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On the cover: A wvivid, abstract background suggestive of outer space, created
with soft pastels blended in water for a fluid, vibrant texture. At its center is a
biphenyl molecule, spanning front and back covers. Inside the front ring, a
quantum computer is manipulated by a robotic hand; on the back, the hand grasps
a conical intersection. Painted quantum circuits extend above and below the rings,
while a musical stave weaves behind them. The contrasting materials — soft
pastels, acrylic paint, and precise fineliners — as well as the colours and shapes,
mirror the interplay between creative expression and scientific structure. — by Eva
Koridon
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CHAPTER 1

Introduction

1.1 Preface

Quantum chemistry plays a crucial role in understanding and predicting the
behavior of molecular systems. The rise of high-performance computing has
revolutionized this field by enabling the development of computational methods
to explore molecular ground state energies, excited states, and reaction dynamics.
At its core is the challenge of solving the electronic structure problem, which
focuses on determining the energies and properties of electrons in molecules. These
insights are critical across industries such as pharmaceuticals, materials science,
and renewable energy [1]. Approximate quantum chemistry algorithms for classical
computers have been widely used in these areas, the most important being Density
Functional Theory (DFT), also called the workhorse of quantum chemistry. It is
especially useful for studying large systems due to its balance between accuracy
and computational efficiency [2]. However, DFT is not a universal solution to every
problem, and it can fail to model strong electron correlations in molecules or to
model excited states. For these cases, more accurate methods like coupled-cluster,
tensor networks and active space methods have been used to some success [3].
These approximate methods usually have some parameter to adjust their accuracy.
However, the challenge is that for some systems, dialing up the accuracy to an
acceptable level may exceed our computational budget.

The problem lies in the complexity of solving the electronic structure problem
exactly, which grows exponentially with system size when using classical com-
puters. This computational bottleneck limits the ability to accurately model
larger or more complex molecules, especially those that exhibit strong electronic
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correlations. Quantum computers offer the potential to break through some of
these limitations by efficiently solving certain tasks that are intractable for their
classical counterparts. The concept of quantum advantage refers to the point at
which a quantum computer can outperform classical computers for a specific task.
Current-day quantum devices are imperfect: they have low qubit counts and are
plagued by noise. Despite this, there has been rapid progress in the field, and
quantum advantage already has been reached for the problem of sampling from
probability distributions that are hard for classical computers [4-6]. Nevertheless,
these problems are, to the best of our knowledge, completely useless; making this
milestone an important one but just a starting point to the goal of quantum utility.
This could be defined as the point where quantum can outperform classical on
specific, practical tasks with real-world value. Quantum computational chemistry
is a term that is used in the community that indicates using quantum computers
to solve problems in quantum chemistry [7].

Open problems in quantum chemistry that quantum computers could potentially
address include understanding biological nitrogen fixation [8, 9], assessing chemical
mechanisms of reactivity for pharmaceuticals [10] and transition metal catalysts for
carbon capture [11]. While these applications could revolutionize drug discovery,
materials science, and renewable energy, they are still far from the scope of
near-term quantum devices, as the noise degrades the final result beyond the
high precision that is required. In this context, achieving quantum advantage
requires both identifying suitable computational targets and optimizing quantum
algorithms that are more robust to noise and work within the constraints of
(near-term) quantum devices. This thesis tries to work on both sides, by devising
schemes to reduce both space- and time-complexity of quantum algorithms, and
proposing noise-robust targets beyond ground state energies that are more difficult
for classical algorithms.

This introduction presents fundamental concepts from both quantum chemistry
and quantum computing to provide a foundation for the subsequent chapters,
which represent the primary contributions of this thesis. In doing so, it seeks to
unify the chapters into a cohesive entity. It is structured as follows: Section 1.2
provides an overview of the electronic structure problem in quantum chemistry,
including the Born-Oppenheimer approximation, orbitals, basis sets, and Hartree-
Fock and DFT methods, focused on ground states. Section 1.3 discusses the
construction of an active space, a central concept in many chapters of this thesis,
that enables the treatment of correlated systems. It goes into depth on orbital
optimization and static and dynamical correlation. Section 1.4 provides a concise
introduction into the emerging field of near-term quantum simulation of chemistry,
including the Noisy Intermediate-Scale Quantum (NISQ) era and variational
quantum algorithms. Finally, Section 1.5 outlines the contributions of this thesis
and the structure of the subsequent chapters.
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1.2 Electronic Structure Problem

A molecule is a quantum system consisting of a collection of nuclei and electrons
that interact with each other through the electromagnetic force. To construct a
physical description of the system, a general approach is to consider the energy
operator of the system, called the Hamiltonian. To construct the Hamiltonian of
the molecule, we have to consider all the different interactions between the nuclei
and electrons. This includes their kinetic energies (T, and Ty ); nuclear-nuclear
(Unn) and electron-electron (Use) repulsion; and nuclear-electron (Une) attraction.
The total molecular Hamiltonian can thus be written as:

T N Une
] Mo "Mz,
2 2
Hyol = Zivz _ZMVA _ZZ|r “R4|
i=1 A= i=1A=1"" (1 1)
Uce UnN :
n M
1 YAV
_|_
R

where M 4 is the mass of nucleus A, n is the number of electrons, M is the number
of nuclei, Z, is the charge of nucleus A, and r; € R® and R4 € R3 are the
position vectors of electron i and nucleus A, respectively. In this thesis, they
are often written in shorthand as one big vector r € R3 and R € R3M. In
Eq. (1.1) we are using atomic units that we will use throughout this work; in
this system of natural units the electron mass, the elementary unit of charge, the
reduced Planck constant and the Coulomb force constant are all normalized as:
me = e = h = —— = 1. This results in the energy having atomic units of Hartree,

4meq
which is equivaler;)t to about 27.2 electronvolt (eV).

To retrieve the molecular energy levels and their eigenstates, we solve the
time-independent! Schrédinger equation:

H [W},) = Ey [¥y), (1.2)

where |Uy) and Ej its k-th eigenstate and eigenvalue. If one manages to find
these, there are many interesting properties that we can extract. The energies
give essential information for understanding chemical reactions and determining
reaction rates between the reactants and the products. Other quantities like
vibrational frequencies, dipole moments and polarizabilities provide valuable
insights into the behavior of molecular systems. In the following section, we will
isolate the Hamiltonian for the electrons and show how to approximate the ground
state with classical methods.

IThis is not the only Schrédinger equation that is important, as many quantum chemistry
methods also rely on the time-dependent version, especially when simulating dynamics.
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1.2.1 Born-Oppenheimer approximation

There is no known analytical solution to the Schrédinger equation (1.2) for this
interacting system, already for any element heavier than hydrogen. However, we
can at this point invoke a trick: we isolate the dynamics of the electrons. This is
the Born-Oppenheimer approximation, introduced by the two famous physicists
in 1927 [12], and has been the cornerstone of any quantum chemistry method. As
the nuclei are several orders of magnitude heavier than the electrons, we allow
the nuclei to be treated as classical particles with fixed positions given by the now
classical variables R. This approximation simplifies the molecular Hamiltonian by
removing the kinetic energy terms of the nuclei and treating them as fixed points
in space. The electronic Hamiltonian in the Born-Oppenheimer approximation is
given by:

He(R) = ENN(R) + T+ Uee + UNe(R) (13)

where the nuclear repulsion term Exy(R) = Zﬁﬁ B % is now a constant,
that is often omitted in this thesis as it can be added without extra computational
cost.

Solving the Schrodinger equation for the electronic Hamiltonian in Eq. (1.3)
is what’s meant with the electronic structure problem. In contrast to the nuclei,
the gap between the ground and excited state of the electrons is usually on the
order of several eV. This is much higher than the typical nuclear kinetic energy or
the thermal energy at room temperature, which is about 25 meV. This makes the
Born-Oppenheimer an extremely reasonable approximation, as well as making
the electronic ground state |¥g) and its energy Eo(R) of particular interest, as
the electrons prefer to be in their ground state in typical reaction environments.
The dynamics of the nuclei can be reintroduced, after one has solved Eq. (1.3), by
letting them move over the potential energy surface (PES) Ey(R) generated by the
electrons. In practice, this PES is extremely useful to study molecular reactions;
its local minima define equilibrium geometries. A reaction can be described by
going from some reactant state located in the local minimum Ry to some product
state at some other Rp. The fastest way from Rr — Rp travels through a saddle
point R representing the transition state. The height of the barrier AE at the
transition state will determine the rate I' of the reaction. The empirical formula
of the Arrhenius equation unveils that this reaction rate depends exponentially
on this barrier: T' oc e, This implies that to accurately predict rates we need
a high-precision electronic structure method.

