI (section 3). As a result, the contributions from
these special correlations are included in the zeroth order term.

We shall now give the expressions for the first two terms in the

fluctuation expansion of A(k). To zeroth order one finds from eq.
(6.11)

(0) > >0 1 > >,
A k) H}l’l(k|k ) = W {f{Yo}l,l(klk ), (6.13)
or, by definition (4.12) and (6.3),

A O oD gy = LohDg,y, (6.13a)
- o Yo
The lowest order correction to the zeroth order result (6.13) is of
order <(6y)2> (since terms linear in &y give a vanishing contribution
after averaging) and is given by
(2)

o{H]) (kR =
.1

—1O —1O ¥ >
AH oy QB " H 8y 0B " H_ |} (kk")>. (6.14)
1 Yo Y

1
"o Yo 01,1
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To evaluate the two-point correlation in this equation, we note that
8y is given in terms of the density fluctuations 6n = n — n by
Sy = Yono—lén, cf. eq. (6.7). In view of the formula'®

a®onEn> = 0 6G'- B +n tle(|F'- ) - 1], (6.15)

*
we find therefore

2 @, e @@ @m e (),
= k ? A =0
Mo B =) T vy v, T, e r ™M en TE0)
m#£ L
-1 (4,1 o (m) (L) (1,m) -1
® E(lax) ® Z (K) + }_ 2 Yo Yo I (ﬁ) ® _B.(m’m)
o m,R=2 Yo
P (msl) -1 (1)1)
o (fat T4 T Digr)-11) e BV o1 @), (6.16)
Yo Yo
where we have used that
(m’m) -1 (m) -1
o E(m,m) -y B(m,m) , (6.17)

-0 o -

cf. eq. (6.6). The function g(r) used in these equations is the equi-
librium pair distribution function. Note that the above expression
does not contain terms with factors AY;m’Q)(?=O) with 2=m, as a con-—
sequence of the cut (6.10). Indeed the contributions from these parti-
cular correlations (socalled diagonal ring self-correlations, cf. ch.
ITII) are already accounted for in the zeroth order term X(O)(k),

through the renormalization of the density in eq. (6.4).

replaced

*
In the second term on the r.h.s. of this equation we have
(m,l)(;))

in the integgand (for the case 2=m) the cut-out connnector A
by A (m, )(r), since these two fields differ by a finite '°amount
in a ° single point only, cf. definition (6.10).
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7. Evaluation of the expamsion in correlation functions to second

order

To evaluate the first two terms of the expansion of 1/n(k) in
correlation functions, we make use of representation (III-4.3) of the
renormalized connector field AY("'m)(?) and of the corresponding ex—

o

pression for Iyé"’m)(?)

(n)m) _ _.‘>.-> (n,m) > -
T @ = )3 jak T g B[+ 5, (al)] L (7.1)
o] (o]

where the function SY (ak) has been defined in eq. (III-4.4). The re-
0 (p)
o

mined as a function of n, to a sufficient accuracy in ch. III, table

1. To calculate the effective viscosity we shall again use these

normalized density coefficients y (p = 2,3,4,5) have been deter-

values for yép); also, in the expressio?g) for renormalized tensor
fields we shall approximate SYO(ak) by SYO (ak), as defined in eq.
(I1I-4.10). This latter function depends only on the values of
Yép) with p<5. An estimate of the error introduced with this approxi-
mation is given below.

We are now in the position to evaluate the fluctuation expansion
(6.12) of A(k) = 1/n(k). To zeroth order one finds from eqs. (6.13)
and (7.1)

x(o)(k) =L {1+ ¢S (ak)]"l. (7.2)
nO YO

In fig. 1 we have plotted, for £five values of the volume
fraction ¢, the wavevector dependence of no/n(k) to this order. The
reciprocal of the effective viscosity increases monotonically as a

function of the wavevector, from its small-k limit

1e A 0) =L (1 +2 4y Pt (7.3)
n 2 o o

k>0 o

(cf. eq. (III-4.4)), to its large-k limit

lim x(o)(k) = 1/n,, (7.4)

ko
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Mo/7 (K)

ak

Fig. 1. Wavevector dependence of n_/n(k) for five values of the
volume fraction ¢, as resufts from eq. (7.2).

which is equal to the value at infinite dilution. (Note that the
large~k limits of X(O)(k) and A(k) are identical, cf. eq. (4.5).)