1.2.2 Discretization

Orbital basis

Solving the Schrodinger equation for the Hamiltonian in its bare form of Eq. (1.3)
amounts to a series of continuous differential equations that are very hard to
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solve. To make the electronic structure problem manageable for our digital
computers, we have to discretize the space. In quantum chemistry, this entails
the introduction of basis sets, a discrete set of single-particle basis functions {x, }
that are centered around the nuclei and are eigenfunctions of some one-electron
Hamiltonian. The simplest version of the electronic Hamiltonian, which is the
Hydrogen atom with one nucleus and one electron, can be solved analytically. We
can use these exact solutions as effective basis functions, called atomic orbitals,
and with some adjustments, they work well for describing other nuclei too. To
calculate expectation values of (local one-body) observables, we need them to be
square integrable functions on R?, i.e. part of L?(R?), such that

(0) = / s (0)0(r) xu(r) < o0 (1.4)

We ideally want these atomic orbitals to satisfy three requirements:

e They should have a systematic way of improving their accuracy towards
completeness, i.e. the ability to approximate any function on R? with a
linear combination.

o They should be able to represent any atomic and molecular state and
electron density with only a few terms in a linear combination.

e Their integrals should be efficiently computable.

It is impossible to find a general set of functions that fulfill all three requirements
for all systems. Thus, we need to make compromises depending on the problem
and system we want to solve. While a general basis of the space like a plane wave
basis would be sufficient for the first and last point, it has very slow convergence
to represent a compact molecule. Hydrogenic orbitals fulfill the first and second
point, but they are difficult to analytically integrate. As a common compromise,
quantum chemists use either Slater-type orbitals (STOs) or Gaussian-type Orbitals
(GTOs). Out of these approximations of hydrogenic orbitals, STOs are more
accurate (modelling correctly the nuclear-electron cusp) but GTOs are more
computationally efficient (having a closed-form expression for the integrals). The
general form of a GTO is:

Xu(r) o xkylzm67“T2 (1.5)

To approximate the cusp, contracted Gaussians are used that consist of a linear
combination of GTOs. The coefficients can be optimized for specific atoms by
optimizing the energy with an electronic structure method.

To build a multi-particle wavefunction of the molecule, we need a compact basis
set for the molecule. Directly using the atomic orbital basis will not do, as they
do not take into account the interactions between neighbouring atoms. Neither do
they comprise an orthonormal set. As the non-orthogonal atomic orbitals come

ot
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close together, they like to combine into linear combinations and form molecular
bonds. We can build molecular orbitals (MOs) that span over multiple atoms,
represented mathematically as a linear combination of atomic orbitals:

¢p(R,1) = ZX#(rvR)CHp(R)- (1.6)
I

The set of N MOs {¢,} are spatial orbitals. Electrons are fermions, thus we have
to specify their spin as well as their position. We can take an orthonormal set of
spin functions o, and build the following basis of spin-orbitals:

Upo (%) = ¢p(r)o(ms) (1.7

where we explicitly use the spin label ¢ on the left, indicating the spin-function,
and mg € {1,}}, and we used the shorthand composite label x = (r, mg). This
new MO basis will be a more efficient compact basis of the electrons in the
molecule, that are orthonormal:

/dxw;(f (X)Ygr (X) = 6pglor (1.8)

Notice that each pair of spin-orbitals has corresponds to one unique spatial
orbital. This is also called the restricted formalism, which we will use throughout
this thesis. Formulating spin-orbitals in this manner makes no approximation
for building exact ground states, as the Hamiltonian commutes with total (.5%)
and projected (S,) spins. However, approximate methods produce states that
are not necessarily eigenstates of the Hamiltonian, and thus might not possess
the same symmetries. Therefore, restricting spin-orbitals in this way, effectively
forcing the symmetry on the state, might be suboptimal for some approximate
methods. In the unrestricted formalism, different spatial orbitals can be used for
different spins. This is commonly used in approximate methods like Hartree-Fock
(see Section 1.2.3) whenever the ground state is suspected to contain unpaired
spins (open shell).

Slater determinants

To subsequently build a multi-particle state for n electrons out of the spin-
orbital basis, we can take a product of single-particle functions. However, we
are constrained by the fact that electrons are fermions; the total wavefunction
should be anti-symmetric under a swap of the position-spin variables of any two
electrons: ®(x1,x2) = —P(x2,x1). To enforce the anti-symmetric property in all
variables, we construct the multi-particle basis by anti-symmetrizing the product
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state. This results in the Slater determinant:

Pr(x1)  Yo(x1) ... Pp(xa)

_ Y1(x2) a(x2) ... Py(x2)

P(x1,X2,...,Xy (1.9)

wl(.xn) ¢2(.Xn) wn(.xn)

A closer look at Eq. (1.9) tells us that, given a fixed set of 2N spin-orbitals, the
only degree of freedom we now have is to choose which of them are occupied (the
ones to include in the Slater determinant), and which are unoccupied. Therefore,
we can denote a Slater determinant as ®({t;}), where {1);} are the set of spin-
orbitals that are occupied. The amount of Slater determinants we can make from
putting 1 electrons in 2N spin-orbitals is exactly (271]\[ ) — disregarding symmetry
restrictions.

Second quantization

This inspires us to go to the paradigm of second quantization. In second quan-
tization, we move from what electron occupies which orbitals to what orbitals
are occupied. The basis states live in an abstract linear vector space called the
Fock space, and each Slater determinant is described by an occupation number
vector (ONV) |f). In this vector, each spin-orbital is enumerated and specified
to be empty (0) or filled (1). The operators that can change these ONVs into
one another are the fermionic creation and annihilation operators af, and a,,
respectively, which create or remove a particle in mode p with spin ¢. They have
the following commutation properties:

[a;f,a,aqT] = 0pglor [Gpo,Qqr] = [a;f)a,a:;T] =0 (1.10)

A general ONV can be defined by creating electrons in the specified spin-orbitals
by acting with creation operators onto the normalized vacuum state |€2):

f f f
‘f> = |f1af2a"'af2N> = a/—{T la/—{i : a}-\’i w ‘Q> (111)

To obtain the electronic structure Hamiltonian of Eq. (1.3) in second quan-
tization, we can project it onto the finite basis of occupation number vectors
(1.11). Because the Hamiltonian does not depend on spin, the spin variable can
be integrated out. For a concise formulation, consider the following spin-summed
excitation operators:

By =Y al a4 (1.12)
Epgrs = Z aLgaI,TaSTaqg =EpgErs — Epsbgr (1.13)
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As the Hamiltonian in Eq. (1.3) only couples two determinants that are con-
nected by at most two excitations, these form a complete operator basis for the
Hamiltonian. After the projection, the second quantized Hamiltonian reads:

1
H= Z thEPq + 5 Z 9pqrsCpqrs (1.14)

paq pqrs

Where the one- and two-electron integrals are given by integrating spatial orbitals
as:

hpq = /dr(b < Z |r — RA|> q(r) (1.15)
Gpars = //drld 2¢* r1)¢q(r1)¢*(r2)¢ (r2). (1.16)

r; — 1o

1.2.3 Canonical quantum chemistry methods
Levels of approximation

Every molecule is a quantum system; however, one does not have to solve the
Schrodinger equation (1.2) exactly to sufficiently capture the physics of the system.
In this thesis, we will differentiate between two types of methods used in quantum
chemistry: those designed for classical computers (classical methods) and those for
quantum computers (quantum methods). Classical methods for solving for ground
states of Eq. (1.14) have found success in a plethora of real-world problems [1].
In some cases, just treating electrostatic interactions with classical force fields is
sufficient to describe their behavior. Examples of these systems are simple salts,
ionic crystals or large proteins and biomolecules like enzymes and DNA [13].

In other cases, treating the electrons with a single Slater determinant (or
its density, as in DFT), is sufficient to capture the electronic structure of the
molecule. These type of methods we will call single-configurational methods. They
can be used for many small organic molecules like ethane or benzene, but also
bigger closed-shell molecules. In these cases, properties like equilibrium molecular
geometries, reaction energies and vibrational frequencies are accurately described
by single-configurational classical methods [14].

There are also cases where a single-configurational description breaks down
completely [14]. These class of systems are called strongly correlated systems. For
us, these are of particular interest, as they challenge even the highest accuracy
classical methods, suggesting the application of quantum methods. For a discussion
about strongly correlated molecules and the types of correlations involved, see
Section 1.3.3. Not all types of correlation demand quantum methods; some can be
managed with classical methods. In fact, an efficient approach requires multi-scale
modeling — a layered strategy that uses different levels of theory for different scales
of the problem. For example, the environment surrounding a correlated molecule
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can be treated at a lower theoretical level. Within the molecule, the strongly
correlated regions, suitable for a quantum method, can be isolated and embedded
within a mean-field environment, treated with a classical method. For further
details on embedding techniques, see Chapter 3.

Hartree-Fock

A common single-configurational method that is also a prerequisite for many
higher-level calculations is Hartree-Fock. In this section, we outline Hartree-Fock
in a restricted orbital basis, also called Restricted Hartree-Fock (RHF). Hartree-
Fock optimizes the coefficients C,,;, in Eq. (1.6), given a set of N initial orbitals?
{¢}} and 7 electrons to return a new set of orbitals {¢;'}. Occupying 7 of these
orbitals gives the lowest energy Slater determinant. To find these orbitals, we
define the so-called Fock operator:

f= Zf:qupq (1.17)
Pq

Ira = <hpq + Z (29pqii — gpiiq)> (1.18)

The coefficients of the Fock operator f,, form the Fock matrix. Note that the
sum over i only goes over the specified occupied orbitals. This one-body operator
describes a system of electrons that not only have kinetic energy and feel a nuclear
potential, but also feel all other occupied electrons through a Coulomb interaction
(9pgii) and an exchange interaction (gpiiq). Thus, the Fock operator explicitly
depends on the occupied orbitals; each independent particle feels the mean field
of the rest of the electrons. Its single-particle eigenfunctions can be found by
diagonalizing f,q = 3, Upre U, obtaining a new set of orbitals ¢, <= >, ¢Uqp-
In this basis, the single-particle states are eigenstates of the Fock operator with
energy £y: fa;LU Q) = 5pa;ga |2). With these new orbitals, we can once again
calculate a new Fock matrix using Eq. (1.18), that can be diagonalized once
again. Doing this until convergence will yield the lowest energy Slater determinant

®({4p}), with energy:

Eur ({¢p}) =2 Z hii + Z (294155 — Gijji) (1.19)

This cycle of diagonalizing the Fock matrix and calculating orbitals is called
Hartree-Fock Self Consistent Field (HF-SCF).

The output of the HF procedure is a set of unique orbitals known as canonical
Molecular Orbitals (CMOs). They have a definite energy ordering, i.e. e > e_1.

2This can be for example a set of orthonormalized atomic orbitals, but can also be something
more intricate like eigenfunctions of the one-body part of the Hamiltonian.
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Of these orbitals, /2 are doubly occupied (given an even amount of electrons).
From these orbitals, valuable quantities like the electron density, and properties
like excitation energies and electron affinities can be estimated. Each occupied
spin-orbital represents an individual electron, which is particularly useful in the
chemical interpretation of the result, for example in studying electron transfer
reactions. The low-energy orbitals are often core orbitals of the atoms, that do not
participate in reactions. Furthermore, the Hartree-Fock energy is invariant under
rotations under its occupied orbitals. To see this, consider that the wavefunction
is a determinant, and that det{UAU'} = det{U} det{A}det{UT} ~ det{A},
thus it is invariant under unitary transformations up to a global phase. These
unitary transformations can be used to obtain different orbitals that can be used
for different purposes, at the cost of losing the energy ordering of the CMOs.
For example, one can minimize a measure of spatial extent to obtain localized
orbitals. These localized orbitals can represent familiar chemical concepts such as
bonding/anti-bonding orbitals and lone pairs (see Section 1.3.2 and Chapter 2 for
more information about localization techniques).

Density Functional Theory

DFT takes a different approach than Hartree-Fock, where instead of the wave-
function, the electron density is the central variable. The electron density can
be defined from a state in first quantization ¥(xi,...,x,) (that could be a
superposition of Slater determinants), as:

p(r) :7)/--~/|\I'(r,ms,x2,...,Xn)|2dmsdx2...dx,, (1.20)

such that [ p(r)dr = 7. In the electronic structure Hamiltonian of Eq. (1.3),
the kinetic energy and the electron-electron repulsion terms are fixed, while
the potential Uy, uniquely defines the system under consideration. Thus, for
any arbitrary potential® V(r), there is a unique mapping to a ground state
wavefunction that is the solution of the Schrédinger equation. From this ground
state wavefunction, the electron density p(r) can be computed. As a result, there
is a unique mapping

V(r) = p(r). (1.21)

The cornerstones of DFT are two theorems by Hohenberg and Kohn [15]. The
first theorem states that the above mapping can be inverted:

p(r) = V(r) 4+ constant. (1.22)

3The potential can not be completely arbitrary. It has to be local, and additionally it needs to
be such that the corresponding Hamiltonian has a (bound) n-electron state.
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1.2 Electronic Structure Problem

This has serious implications: a given density uniquely determines the Hamiltonian
(up to a constant), and in turn the wavefunction and all properties of the many-
body problem. The wavefunction can thus be written as a functional of the
electron density: U[p(r)]. As the expectation value of the potential is usually an
explicit linear function of the density: (V) = [ V(r)p(r)dr, the total electronic
energy can be written as a functional of the density as follows:

Elpl = Flol + [ Vol (1.23)
where we defined the universal functional that is independent of the potential:

Flp] = (Y[p]|Te + Uee|¥[p]) (1.24)

The second Hohenberg-Kohn theorem provides us with a variational theorem:
minimization over all possible? p will give the ground state energy: Ey = min » Elpl.

A key challenge remains with this approach: how do we determine an explicit
formula for the functional F[p]? Although Hohenberg and Kohn proved its
existence, it must ultimately be approximated through some surrogate model®.
This approximation is central to DFT, and there is a zoo of functionals out
there that can work better for some systems than others [17]. Another obstacle
that needs to be overcome is the representation of the density: how do we know
it represents a valid n-electron state? Kohn and Sham (KS) [18] provided a
framework to perform the density optimization in practice. They decompose the
universal functional as:

FiAl =12l + 5 [ S0 v+ Bl (1.25)

where the second term is the Hartree term, and Fy.[p] is the Exchange-correlation
functional that needs to be approximated. This decomposition facilitates different
level of approximations for the various contributions to the energy; there is usually
a trade-off between the level of approximation in exchange and correlation, while
the Hartree part is usually treated exactly. Hartree-Fock can also be described
in the framework of DFT; the HF procedure is equivalent to a functional that
treats the Hartree and Exchange exactly, while correlation is the part that is
missing. To perform the optimization, KS showed that any ground state density
can be obtained from a single determinant wavefunction. With an appropriate
approximation for the exchange-correlation functional, this reduces the problem
to a set of SCF equations for the orbitals, exactly like in Hartree-Fock. Thus, all
the single-configurational machinery and chemical interpretation can be used in

4The catch is that the minimization has to be done over densities that result in a local potential
(v-representable) that in turn define an 7-electron quantum state (N-representable)

5Tt has even been shown that the evaluation of an exact universal functional would need to be
computationally hard, for a classical and for a quantum computer alike. [16].
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DFT, additionally contributing to its usefulness.

1.3 Active Space Methods

1.3.1 Construction of the Hamiltonian

To capture the full electronic structure problem of a molecular system within the
pre-defined basis-set, one must consider a complete set of electronic configurations.
The Full Configuration Interaction (FCI) method solves the electronic structure
problem by expanding the wave function in a linear combination of all possible
Slater determinants:

[B) = [@o) + Y el [0F) + > b D) + ... (1.26)

ijab

where we defined |®¢) as the Hartree-Fock determinant, |®¢) as a single excitation
from the occupied orbital ¢ to the unoccupied orbital a, and }@?ﬁ as a double
excitation from the occupied orbitals ¢ and j to the unoccupied orbitals a and b.
To find this ground state, one has to diagonalize the Hamiltonian matrix in the
basis {|®o) , |P?) , |<I>?Jb> ,. ..} for the lowest eigenvalues and vectors. Clever ways
of solving this problem without constructing the complete Hamiltonian matrix
have been conceived, the main workhorse being Davidson diagonalization that
solves the problem for the lowest eigenvalues [19]. While the FCI method provides
the exact solution to the electronic structure problem, the state in Eq. (1.26) has
(27]]\7 ) configurations, such that even only storing the Cl-coefficients in Eq. (1.26)
requires exponential classical memory. This makes the FCI method only feasibly
for very small systems, typically of the order of tens of spatial orbitals®.

To still be able to treat larger systems, one can restrict the number of configu-
rations in Eq. (1.26) in multiple ways. One is to truncate the CI expansion by
considering only single and double excitations, leading to the Configuration Inter-
action Singles Doubles (CISD) method [21]. Alternatively, the typical approach in
multi-reference quantum chemistry is the use of an active space. In active space
methods, the total orbital space is divided up in three subspaces: the core space,
the active space and the virtual space, indicated in this thesis with following
1,4,k l... t,u,v,w and a,b, ¢, d respectively — see Figure 1.1. Consequently, in a
Cl-expansion of an active space wavefunction the core orbitals are always doubly
occupied, and the virtual orbitals are always unoccupied. Projecting the total
Hamiltonian in Eq. (1.14), defined on all orbitals, onto this restricted space, results

6The largest exact diagonalization results known to the author were for an electronic structure
Hamiltonian that had 24 spatial orbitals and 24 electrons, corresponding to a CI expansion
of around one trillion Slater determinants [20].
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Figure 1.1: Schematic picture of an active space in a molecule. The core orbitals are
doubly occupied and the virtual orbitals are unoccupied. On the left, typical examples of
all three classes or orbitals are portrayed for the benzene molecule (C¢Hg). A low-lying
o-bonding orbital is always doubly occupied, thus it can go in the core space. In
contrast, a high-lying ¢* orbital can be put in the virtual space. The HOMO, which
is the 7 bonding orbital should go in the active space (together with its anti-bonding
counterpart).

in:

1
Hoer = Z Py + Z <2gtuii - gtiiu) By + 5 Z GtuvwCtuvw T Eeore (127)
[

tu tuvw

where the adjusted one-electron integrals are due to the effective potentials of the
doubly occupied core orbitals, and Eeore = 2, his + Eij 29iij; — Gijji is their
mean-field energy.

In a Complete Active Space Configuration Interaction (CASCI) calculation, the
active space Hamiltonian in Eq. (1.27) is solved with FCI. Once the problem is
solved, one can get useful quantities out of a CASCI calculation at no additional
cost, by using the wavefunction to calculate expectation values of operators,
for example to get molecular properties. The CASCI method provides a more
accurate description of the electronic structure of a molecule compared to the
Hartree-Fock method, as it includes a larger number of configurations while still
being computationally feasible for bigger systems. However, the cap on the active
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space size, due to the exponential scaling of FCI, still remains.