As mentioned above, the values plotted in fig. 1 are obtained by
approximating the function SYo(ak) in eq. (7.2) by S;Z)(ak), defined
in eq. (III-4.10). It has been checked that repeating the calculations
to one lower order (approximating SYo by S(:)

Y
y;p) (p = 1,2,3,4) which correspond to this order of approximation,

and using the values of

cf. section 4 in ch. III) would not change the results by more than
6%, over the whole range of wavevectors and densities. For not too
large wavevectors (ak £ 3) the change is even less, viz. at most 27%.

We now return to the fluctuation expansion (6.12) of A(k), to eva-
luate the next (non-zero) term x(z)(k), given by eq. (6.16). We shall
only consider here the limiting behaviour of this term for small and
large wavevectors.

(n,m) >

Using the fact that IY (k) is of order K4 £or gmall k (which

o
follows from eqs. (3.4) and (7.1)) one finds that only one term on the
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r.h.s. of eq. (6.16) contributes to x(Z)(k) in the limit k+0, giving

(2) an (L,2) -1
limn (KX - kk) = lim (6mna) (v PP P 1 ® ¢ 35
k+0 k»0 Yo
> > (2,2) -1 (2,1)
: (fd; 1T 4 (;){g(r)—lj) : B(Z’z) : T &, (7.5)
_YO - —YO

or explicitly

(2) _ =
A (k=0) = 20a"n, (v, )2 (1 +‘% oy, P/ )72 édq jlz(aq)

x [1+ 95 (aq)] Fv(q)- (7.6)
YO

In this last equation use has also been made of expression (III-4.3)

(2,2)

for AY ' (?). We have furthermore defined
o

> >
vk) = fdF T [g(x) - 1]. (7.7)

Table 1

The fluctuation expansion (6.12) of A(k) = 1/n(k) for k=0,
as given by eqs. (7.3) and (7.6) to second order.

(0),y (2),q _ - _
6 o O (k=0) + a2 Pk=0) = 1 A®K=0)
0.05 0.879 - 0.005 0.87
0.10 0.765 - 0.017 0.75
0.15 0.661 - 0.030 0.63
0.20 0.568 - 0.042 0.53
0.25 0.486 - 0.05L 0.44
0.30 0.416 - 0.057 0.36
0.35 0.355 - 0.060 0.30
0.40 0.304 - 0.060 0.24
0.45 0.261 - 0.058 0.20
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To evaluate A(Z)(k=0) we have approximated the pair correlation
function by the solution of the Percus-Yevick equation, found by
Wertheim and Thiele!’7 (an explicit analytic expression for v(k) is
given in ref. 18). The integral on the r.h.s. of eq. (7.12) was then
computed numerically. Results are given in table 1.

To conclude this section we note that for large wavevectors the

term K(Z)(k) goes to zero

1im AP @) = o, (7.8)
k>
as follows from eqs. (3.4),(6.16) and (7.1) (and might be expected on
account of the fact, mentioned above, that K(O)(k) and A(k) tend to

the same limit as ko).

8. Discussion

We have calculated the wavevector dependent effective viscosity
n(k) of a suspension of spherical particles. This quantity relates
the Fourier transforms of averaged velocity field and external field
of force, c¢f. eq. (2.10). The validity of the present analysis is
limited to a certain time scale or, alternatively, to a certain range
of frequencies. More precisely, if we consider an external force which
varies harmonically in time with frequency w, the average response of

the fluid is described by n(k) in the regime
/v, K w << aPn / (8.1)
c No/Po*

Here Mo and P, are respectively the viscosity and mass density of the
fluid, a is the radius of the suspended spheres and Te is the "confi-
gurational” relaxation time (see below).

The upper lipit in eq. (8.1) is a consequence of our description of

the motion of the fluid by the quasi-static Stokes equation (2.1),
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neglecting inertial effects (cf. ref. 2, § 24)*. For e.g. spheres of
radius a = 0.5y in water at vroom temperature, the upper limiting
frequency apzno/po is 4-106 Hz.

The lower limit to the frequency range in eq. (8.1) is due to the
neglect of contributions from Brownian motion of the spheres: whereas
in equilibrium this motion does not contribute — on the average - to
the velocity field, a non-vanishing contribution remainms if the dis-
tribution function of the configurations of the spheres is perturbed

19,20

by an external force The validity of our analysis is therefore

limited to a time scale much smaller than the time Ta in which a
configuration changes appreciably due to Brownian motion, since on
this short time scale the deviation of the distribution function from
its equilibrium form may be neglected (cf. a related discussion of
time scales in theories of diffusion in ref. 21). The corresponding
lower limiting frequency ZW/TC is a few hundred Hertz at a volume
fraction ¢ of the spheres of 0.45, for the system mentioned above. At
lower concentrations, this frequency decreases and in fact to linear
order in ¢ the viscosity is not affected by Brownian motion at all
frequencies19'2°.

Having clarified the regime of validity of our analysis we now
proceed to a discussion of our results. We have evaluated n(k) through
an expansion of its reciprocal in correlation functions of (renorma-
lized) density fluctuations of increasing order (a socalled fluctua-
tion expansion). The =zeroth order result (7.2) in this expansion
(shown in fig. 1) fully takes into account the many-body hydrodynamic
interactions between an arbitrary number of spheres, as well as the
resummed contributions from a class of self-correlations. For the case
of zero wavevector we have evaluated moreover the next non-vanishing
term in the fluctuation expansion (given by eq. (7.6)), which is of

second order and is due to correlations between pairs of spheres.

Results for

nefff lim n(k) (8.2)
k>0

* .
For an analysis where inertial contributions to the effective visco-
sity are included, see ref. 5.
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to this order are given in table 1.

It is interesting to compare these results for the concentration
dependence of the effective viscosity at zero wavevector with the
results from two simple formulae, which one can derive by making addi-
tional approximations.

The first formula
5 -1
Ty = 1+ 5 0(1-0) (8.3)
can be obtained by completely neglecting correlations between the

eff

considerably smaller - especially at large concentrations -~ than the

spheres, cf. appendix B. This formula gives values for n which are
results from the first two terms of the fluctuation expansion, cf.
fig. 2 (where the reciprocal of neff is plotted). In these latter
results, we recall, contriﬁutions from a class of self-correlations as
well as from pair correlations are included. Formula (8.3) was first
proposed by Sait822 (cf. also the derivations in refs. 5,6,9 and 23).

The second formula

neffm, =1+ 30 -3 07 (8.4)
takes into account the same class of self-correlations which contri-
butes to our zeroth order result (7.3) for nej?i However, to arrive at
eq. (8.4) these contributions are evaluated by an approximation of the
hydrodynamic interactions between the spheres which in a way neglects
their finite size, cf. appendix B. Whereas this socalled point-
particle approximation correctly describes the interactions between
the spheres if their separation is sufficiently large, it fails at
smaller separations. Results obtained using this approximation will
therefore become less and less reliable as the average separation of
the spheres becomes smaller with increasing concentration. Indeed, as
one can see from fig. 2, for large ¢ the values from eq. (8.4) deviate
strongly from the results obtained using the full expressions for the
hydrodynamic interactions. Note, in particular, that the effective

viscosity according to eq. (8.4) has a pole at ¢ = 0.4, whereas if one
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T]O/“eff
Y,

Fig. 2.

Volume fraction dependence of the reciprocal of the effective
viscosity at zero wavevector. The solid curve is taken from
table 1, dotted and dashed curves from eqs. (8.3) and (8.4)
respectively.
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Fig. 3. ¢-Dependence of 7 /nefT

The solid curve is from table 1.
Experimental data points are from refs. 28 (squares), 29
(triangles) and 30 (circles).
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takes account of the finite size of the spheres the results remain
%
bounded up to large volume fractions .

! and more recently by

Formula (8.4) was first derived by Lundgren'
several authors8:%,10, In the latter three derivations the suspension
is treated as a mixture of two fluids, one fluid (with volume fraction

¢) having an infinitely large viscosity, the other fluid having

viscosity Ng* Clearly, in such a treatment no account is taken of the
finite size of the suspended particles. The analysis of Lundgren, on
the other hand - although leading to the same result (8.4) - proceeds
from a different starting point and it is not clear to which extent
the influence of the finite size of the spheres on their hydrodynamic
interactions has been accounted for.