As elaborated on in Section 1.4, quantum computers are a promising tool to
overcome the limitations of active space size, by providing a more space-efficient
way to simulate the electronic structure of molecules with larger active spaces.
There are also classical methods that substitute the exact diagonalization by an
approximate method with a more favourable cost. Some examples are adaptive
sampling CI methods [22], coupled-cluster methods [23], tensor network algorithms
like Density Matrix Renormalization Group (DMRG) [24], or Quantum Monte
Carlo (QMC) [25].

1.3.2 Choosing consistent orbitals

The limited size of the active space is not the only limitation of CASCI. Another
limitation comes from the orbitals used to construct the active space, as an
accurate description of the PES is very sensitive to this set of reference MOs. In
this section we will discuss different methods to obtain a robust orbital basis,
e.g. by picking them from a localized basis based on chemical intuition or by
minimizing the energy of the active space wavefunction w.r.t. orbital rotations.

Selection of active space

The energy of the Hartree-Fock orbitals can help to give a handle on what orbitals
should be in the active space. As either excitations of electrons from low-lying core
orbitals to virtuals, or from core orbitals to high lying virtuals pay a high price in
energy, these determinants can be expected to have small coefficients in the FCI
expansion. Therefore, we can select the active space based on orbitals around the
Highest Occupied MO (HOMO) and the Lowest Unoccupied MO (LUMO). This
will generally be the orbitals that contribute most to the correlations in the system.
However, this approach has some drawbacks: while the Hartree-Fock orbitals
might give the lowest-energy solution for a single determinant (see Section 1.2.3),
this does not guarantee the lowest energy solution for the active space Hamiltonian
in Eq. (1.27).

In addition, an active space selection is often guided by chemical intuition,
where the active space is chosen to include the orbitals that are most relevant
for the chemical properties of the molecule. For example, in a molecule with a
metal center, the active space might include the metal d-orbitals and the ligand
orbitals that interact with the metal center. The delocalized nature of the CMOs
coming from Hartree-Fock makes it challenging to select them in the above fashion.
Instead, localization procedures can be used to identify the bonding orbitals that
are known to be important in the reaction. Chapter 2 and 3 contain a more
in-depth discussion about localization schemes.

Another problem of Hartree-Fock orbitals arises when computing active spaces
along a reaction pathway. Namely, the Hartree-Fock minimum in orbital space
might be discontinuous along the reaction coordinate, especially in bond breaking
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reactions [21, 26]. Different orbital basis might overcome this inconsistency, by
for example projecting the orbitals from a previous calculation onto the next
geometry to enforce continuity (see chapter 5 for an implementation).

Orbital transformations

To address the limitations of Hartree-Fock orbitals, the Complete Active Space Self-
Consistent Field (CASSCF) method was conceived [27]. This method introduces
an additional orbital optimization to minimize the energy of the active space
wavefunction. In practice, a unitary orbital rotation is parameterized by an
exponential operator e =% acting on |¥) where

f=> FpgEpy (1.28)
pq

where kp, (in the following indicated in matrix form as k) is an antisymmetric
matrix uniquely determined by N (N —1)/2 real parameters, and E,, = E,, — Ey).
Conveniently, the expectation value of the new state will be given by

E(k) = (U]|e*He ®|¥) = (V|H(k)|T) (1.29)
where the transformed Hamiltonian H (k) = e*He " can be easily calculated
by transforming the molecular integrals. To see this, we make use of the Baker-

Campbell-Hausdorff (BCH) formula, which states that for two operators A and
B:

1

eBe ™ = B+ [A,B] + il A A Bl + .. (1.30)
when one works out the commutators in Eq. (1.30), one finds that the cre-
ation and annihilation operators transform as a Bogoliubov transformation:
ah =, al e, and a, = 3__a, [e™*] , respectively”. Thus, for the energy,
performing an orbital transformation on the state is equivalent to transforming
one- and two-electron integrals as hpq — Rpg(K), gpgrs — Jpgrs(K), Where ev-
ery index is transformed with the unitary matrix [e™*] pq° This is equivalent to

rebuilding the active space Hamiltonian with the new orbitals ¢,:

Sp(R) =D bqle],,- (1.31)

The energy of the active space Hamiltonian in Eq. (1.27) can then be minimized
by optimizing the parameters of the unitary transformation k. The exponential

7A closely related result is the Thouless theorem [28], that says that we can generate any
single-determinant wavefunction from any other by an orbital rotation e™* for & defined as
Eq. (1.28).
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form of the unitary transformation ensures a straightforward way to calculate
the analytical gradient and Hessian of the energy with respect to x, which can
be used in fast optimization algorithms such as the Newton-Raphson method.
To calculate the analytical gradient of the energy E(k), we compare the BCH
expansion of Eq. (1.30) with the Taylor expansion of the F (k) in & and equate
orders. We find consequently that:

oOF

OKpq
0’E 1
OhipgOhirs 2

= (V|[E,,, H]|P) (1.32)

(14 Py rs) <\Il|[Ep_q, [E_ H]]|\IJ> (1.33)

787

where P,q s is the permutation operator that exchanges the indices pg and rs.
It turns out that these expectation values of commutators can be conveniently
expressed in linear combinations of integrals and 1- and 2-particle Reduced Density
Matrices (1- and 2-RDMs), see Appendix 5.C in chapter 5 for more details. This
is practical for the optimization of the orbitals, as the 1- and 2-RDMs can
be calculated efficiently in most multi-configurational solvers and stored more
efficiently than the complete Cl-vector.

(SA-)CASSCF

Combining the orbital optimization with the CASCI method results in the Com-
plete Active Space Self-Consistent Field (CASSCF) method [29]. In the usual
two-step optimization, the orbitals that span the active space are optimized to
minimize the energy of the active space wavefunction using the gradient and
Hessian in Eq. (1.32)-(1.33). Next, the active space Hamiltonian is rebuilt with
the new optimized orbitals and its low-lying states are computed with CASCI.
This goes on until convergence of the energy. In this manner, the method becomes
more flexible and can capture a wider range of electronic correlations than CASCI.
At the same time, the method is less sensitive to the input orbitals, assuming it
can find a good minimum in the orbital space, making it more of a black boz.
When considering excited states, the orbital-optimization procedure might
be even more important, as the active space that is optimal for the ground
state might not be optimal for the excited states. To address this, the State-
Averaged Complete Active Space Self-Consistent Field (SA-CASSCF) method
was introduced, which optimizes the orbitals to minimize the energy average of
the states [21, 31]. The state-averaged optimization procedure can provide a
more accurate description of the electronic structure, especially when there are
low-lying states that are close in energy. This is especially important if the states
exhibit a topologically protected crossing, called a conical intersection. For more
information about conical intersections, see chapter 4 and 5. As readily seen in
Figure 1.2, an unequal treatment of the states, in this case with an active space
based on Hartree-Fock orbitals, does not correctly describe the topology: there
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Figure 1.2: Potential energy surfaces of the formaldimine molecule, shown above,
for two different active space methods. On the left is CASCI, where the active space
Hamiltonian is constructed through Hartree-Fock orbitals. On the right is SA-CASSCF,
where the orbitals are optimized for the average of the ground and excited state energies.
CASCI does not capture the correct topology of the surface, instead we need the orbital
optimization to model the conical intersection. Adapted from [30].

is no conical intersection between the two low-lying states. By optimizing the
orbitals democratically, the correct topology of the PES is captured, and the
conical intersection is found. The SA-CASSCF method has been widely used
to study photochemical systems [32] and other molecular systems with multiple
low-lying states [33].

1.3.3 Static and dynamic correlations

The variational theorem says that the ground state has a lower energy than any
other normalized state. This means that the Hartree-Fock state is always higher
in energy than the ground state. The missing energy is called the correlation
energy:

Ecorr = Liexact — Eyr. (134)

Thus, by its quantum chemical definition, it precisely describes the deficiency of
the best single Slater determinant compared to the exact wavefunction (exact
within a given basis set). In post-HF calculations like active space methods, the
target is to retrieve as much as possible of the correlation energy as possible.
Chemists generally differentiate between two different sources of correlation energy:
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static correlation and dynamic correlation. While they are not mathematically
rigorously defined, they give a handle on the strong and weak points of post-HF
methods.

Static correlation is coming from the inability of a mean-field method to describe
a superposition of multiple determinants of similar weight. The entanglement
between electrons can give rise to long range correlations; thus static correlation is
associated with long range interactions. The presence of static correlation in the
electronic structure of the molecule is important in the case of near-degeneracies,
such as in bond-breaking reactions, transition metal complexes, and other systems
with low-lying excited states. To describe static correlation in these systems,
multi-configurational methods are a crucial tool. Active space methods are the
most common method to deal with static correlation, as the exact diagonalization
procedure is able to support any amount of states with similar weight within the
limited size active space.