Before resuming the discussion of our results we mention still

eff

another formula for the concentration dependence of n , derived by
Mou and Adelman?’. In this analysis some of the effects of the finite
particle sizes are included, according to the authors. Numerically,
their results are close to eq. (8.3) (and have for this reason not
been plotted in fig. 2).

A comparison with experiments is possible for the small wavevector
limit nefj,of the effective viscosity. In fig. 3 we show the data
obtained by Saunders2?® and by Krieger and coworkers?® for suspended
spherical polystyrene latex particles. The radii of these particles
where of the order of 0.1y, with a narrow size distribution. Also
shown are the data of Kops—Werkhoven and Fijnaut30 for silica spheres
of radius 0.07y . If one compares these experimental results with the
calculated values from table 1 (alsoc plotted in fig. 3) one finds good

agreement for volume fractions ¢ . 0.2 . At higher concentrations,

*We mention in this connection that a pole in the plot of effective
viscosity versus concentration has been found in two different con-
texts by Kapral and Bedeaux?? (for a regular array of freely moving
spheres) and by Muthukumar?® (for randomly distributed immobile
spheres). However, the validity of these results is questionable (for
the same reason as in the present case of randomly distributed freely
moving spheres), since in both these analyses higher order multipole
contributions to the hydrodynamic interactions (resulting from the
finite size of the spheres) were neglected (cf. also the discussion of
the former analysis in ref. 26).
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eff

smaller than the experimental data. Two remarks are in order, which

however, our calculations give values for n which are considerably

could each explain part of the discrepancy.

Firstly, we note that the expansion in correlation functions of the

eff

cular, contributions due to specific correlations between the posi-

reciprocal of n has only been evaluated to second order. In parti-
tions of three or more spheres have not been included. The magnitude
of these higher order terms can be estimated from the term of second
order (due to two—-sphere correlations), which is ~ 20%Z of the zeroth
order result at the highest volume fractions considered (cf. table 1).
Secondly, we recall that - strictly speaking — our analysis is
valid only on the short time scale T<<TC, in which Brownian motion has
not yet affected a given configuration of the spheres. The measure-
ments, on the other hand, were performed under static conditions.
Theoretical studies of dilute suspensions have indeed shown* that the

eff

to perform dynamic measurements of the effective viscosity, in order

effect of Brownian motion is to increase n . It would be interesting
to study, through its frequency dependence, the influence of Brownian

motion.

9. The relation between effective viscosity and diffusion coefficient

In this section we shall compare the results for the wavevector
dependent effective viscosity n(k) of a suspension obtaimed in this
ch., with those for the wavevector dependent (short-—time) diffusion
coefficient D(k) of the suspended spheres, obtained in ch. III. The
latter quantity is given by eq. (III-2.1) and describes diffusion of

the spheres on the time scale t<<t, over which their positions are

C
essentially constant (see e.g. ref. 21). The large wavevector limit of
D(k) is the self-diffusion coefficient Ds’ given by eq. (III-2.2).

In ch. IIT D(k) has been evaluated through an expansion in correla-

tion functions of higher and higher order. As shown 1in section 7 of

*The coefficient of the term of order ¢2 in the density expansion of
ne increases due to Brownian motion by 20% to 6. 21
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that chapter, the lowest order term in this expansion is given by eq.
(III-2.1) - with the mobility tensor Ei which appears in this ex-
pression replaced by the effective pair wmobility Eiff (cf. eq.
(I11-7.2))

-iKeR, ., (1,1) (0)
gi?f s fd e Ha @ Gy ®), 9.1)

where the tensor 1_&(1’1)(_1:) has been defined in eq. (III-5.10);
K(O)(k) (defined in eq. (7.2)) is the zeroth order term in the
expansion in correlation functions of the reciprocal of n(k). Through
the above equation effective viscosity and diffusion coefficient are
related to each other.