The other source of error in a single determinant is dynamical correlation, that is
associated with the close-range behavior of the electrons. A mean-field description
namely fails to describe correlated motion of the electrons. The exact ground
state of two electrons W(ry,ry) has an asymptotic behaviour at close distances
ry = rog, because of the blowing up of the denominator in the Coulomb repulsion.
This is also refered to as the electron-electron cusp. While it is impossible to
describe this behaviour exactly in second quantization with a finite basis set,
a single determinant is especially insufficient. Instead, we can approximate it
by having a lot of determinants with small weights spanned on all spin-orbitals.
This behaviour can be retrieved efficiently by using perturbative methods like
coupled-cluster, or Mgller-Plesset perturbation theory [21, 34]. An active space
method is typically lacking in its description of dynamical correlations. Methods
like Complete Active Space 2nd order Perturbation Theory (CASPT2) and its
extensions try to model excitations from the core and to the virtuals perturbatively
to retrieve the dynamical correlation after an active space calculation [35-37].

The contribution of the correlation energy can be extremely important in some
systems, especially in open-shell transition metal clusters that have multiple
low-lying excited states. Understanding molecular systems with strong electron
correlations could have a high real-world impact. For example, Nitrogenase, the
key enzyme responsible for converting atmospheric nitrogen (N2) into ammonia
(NHj3), involves complex metal clusters, including the iron-molybdenum cofactor
(FeMoco). Classical algorithms struggle with ground state estimation of FeMoco
because of the high amount of both static and dynamic correlations in this system
[38, 39]. Modelling the correlations correctly could help explain how electrons
and protons are transferred within the FeMoco to break the strong triple bond
of nitrogen molecules. This detailed understanding is essential for improving
synthetic catalysts and for biotechnological applications in sustainable agriculture.
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1.4 Quantum Algorithms for Chemistry

Single Slater determinant methods like Hartree-Fock are space-efficient on clas-
sical computers, as they can be represented using 2NN classical bits. However,
proper eigenstates of this Hamiltonian are of the form of Eq. (1.26), and need
to be represented by their full Cl-vector that contains (QN) floating point num-
bers. A quantum computer replaces classical bits by qubits. Qubits live in a
finite-dimensional Hilbert space, and can be in any normalized complex linear
combination of 0 and 1: «|0) + 3|1), where |a|? 4 |3]?> = 1. The basis states can
(1) and |1) = <(1) . We can
build a multi-qubit state by taking a tensor product basis of these computational

basis states:

be represented by the computational basis |0) =

|’(/)>ZCQ|O...OO>—|—C1‘0...01>+...+62N|1...11> (135)

which can be written as a 2”V-dimensional vector.

From Eq. (1.35) it is apparent that we can represent a state with amplitudes,
which is bigger than (2:]\’) that we need for an CI state, exactly with just 2N
qubits, thus achieving an exponential reduction in space. However, this does not
mean the quantum computer will also be exponentially faster in time, implying
a quantum advantage. In fact, it has been shown that there exist Hamiltonians
of the form Eq. (1.14) for which it is exponentially hard to prepare the ground
state even on a quantum computer [40], assuming widely held conjectures in
complexity theory®. Yet, this is not a reason to abandon all hope; the statement
is only true for the worst-case Hamiltonians. As we have seen, classical heuristics
are often sufficiently accurate for chemistry systems, and similarly we expect
quantum algorithms to help us find accurate enough ground states in some cases.
Indeed, the complexity result is not incredibly surprising: we know that there
exists systems in nature that do not reach their ground state, like spin-glasses
and other frustrated systems. This would be targets where it might be difficult
to find the ground state for any type of computer. For natural Hamiltonians in
chemistry, there is much larger chance that the ground state can be prepared
efficiently using heuristic methods [42].

A quantum algorithm is implemented as a sequence of unitary operations on
the qubit registers, that perform specific operations like rotations, bit flips or
controlled-NOTs (cNOTs). We describe a quantum algorithm as by a classical
description of this sequence of operations. This description is conveniently ex-
pressed as a quantum circuit. In a quantum circuit, qubits are represented as

22N

8This result has been formalized in quantum complexity theory. Finding the ground state of
Eq. (1.14) is QMA hard, which means that it is harder than any problem in the QMA class
(Quantum Merlin Arthur). QMA is the complexity class that contains all problems that can
be verified efficiently on a quantum computer, i.e. the analog of the classical NP [41]. It is
strongly believed that verifying problems is much easier than solving it, thus we expect that
a QMA-hard problem will be exponentially difficult in general.
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lines and quantum gates are represented as boxes that act on one or more qubits
at a time. Time flows from left to right. It provides a visual representation
of the quantum algorithm and allows for the analysis of the quantum state of
the system at different points in the computation (see Figure 1.3). To retrieve
information out of the quantum computer, a measurement is done at the end of
the computation. The Born rule tells us that if we measure the state Eq. (1.35) in
the computational basis, we get as outcome a bit string |i) with probability |c;|?.
We can also measure in another basis by doing a transformation to the another
basis. In this manner we can measure any Pauli string, i.e. tensor product of
Pauli matrices, that are defined as follows:

X((l) (1)) Y(g _0’> Z<(1) _01> (1.36)

1.4.1 Paradigms of quantum computing

There are several types of radically different technologies that can be used to
store quantum information and implement quantum algorithms. Some examples
of physical systems proposed and developed to implement these technologies are
superconducting qubits, trapped ions, and topological qubits. Superconducting
qubits are solid-state devices that use superconducting electronic circuits to encode
quantum information, while trapped ions use laser-cooled ions to encode qubits.
Topological qubits are a type of qubit that relies on topological properties of the
system to protect the quantum information from errors. Each type of quantum
device has its own advantages and disadvantages, such as coherence times, error
rates, and scalability. Superconducting qubits are currently the most widely used
type of quantum device and are being developed by companies such as IBM [43]
and Google [4].

Today’s quantum computations are characterized by noise, and exponential
decoherence of the quantum state with respect to the length (or depth) of the
quantum circuit [44, 45]. To combat the noise in devices, quantum computation
can be made fault-tolerant by storing quantum information redundantly in multiple
physical qubits, that together form a logical qubit. In this Fault Tolerant Quantum
Computation (FTQC) era, the computer will periodically measure some of the
qubits to detect and consequently correct errors; we call this quantum error
correction (QEC). For this process to correct errors faster than they happen, the
error probability of a physical qubit per unit of time must be below some constant
threshold pi, depending on the QEC code. Once it is below this threshold, the
error can be made arbitrarily small by concatenating multiple logical qubits into
one. The realization of such error corrected devices is the only way forward to
implement pivotal algorithms like Shor’s algorithm [46, 47] and quantum phase
estimation [48, 49] (see Section 1.4.3).

As of today, there has been considerable efforts towards FTQC, with multiple
first demonstrations of logical qubits that operate below the quantum threshold [50—
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52]. However, estimating the timeline for the realization of a fully error-corrected
device is extremely challenging, and might be on the order of decades. This is why
a big part of the quantum computing community focuses on how we can make
use of quantum devices in the near term. In this current Noisy Intermediate Scale
Quantum (NISQ) era [53], the physical qubits are used directly. This implores us
to keep computations on the device extremely short to avoid disruptions from
accumulated noise. To achieve this, every NISQ algorithm generally follows these
principles: prepare a state using a short-depth circuit, sample an observable, and
repeat. To mitigate the noise, NISQ needs error mitigation protocols, that further
increase the amount of samples needed to filter out circuit noise.

It is important for any quantum algorithm designer to keep in mind the intended
architecture of the quantum device, especially to differentiate between the NISQ
or FTQC paradigm. In FTQC, because of the way the error correction works,
only certain operations can be implemented fault-tolerantly. This discrete set of
operations comprises a gate set, and it is essential for FTQC algorithms to consider
an efficient decomposition in terms of these gates. In NISQ, the set of allowed
operation depends on the details of the device, rather than the details of a QEC
code. Therefore, the way to calculate cost in the two cases is different: in NISQ the
two-qubit gates are expensive, while in FTQC, small Pauli rotations are expensive,
while e.g. cNOTS are cheap. In contrast to FTQC, NISQ imposes a tight budget
on the depth of the circuit before decoherence of the state. Additionally, measuring
an observable will imply a substantial sampling cost, that has to be factored in
when estimating the total complexity of the algorithm.

While the limited capabilities of NISQ are evident, it has been demonstrated that
some computations nevertheless can be beyond capabilities of classical computers
[4-6]. A specific class of algorithms that try to achieve quantum utility with short
depth computations are hybrid quantum-classical algorithms. They trade off many
short circuit evaluations on a QPU while offloading part of the computation to a
CPU. A subset of these hybrid algorithms are Variational Quantum Algorithms
(VQAs), where a set of parameters are variationally optimized to find the minimum
of some cost function. VQAs encompass a family of algorithms that share the
common feature of a Parameterized Quantum Circuit (PQC), a short depth circuit
containing parameterized quantum gates. We express the vector of variational
parameters as the set of classical numbers 8. The PQC then implements the
parameterized operation U (6).

1.4.2 The Variational Quantum Eigensolver

The most common type of VQA is called the Variational Quantum Eigensolver
(VQE) introduced by Peruzzo et. al. [54], that tries to estimate the ground state
energy of some Hamiltonian H by preparing a state |¢(0)) with a PQC and
minimizing its parameters. It exists of three steps:

o The variational state [1)(0)) = U(0) |1o) is prepared on the quantum device.
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o The expectation value of the Hamiltonian is measured on the state E(0) =

(V(0)|H|(8)).

e The result is fed back to the CPU, that uses a classical optimizer that
updates the parameters 6 to minimize the energy E(6).

This cycle is repeated until convergence of the energy. The variational theorem
gives a promise that the end result is bounded from below by the ground state
energy of H, i.e. ming E(6) > Ey. A schematic of the algorithm is shown in

Figure 1.3.

QPU CPU
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Figure 1.3: Schematic of the VQE algorithm. In the blue box, the ansatz wave function
is being prepared on the QPU by first preparing the initial state |¢o), and subsequently
acting with the unitary U(0). In this example, unitary depends on n different parameters.
After the initialization and unitary evolution, the Hamiltonian is measured by sampling
Pauli strings on the state. This has to be repeated many times. In the k-th iteration,
this allows us to estimate an energy dependent on 8. The classical optimizer proposes
a new set of parameters 8!, which are then passed on to the quantum computer to
evaluate the new energy. This cycle is repeated until some convergence condition is met.

Measurements

In this section, we go into detail how to measure the fermionic Hamiltonian
of Eq. (1.14) on a quantum computer. As we can natively only measure Pauli
operators on qubits, we will have to map the Hamiltonian of Eq. (1.14), which is
a linear combination of fermionic creation and annihilation operators, to a linear
combination of Paulis. We call this a Fermion-to-qubit transformation:

1 F-
H = Z thqu =+ 5 Z 9pqrsCpqrs —Q> Z h;P;, (1.37)

Pq pqrs %
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where P, € {I,X,Y,Z }®N are tensor products of Pauli operators called Pauli
strings. The coefficients h; are determined by the transformation and the integrals
of the Hamiltonian.

To construct this mapping, we study the representation of a second quantized
state (Eq. (1.11)) on the quantum computer. The most straightforward way is by
identifying the 2N spin-orbitals directly as 2N qubits, thus the second quantized
state directly as a qubit state |f1,..., fan). To identify the mapping, let us recall
how fermionic raising operators act on states in second quantization, using the
commutation relationships (1.10):

, fi o4f2 fan
a;‘flv"'af2N>:aIt:a]£ a; "'a;N |Q>

. :
= (71)2121 fjaifl .. .a,ta;fk . .angQN |©2) (1.38)

k
= 5flmo(_]‘)zj:0 5 |f17 SERE) ]-7 .. '7f2N>

Thus, it is readily seen that we need to perform two operations: we convert the

k—1
fi

k-th qubit from |0) to |1) and take into account the phase factor (—I)ZFO
The first is easily expressed in Pauli operators: |1) (0] = (X —4Y). Additionally,
we can account for the phase acting with Pauli-Z operators on the first £ — 1
qubits, arriving at the following transformation:

1
aL:Z1®...®Z,H®§(Xk—iYk)®1k+1®...®12N

. (1.39)
akzzl®---®Zk—1®§(Xk+iyk)®1k+1®-~-®12N

where we took the Hermitian conjugate to retrieve the last line. This trans-
formation was conceived in 1928 by Jordan and Wigner [55] and is called the
Jordan-Wigner transformation.

While it is perhaps the most intuitive way to map fermionic operators to
qubit operators, it may not be the optimal one. The k-locality of the Pauli
strings is defined by the number of qubits they act on non-trivially. This k-
locality is important for many algorithms, notably in prominent Hamiltonian
time-evolution algorithms, where a high k amounts to a higher cost. As readily
seen from Eq. (1.39), the string of Pauli-Z operators make that the k-locality
after a Jordan-Wigner transformation is linear in the number of orbitals. Other
common transformations, like the Bravyi-Kitaev mapping, can reduce this to
O(log(N)) [56-58]. Nevertheless, the Jordan-Wigner transformation is still most
often used, both because of its directly interpretable states, and geometric locality
of Hamiltonians. Geometric locality is the physical property of interactions inside
a Hamiltonian: a term hpqaggaq will be very small if the distance (in some metric)
between orbital p and ¢ is very large. Thus, terms with a large Pauli-Z string are
less important, and can sometimes be neglected completely.

23




1 Introduction

To calculate the energy, we can make use of the linearity of the expectation
value of the Hamiltonian:

= \thmf Zh 0)|P;|w(8)). (1.40)

To measure P; on the quantum computer, we can measure our qubits in the
according X- Y- or Z-basis. This is a stochastic event; if we measure all qubits we
will get a single correlated bit string corresponding to the projective measurement.
We will have to repeat the state preparation and measurement many times to get
a statistical average to obtain an estimation of the energy E. Call m( " the j-th

measurement outcome, which is a product of the relevant measurement outcomes
)

in the correct basis. Then P; = > ]VJ[ is an (unbiased) estimator of P;, where

M; is the shot budget for term P;. To determine how many total measurements

M =3, M; we need to take to estimate each the energy to precision € we can

use propagation of variance:

2|h;|?
Var(F Z |h;|*Var(P, Z % (1.41)

[

Thus the expected energy error is bounded as e < />, Q‘Z}VL;JQ < 0O(1/VM).
The scaling of the precision with the inverse square root of the total amount of
measurements is a fundamental restriction called the sampling limit. Working
within the sampling limit, there is still a lot of room for improvement in the
amount of measurements by adjusting shot allocations between the terms in the
Hamiltonian”. For example, we might want to attribute more shots to Pauli
strings with a large coefficient [60]. Additionally, commuting Pauli terms can
be measured at the same time [61], further reducing the cost of sampling the
Hamiltonian.

Variational Ansitze

The structure of the PQC is called a variational ansatz. The variational ansatz
determines the ability of the quantum circuit to represent eigenstates of the
Hamiltonian in question, and is thus a crucial part of the VQE. The ansatz
should be expressive, and at the same time have a short runtime. Variational
ansatz families can be broadly categorized into two classes: the hardware efficient
ansatz and the physically inspired ansatz. The latter, exemplified by the Unitary
Coupled Cluster (UCC) ansatz [54, 62], is shown to possess more advantageous
properties due to its higher expressiveness and consideration of essential system

9The Hamiltonian in Eq. (1.14) contains O(N?) terms. However, this can be reduced by
compressing the integrals using their symmetries or by truncation techniques like density
fitting [11, 59].
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properties, such as symmetries. However, physically inspired anséitze often lack a
flexible method for systematically improving accuracy by adjusting the number
of layers. Additionally, they can require high coherence times that are currently
beyond the reach of near-term quantum devices.

To mitigate these issues, most VQE experiments on quantum devices have
utilized hardware efficient ansétze. These anséitze feature a tunable number of
gate layers that are natively implemented on the quantum devices, maximizing
efficiency. Despite this, they present their own challenges, as they can require
a large amount of layers to reach the ground state. Moreover, they often fail
to preserve the symmetries of the Hamiltonian in question, like the number of
particles NN, total spin S? or its projection along the z-axis S,. Consequently,
during optimization, the solution can converge to a different symmetry sector
than the one of interest.

Designing an ansatz that can efficiently represent the ground state of the
system is still an active area of research [7]. The literature has explored middle
ground solutions between hardware-efficient and physically inspired ansétze, that
combine aspects of both classes. These can be based of the problems Hamiltonian,
like the Variational Hamiltonian Ansatz (VHA) [63], or the symmetries of the
Hamiltonian, like the Number Preserving Fabric (NPF) ansatz [64]. The latter
is used in multiple chapters in this thesis, as it is expressive, preserves essential
symmetries of the system (N, S?, and S,), and allows for a tunable number of
layers.

Optimization

The optimization of the parameters in the PQC is a crucial step in the VQE
algorithm. For the optimization we make use of classical optimization algorithms,
that update the parameters iteratively to minimize the cost function. Some of
these optimizers are gradient-free, and others might need the gradient of the cost
function, that can be measured on the quantum device in exchange for extra
sampling cost [65, 66]. There are multiple challenges in the optimization procedure
of the VQE. The optimization process can be computationally expensive, especially
for large systems with many parameters. The cost-function landscape might be
highly non-convex, so it might be easy to get stuck in some local minimum.
Furthermore, it has been shown that especially for unstructured anséitze, the
optimizer can get stuck on barren plateaus where the norm of the gradient vanishes
[67]. Finally, an optimizer that can deal with some degree of noise is imperative in
VQE optimization. A comparison of different optimizers for chemistry problems
can be found in Ref. [68].

Limitations of VQE

While the VQE exploits the CPU to minimize the quantum resources needed,
there are caveats to this approach. There are different sources of error in the final
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estimation of the ground state energy:

e Algorithmic errors: the VQE is a heuristic algorithm and there is no
guarantee that the algorithm will converge to the global minimum of the
energy. This stems from both the expressibility of the PQC ansatz and the
optimization procedure that can get stuck in local minima.

e Circuit noise: While the VQE leverages low circuit depths, the quantum
gates in the PQC are still imperfect and will introduce errors in the quantum
state because of the limited coherence time in the device. This noise can
severely affect the accuracy of the computed energy and limit the size of
the circuits.

e Sampling noise: the expectation value of the Hamiltonian is estimated by
sampling the quantum state multiple times. To suppress this statistical error
in the measurement to an acceptable level can take an excessive amount of
shots depending on the Hamiltonian.