This relation takes an especially simple form for the coefficient
of self-diffusion Ds' To lowest order in the expansion in correlation
functions, the mobility tensor in definition (III-2.2) of Ds may be
replaced by expression (9.1) and one finds

(0
D = k,T jdk(Si“ak)2 A K). (9.2)

s B 37 ak
Since the largest contribution to the integral in eq. (9.2) arises
from the interval 0 k £ 1/a (and since )\(O)(k) is approximately
constant in this interval, cf. fig. 1), one may approximate x(o)(k) in
the integrand by its small-k 1limit - which is the reciprocal of the
effective viscosity at zero wavevector neff (to lowest order in the

éxpansion in correlation functions). Upon integration one then finds
D, ~ k76w Ta) 7 (9.3)

In fig. 4 we show the volume fraction dependence of D /D (where
D =k T(6m] a) ) and no/neff, resulting from an evaluatlon of the
expansion in correlation functions for each of these quantities to
second order. One sees that both quantities have a similar concentra-
tion dependence, in agreement with eq. (9.3). Deviations from this
relation are due to: i) certain contributions from correlatioms; ii)

wavevector dependence of the effective viscosity (a consequence of the
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Fig. 4. Volume fraction dependence of t?ﬁ,reciprocal of the effective
viscosity at zero wavevector n? (from table 1) and of the
self-diffusion coefficient (from table 3 of ch. III).

finite size of the particles).

We have discussed here the relation between effective viscosity and
diffusion coefficient on the short time scale 1<<tc. Experimentally,
this relation has been investigated only on the long time scale

T>>TC 30,31, it has been observed that the product of self-diffusion
coefficient and effective viscosity is approximately independent of
the concentration, confirming = on this time scale = a relation of the
form (9.3).

Appendix A. Elimination of the induced forces

According to eqs. (7.2) and (7.3) of the paper by Mazur and van

Saarloos12, one has for the irreducible multipole moments of the
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induced forces on the spheres the following hierarchy of equations*
(i =1,2,...N)

_—5
_1 3
(® (e,p) Tp-I1,
= - 1
Ei 6nnoa(2p 1B e n, v,
® N -1 (pom) (m)
+ T 3 g(P’P) ©A ., ©F, (p>2). (a.1)
m=2 j=1 +J J
j#i

(Here with E(Z) only the symmetric and traceless part of this second
moment is implied.) The surface moment of the unperturbed velocity

field 30 on the r.h.s. of this equation is defined as follows

l-ml
>
n v
i [o)

m

- | I
(ma®)ra ™ fad @ - RHP I (Ds()2E, | - ). (4.2)

In the present case, the unperturbed flow is given in terms of the

external force by

. an ext
kD - ko F @, 4:3)

<V
~
o
~
[1}]

The formal solution of the hierarchy (A.l) is of the form

= §

(P) el N (P,m) am—-1 N J
Ei = 6nnoa ¥ I (2m—1)!!gi. ® nj v, (p32), (A.4)
m=2 j=1 J
(p,m)

with the generalized friction tensor § given by eq. (3.2).

1]
The transverse part of the induced force is given iIn terms of the

moments considered above by the expansion (cf. ref. 12, eq. (3.14))

an ind | ® - an TpFIY (D)
(L - kk)oF, (k) = % (2p~1)1!i~ Pj___(ak)(l - kk) k ©F, . (A.5)
= i p=2 p-1 = ~-i

For the surface moments of the unperturbed flow, furthermore, we have

*The tensor B(2,2) ! used here corresponds to Efzs,zs) 1 in ref. 12.
Note furthermore that (in view of eq. (2.4)) both the first moments
and the anti-symmetric parts of the second moments of the induced
forces are zero and consequently do not appear in eq. (A.l).
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the identity (ref. 12, eq. (4.1))*

LN p'_> Si 3.p; . iﬁ-ﬁi . Fp? > >
n, v, = (2n) Ti fdk e Jp(ak) k vo(k)- (A.6)

Eqs. (A.3)-(A.6) yield for the velocity field given by eq. (2.7) the

result
>
(1,1) ext N © -ikeR, (I1,n)
bunga v(K) = T (K)F (k) + % T e tr (k)
i,3=1 n,m=2
> >
(n,m) _ ik'eR., (m,1) ext
°g;; © (m) 3atr e I (&N)F  (K"), (A.7)

with the tensor field T defined in eq. (3.4). This equation implies

for the kernel M, defined in eq. (2.8), the expression (3.1).

e
Appendix B. Derivation of formulae (8.3) and (8.4) for 7 ff

1. Formula (8.3) (no correlations)

In order to arrive at formula (8.3) for the =zero wavevector
effective viscosity neff, we first redefine the conmector field
é(z’z)(?) in the following way

(2,2) (2,2)
(r) = A (r)g (), (8.1)

4
where the function go(r) was defined in eq. (5.12). Note that, since
A (;) and A(;) are identical for r>2a, we may replace the latter
fleld by the former in definitionm (II-2.4) of the connector A,

Next consider eq. (4.7) for neff If we completely neglecthorrela—

tions, this expression (together with eqs. (3.2) and (II-2.6)) givesT

*Note that, with respect to the formulae in ref. 12, we have made the
substitution (II-2.11).

tThe tensor A used in this eq. is identical to the tensor £§(2'2)

defined in eq. (II-2.10).
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~n ~n A i (2s,2s5) .
(no/neff - 1)(1-kk) = -5¢(1l-kk)k:[A + lim % (- lg-no A (ek))P]
e»0 p=1

k(L - kk).  (B.2)

wim-4 (cf. eq.

(I1-2.15)), so that eq. (B.2) does not contain contributions from

Here we have used the fact that é(n’m)(ek) is of order ¢

connectors with upper indices n+m>4. From eqs. (5.10) and (5.15) we

see that
10 (28,28) . . —n
- g n, lim A (ek) = o(A - 5A:k(l - kk)k:a), (8.3)
e~>0
and hence

aAn A ~n A

(ng/mefF = 1)L - k) = =561 - KiOk:[(L-0)a + Seask(L - kkyk:a] ™"
(L - Kk) = -2 g1+ 5 0) T (L - k). (8.4)
Eq. (B.4) implies that
gy =1+ 3 007, (8.5)

which is Saitd's formula (8.3).

We remark that if one would replace the function go(r) in eq. (B.1l)
by some other function of T which is unity for r>2a, one would obtain
an alternative formula for the effective viscosity in the absence of
correlations. To decide which expression for the connector field for

r<2a gives the most accurate results in this approximation, one would
have to compare the magnitude of the corrections from correlations. We
can, however, make the following observation: the particular choice
made above accounts to some extent for the impenetrability of the
spheres, since the connector field éo(Z,Z)(;) vanishes for r<2a. One
might expect, therefore, the resulting formula (B.5) to be more accu—
rate than = for instance - a formula which one would obtain by repla-
cing go(r) in eq. (B.l1) by unity for all r. Indeed, in this latter

case one finds upon neglecting correlations the result
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5
nef?yno =1 + §.¢, (B.6)
which is inferior to eq. (B.5).

2. Formula (8.4) (point-particle approximation)
Consider the zeroth order result (7.3) for the effective viscosity

at k=0,

(2)

=1+ 2 gy,

/no, (B.7)

2
where Yg ) is given as a function of n, through eq. (III-4.9)

(2) (2) 6 * 2 -1
Yo ~ Y, ¢ E»édk i1k sYo(k)[l + ¢SYo(k)] =n_ (8.8)

The function SY (k) behaves for small k as (cf. eq. (IIL-4.4))
o

(2)

5 2
SYo(k) =3 Y /no + 0(k7). (B.9)

If in the integral in eq. (B.8) one would approximate this function by

its zero—k limit, one would find for ygz)
(2) 5 1
Yo =l -3 07, (.10)

which gives (with eq. (B.7)) formula (8.4) for the effective viscosi-—
ty.

Since the wavevector dependence of the function SYo(k) which renor-
malizes the connectors (according to eq. (III-4.3)) is a consequence
of the finite radius of the spheres, the above approximation — which
neglects this k-dependence ~ may be called in this sense a point-

particle approximation.
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SAMENVATTING

De doelstelling van het onderzoek beschreven in dit proefschrift,
is de bestudering van de invloed van hydrodynamische interacties op
transporteigenschappen van suspensies. Hiertoe wordt de concentratie—
afhankeli jkheid van diffusiecoéffici&nt en effectieve viscositeit wvan
gesuspendeerde "harde bollen" onderzocht (op een korte tijdschaal
waarop de posities van de bollen niet noemenswaardig veranderen).