The culmination of these different error sources makes it uncertain whether the
VQE can achieve a practical quantum advantage. It is highly debated that the
naive application to ground state energies in chemistry is the ultimate target for
VQE; we need a too high accuracy to effectively beat competing classical methods.
This means that it is crucial to work on both the chemistry side, by identifying
problems that are harder for classical methods, and on the quantum algorithms
side, by making them more efficient to work within the constraints of near-term
devices.

1.4.3 Beyond near-term quantum algorithms

In contrast to NISQ, in the FTQC era, ground state energies are believed to
be the one of the most important targets for quantum computational chemistry.
Most popular approaches to fault-tolerant energy estimation of many-body Hamil-
tonians center around the Quantum Phase Estimation (QPE) algorithm [69]. In
the QPE algorithm consists of three steps: the preparation of an initial state
o) = >, ¢k | Ex) (written here as a linear combination the qubit Hamiltonian
eigenstates, i.e. H|Ey) = Ej, |Ey)), evolution of the Hamiltonian U = e~** con-
trolled on one or multiple ancilla qubits and finally measurement of the ancillas
(possibly in Fourier basis). The result is stochastic: we measure e!?, where b is
an estimate of Ext, with probability pr = |cx|? to a certain guaranteed precision
€. This precision depends on the details of the QPE implementation, but it can
be shown that we can go beyond the sampling limit: pushing down the scaling as
e ~ O(1/D), where D is the total cost of the QPE runs. This is an absolute speed
limit, referred to as the Heisenberg limit [70]. In summary, we can efficiently
sample from the eigenbasis of the Hamiltonian with a fault-tolerant quantum
computer.
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The requirements on the depth of QPE circuits are beyond near-term devices,
so a fault-tolerant device is necessary. The two bottlenecks of the canonical QPE
algorithms are the initial state preparation and the Hamiltonian time evolution.
While there has been much work to make the latter problem more efficient, the
former has been largely ignored until recently [42, 71]. As the probability of the
QPE to return the ground state energy FEy as probability py = |co|?, we need
to repeat the experiment 1/py times on average. We cannot just initialize a
random state, as it will have tiny overlap with the true ground state due to the
exponentially growing size of the Hilbert space. This problem is also referred
to as the orthogonality catastrophe [70]. Therefore, we should have a sufficiently
accurate heuristic for the preparation of the initial state on the quantum device.
While the Hartree-Fock state is the simplest option, that is also trivial to prepare,
it has been shown that for some strongly correlated systems, it has an exponentially
small overlap with the ground state [71, 72]. Therefore, current research is going
beyond the preparation of the HF state, for example considering a sum of Slater
determinants coming from for example a truncated CI approach, or directly from
a tensor network calculation [71, 73].

There has been promising advancements in the field that try to estimate and
reduce the cost of QPE for real-world chemistry problems, like estimating ground
states of nitrogenase [8], simulating ruthenium catalysts for carbon capture [11],
or simulating lithium-ion batteries [74]. The costs of the QPE algorithm itself sits
mainly in the time evolution. Efforts to bring this costs down include decomposing
the Hamiltonian using efficient representations of the integrals [11, 75, 76], or
methods in first quantization [77, 78].

The applications of these advancements in efficiency of time-evolution go beyond
QPE: real-time time dynamics of electrons, nuclei, or both at the same time
can also be done. This can be especially relevant in photochemical reactions,
where the ground and excited state can get close in energy or even have points
of degeneracy (conical intersections). Around these points, the nuclear kinetic
energy is of the same order of magnitude as the electronic gap, resulting in
complex correlations between electrons and nuclei and a breakdown of the Born-
Oppenheimer approximation. The exploration of chemical systems beyond the
Born-Oppenheimer approximation remains highly constrained, primarily due to
the intricate electrons-nuclei interactions, as well as the challenge of representing
space without the use of well-defined atomic orbitals. However, it is theoretically
possible to simulate both electrons and nuclei simultaneously using first-quantized
quantum simulation techniques [77, 78].

1.5 Outline of the thesis

This thesis seeks to advance quantum computational chemistry by reducing the
quantum resources required for accurate simulations through a multi-faceted
approach. The scarcity of quantum resources in near-term quantum devices
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necessitates to optimize every part of the pipeline in a quantum computational
chemistry calculation. To make progress towards this goal, we develop classical
pre-processing techniques to reduce the quantum resources required, and we look at
targets beyond ground state energies that are challenging for classical methods. In
chapter 2, we introduce a method to reduce the 1-norm of the electronic structure
Hamiltonian by transforming the molecular orbitals. In chapter 3, we present a
multi-fragment wavefunction embedding method to simulate chemical systems
with fewer qubits. Subsequently, in chapter 4 we discuss the state-averaged orbital-
optimized variational quantum eigensolver to simulate photochemical systems with
multiple electronic states. In the final two chapters of this thesis, we investigate
different targets than ground state energies that are more robust to noise. In
chapter 5 we introduce a hybrid quantum algorithm to detect conical intersections
in molecular models, a key challenge in photochemistry. Finally, in chapter 6,
we develop machine learning density functionals from noisy quantum data. A
statement regarding the publications that the individual chapters are based on
can be found at the back of this thesis.

Chapter 2: Orbital transformations to reduce the 1-norm of the
electronic structure Hamiltonian for quantum computing applications

In chapter 2, we introduce a method to reduce an induced norm X of the electronic
structure Hamiltonian by transforming the molecular orbitals. This norm surfaces
as a crucial measure of quantum resources in quantum algorithms both in the
NISQ and for FTQC.

In NISQ, optimizing the number of samples needed to measure an expectation
value of an operator to a certain precision is crucial. Without advanced strategies
like grouping of Hamiltonian terms, it has been shown that the optimal sampling
strategy has a number of measurements that is proportional to A? [60]. In FTQC,
the norm A is a key measure of the quantum resources — think runtime and
space requirements — needed in advanced Hamiltonian simulation algorithms like
QDRIFT [79], Linear Combination of Unitaries and Qubitization [75, 79-82].

As the Ad-norm is an induced 1-norm of Hamiltonian coefficients, it is not
invariant under unitary transformations of the orbitals. In this chapter we show
that the commonly used Canonical Molecular Orbitals, coming from a Hartree-
Fock calculation, result in Hamiltonians with exceptionally high A-norm. In
contrast, localized orbitals can be exploited to give much lower A, as well as
providing chemically intuitive bonding orbitals. Besides localization schemes, we
introduce an orbital-optimization scheme that is specifically tailored to minimizing
A. We benchmark its effectiveness on a large set of systems, ranging from Hydrogen
chains to industrially interesting systems like FeMoco [8] and Ruthenium metal
complexes [11].
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Chapter 3: FragPT2: Multi-Fragment Wavefunction Embedding with
Perturbative Interactions

In chapter 3, we design a novel embedding framework to tackle the challenges of
multiple interacting active fragments within large molecular systems.

Using an accurate but computationally expensive method is often not feasible on
the whole molecular system at once. Embedding techniques allow for an efficient
description of localized correlations, while accounting for their environment on
a lower level of theory [83-85]. In this manner, one can for example offload
the computationally intensive ground state calculation to two or more separate
quantum computers, or execute them serially on one device, simulating one
fragment at a time. This results in a significant reduction in space and time
requirements. However, embedding methods often face computational challenges,
requiring numerous self-consistent cycle iterations and typically falling short in
capturing inter-fragment correlations.

The FragPT?2 framework is aimed to address both these challenges. It is based on
the idea of a one-step embedding: localization of molecular orbitals on pre-defined
fragments that consist of a subset of atoms. In this manner we construct separate
active spaces for each fragment that are self-consistently embedded in the mean
field from other fragments. FragPT2 reintroduces inter-fragment correlations
via multi-reference perturbation theory. This approach not only improves the
efficiency, but also provides a robust tool for analyzing various inter-fragment
interactions, such as dispersion, charge transfer, and spin exchange.

Our method is benchmarked against complex systems, including Ny dimers,
aromatic dimers, and butadiene, demonstrating its capability to successfully
handle cases where fragments are defined by cutting through covalent bonds. This
paves the way towards the treatment of larger systems with wavefunction based
techniques and quantum algorithms.

Chapter 4: Analytical non-adiabatic couplings and gradients within
the state-averaged orbital-optimized variational quantum eigensolver

Simulating photochemical systems requires an accurate description of multiple
electronic states. For a qualitatively correct description of photochemical pro-
cesses, it is essential to treat the ground and excited states on equal terms, i.e.,
democratically (see Sec. 1.3.2). Additionally, dynamic simulation of photochemical
processes necessitates energy gradients with respect to nuclear geometries, as
well as non-adiabatic couplings that govern population transfer from the excited
state to the ground state. Traditional methods like TD-DFT tend to be biased
toward the ground state, leading to inaccuracies in the calculation of energies,
gradients, and non-adiabatic couplings. Therefore, this presents an ideal challenge
for quantum simulation algorithms.

In Chapter 4, we build on recent work by our group, which introduced the state-
averaged orbital-optimized variational quantum eigensolver (SAOOVQE) [30].
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SAOOVQE is a hybrid quantum-classical algorithm that integrates the state-
averaged complete active space self-consistent field (SA-CASSCF) method with
the state-averaged variational quantum eigensolver (SA-VQE). It employs a state-
averaged ansatz to represent multiple electronic states, while optimizing both the
circuit parameters and orbitals in a democratic manner.