Het grote struikelblok bij de behandeling van hydrodynamische
interacties is de essenti&le niet—additiviteit van deze koppelingen
via de vloeistof. Dat een beperking tot additieve paar—interacties In
niet-verdunde suspensies ongerechtvaardigd is, werd in dit onderzoek
voor de eerste maal expliciet aangetoond, door berekening van de zelf-
diffusie coéfficiént tot op tweede orde in de concentratie (zie hoofd-
stuk II). (Van experimentele zijde zijn P. Pusey en W. van Megen door
metingen van deze grootheid tot dezelfde conclusie gekomen.) Een theo-
rie die geldig is ook buiten het verdunde regime, zal daarom rekening
moeten houden met niet-additieve hydrodynamische interacties tussen
een willekeurig aantal deeltjes. Met het oog hierop werd een techniek
van hersommatie van veel-deeltjes hydrodynamische interacties ontwik-
keld, gebruik makend van een door P. Mazur en W. van Saarloos gegeven
methode om hydrodynamische stroming langs meerdere bollen te analyse-
ren. Op betrouwbare wijze konden dan transporteigenschappen van gecon-
centreerde suspensies berekend worden via een zogenoemde fluctuatie-
ontwikkeling. Dit is een ontwikkeling in correlatiefuncties van dicht-
heidsfluctuaties van hogere en hogere orde.

In hoofdstuk II wordt deze fluctuatie-ontwikkeling uiteengezet in
haar meest eenvoudige vorm, voor het geval van zelf-diffusie. De
laagste orde term in deze ontwikkeling bevat de gehersommeerde bij-
dragen van hydrodynamische interacties tussen 2,3,4,5,... bollen - in

de afwezigheid van enige correlaties. Hogere orde termen bevatten cor-
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recties op dit resultaat ten gevolge van correlaties tussen fluctua-
ties in de concentratie der bollen. Deze correcties zijn belangri jk,
in het bijzonder bij de hoogst beschouwde concentraties.

Om deze reden wordt in hoofdstuk IIT een tweede fluctuatie-
ontwikkeling ondezocht, die men uit de eerste kan verkrijgen door een
gedeeltelijke hersommering van' hogere orde correlaties. De laagste
orde term van deze alternatieve ontwikkeling bevat reeds de bijdragen
van een belangrijke klasse van zelf-correlaties (dat zijn die correla-
ties, die aanwezig zouden zijn in het hypothetische geval van door-
dringbare bollen). Zowel een vergelijking met experimenten als ook een
berekening van de eerstvolgende term in de ontwikkeling geven aan, dat
deze laagste orde term betrouwbare resultaten geeft voor de diffusie-
coéfficiént over een breed concentratiebereik. Het derde hoofdstuk
wordt besloten met een interpretatie van de laagste orde resultaten in
termen van een effectieve paar-interactie.

In hoofdstuk IV wordt de effectieve viscositeit van de suspensie
bestudeerd, volgens dezelfde methode die in het vorige hoofdstuk was
toegepast op diffusie. In het verleden is bij de studie van de visco-
siteit van suspensies herhaaldelijk gebruik gemaakt van een benadering
die de eindige afmetingen van de gesuspendeerde deeltjes verwaarloost.
Hoewel deze benadering te verdedigen is voor voldoende verdunde sys-—
temen, leidt zij tot volkomen foutieve resultaten bij hogere concen-
traties - zoals expliciet aangetoond in hoofdstuk IV. Tot besluit
worden in dit hoofdstuk de behaalde resultaten voor diffusie en visco-
siteit vergeleken. In het bijzonder wordt onderzocht een (voor de
eerste maal door D.J. Cebula en medewerkers waargenomen) empirische
relatie tussen zelf-diffusie co&fficiént en effectieve viscositeit,
welke inhoudt dat het produkt van deze beide grootheden bij benadering

onafhankelijk is van de concentratie.
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