In this work, we present several technical and analytical extensions to SAOOVQE.
First, we introduce an efficient state-resolution procedure for finding the adiabatic
eigenstates of the system, rather than merely the subspace they span. Second, we
derive analytical energy gradients with respect to nuclear coordinates, which are
critical for geometry optimization and dynamics simulations. Finally, we derive
analytical expressions for non-adiabatic couplings between electronic states, which
are crucial for simulating photochemical processes. We benchmark the SAOOVQE
method on a model system, using formaldimine (see Fig. 1.2) as a representative
molecule for studying photoisomerization in larger biomolecules. Additionally, we
perform a geometry optimization to locate the conical intersection between the
ground and first-excited electronic states of the molecule.

Chapter 5: A hybrid quantum algorithm to detect conical intersections

In Chapter 5, we explore a key challenge in photochemistry: detecting conical
intersections in molecular systems. To address this, we introduce a quantum sim-
ulation algorithm specifically designed for the Noisy Intermediate-Scale Quantum
(NISQ) era.

Conical intersections are critical points in molecular geometries where electronic
potential energy surfaces intersect in a topologically protected way. Near these
intersections, the Born-Oppenheimer approximation breaks down, leading to
significant consequences for chemical processes such as photoisomerization and
non-radiative relaxation. A well-known example is the role of conical intersections
in vision, where they enable the isomerization of retinal upon photon absorption,
triggering a chemical cascade that results in light perception.

A defining feature of conical intersections is the non-zero Berry phase, a
topological invariant that arises on a closed loop in atomic coordinate space. This
phase takes on a value of 7 if the path encircles the intersection manifold, and 0
otherwise. The proposed algorithm tracks the approximate ground state along a
specified path using a parametrized quantum circuit, which is iteratively updated
with a fixed number of Newton-Raphson steps. A Hadamard test is then applied
to extract a single bit of information, revealing whether the Berry phase is 7 or 0.

Because the outcome of the algorithm is discrete, it remains effective even
with bounded cumulative errors; this allows us to prove an analytical bound
on the total sampling cost and the procedure’s success. We demonstrate the
algorithm’s application through numerical simulations on the same toy model of
the formaldimine molecule (HoC=NH).
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Chapter 6: Machine Learning Density Functionals from Noisy
Quantum Data

In Chapter 6, we introduce a machine learning method to construct density
functionals using noisy quantum data. Density Functional Theory (DFT), a
cornerstone of quantum chemistry, offers low computational cost for calculating
ground state energies based on electron density, following the Hohenberg-Kohn
theorems. The first theorem states that the ground state energy is a unique
functional of the electron density, while the second theorem provides a way to
optimize the orbitals to represent the ground state density using the Kohn-Sham
equations. However, the accuracy of DFT calculations hinges on the choice of
the exchange-correlation functional, which is often approximated using (semi-
Jempirical methods.

In this chapter, we propose a machine learning approach to learn the exact
functional, i.e. the map from electron densities to ground state energies. As
Ref. [86] showed, this exact functional can be efficiently learned by a convolutional
neural network by training on exact diagonalization (ED) data for small-size
Fermi-Hubbard models. However, due to exact methods scaling exponentially
with system size, generating the training data for these models becomes infeasible
for larger systems.

To overcome this, we train our model on noisy quantum data from near-term
devices. While NISQ devices enable beyond-classical simulations of larger systems,
algorithms like VQE suffer from sampling noise, circuit noise, and optimization
errors. We show that our model can effectively mitigate unbiased sampling noise
in the Fermi-Hubbard model, outperforming any individual noisy training point.
When trained on data with expressibility and optimization errors, the model offers
little improvement over training points, as it reflects the biases present in the
data.

Lastly, we demonstrate that the trained models can be applied to new systems
with varying potentials using a Kohn-Sham-like approach, leveraging the model’s
automatic differentiation for reasonably accurate solutions across most instances.
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CHAPTER 2

Orbital transformations to reduce the 1-norm of the
electronic structure Hamiltonian

2.1 Introduction

Quantum chemistry has been identified as the killer application of quantum
computers, which promise to solve problems of high industrial impact that are not
tractable for their classical counterparts [8, 9, 11, 87]. Unfortunately, quantum
devices are noisy and only shallow circuits can be implemented with a relatively
accurate fidelity. Hence, even though we know how to solve the electronic structure
problem with, for instance, the quantum phase estimation (QPE) [48, 69, 88-90]
algorithm, this remains out of reach in practice and one has to come up with new
algorithms that can actually be run within this noisy intermediate-scale quantum
(NISQ) era [53]. Reducing circuit depth has been achieved by interfacing quantum
and classical devices, thus leading to hybrid quantum-classical algorithms such as
the variational quantum eigensolver (VQE) [54]. Since then, variational algorithms
have been successfully applied to the estimation of ground-state (see Refs. 91-94
and references therein) and excited-state energies [30, 95-104], as well as molecular
properties [105-108].

However, it remains unclear if these algorithms can provide a clear quantum
advantage in the long run, especially due to the difficulty in circuit optimiza-
tion [109] and to the large overhead in the number of measurements required to
achieve sufficient accuracy [60, 63], though significant progress has been made
recently [60, 61, 110-120]. This led to the development of new strategies for
reducing the resources required to implement quantum algorithms (such as gate
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complexity), for both the fault-tolerant and NISQ era. For simulating the time-
evolution operator U(t) = e*f* where H is the electronic Hamiltonian, Campbell
has shown that using randomized compiler is better suited than the Trotter-Suzuki
decomposition, the so called quantum stochastic drift protocol (qDRIFT) [79].
One can also directly simulate the Hamiltonian by using linear combination of
unitaries, generalized by the block encoding or “qubitization” formalism [75, 80—
82]. Most of these algorithms have a gate complexity that scales with respect
to the parameter A\g = >, |h;|, where H = )", h; P; is the qubit Hamiltonian
and P; are Pauli strings [55]. Lowering the value of Ag — usually referred to the
1-norm of the Hamiltonian — has a significant impact on quantum algorithms,
and techniques such as double-factorization [11], tensor hypercontraction [76] and
n-representability constraints [60] have proven successful in this respect.

In this work, we investigate how the value of the 1-norm and its scaling with
respect to the number of orbitals can be reduced by single-particle basis rotations.
As a starting point we consider the use of localized orbitals that are commonly
available in most quantum chemistry codes. Generating such orbitals presents a
simple and effortless way of reducing gate complexity by classical pre-optimization
of the Hamiltonian representation.

We show that the use of localized orbitals has a significant impact on the
1-norm of all systems studied, from simple one-dimensional hydrogen chains (also
studied in Refs. 60, 76) to much more complex organic and inorganic molecules.
Additionally, we connect the expressions of the 1-norm before and after the
fermion-to-qubit mapping. This expression is used to define a new cost function
for single-particle basis rotations, and is shown to reduce the value of A\g even
more than standard localization schemes.

The chapter is organized as follows. After introducing the electronic structure
problem in Sec. 2.2.1, the impact of the 1-norm on quantum algorithms is detailed
in Sec. 2.2.2. Then, we review the localization schemes applied in this work
in Sec. 2.2.3 followed by our so-called 1-norm orbital-optimization method in
Sec. 2.2.4. Finally, preceded by the computational details in Sec. 2.3, the scaling
of the 1-norm when increasing the number of atoms is investigated in Sec. 2.4.1
for hydrogen and alkane chains, followed by a benchmark on several systems in
Sec. 2.4.2 and a study of the effect of increasing the active space size in Sec. 2.4.3.
Conclusions and perspectives are given in Sec. 2.5.

2.2 Theory
2.2.1 Electronic structure Hamiltonian in second
quantization

In quantum chemistry, the second quantization formalism is usually employed
to describe the electronic properties of molecules. Under the Born-Oppenheimer
approximation, N, electrons can rearrange around N, nuclei by occupying a
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restricted set of N spatial molecular orbitals (MO). The orthonormal MO basis
{¢p(r)} is built from linear combination of atomic orbitals (LCAO) and is usually
obtained from an inexpensive mean-field calculation, e.g. with the Hartree—Fock
(HF) method [21]. In this basis, the molecular Hamiltonian can be expressed in
a spin-free form, see (1.14). The one-electron integrals are given in Eq. (1.15).
These encode, for each individual electron, the associated kinetic energy and
Coulombic interaction with the N, nuclei of the molecule. The two-electron
integrals are given in Eq.(1.16), encoding the Coulombic repulsion between each
pair of electrons. Solving the electronic structure problem consists in solving the
time-independent Schréodinger equation

H W) = E¢|¥y), (2.1)

with |U,) an electronic eigenstate with corresponding energies F,. This is only
possible in the case of small molecules and small basis sets, due to the exponential
scaling of the computational cost with respect to the size of the system. A
commonly employed approach is the so-called active space approximation which
divides the MO space into three parts: the core (frozen occupied orbitals), the
active, and the virtual spaces (deleted unoccupied orbitals), such that only the
electrons inside the active space are treated explicitly. This approximation will
be used throughout this work and is equivalent to finding the eigenstates of an
effective Hamiltonian H?°* also called the active space Hamiltonian.

The electronic Hamiltonian can be mapped onto an appropriate representation
for quantum computers by doing a fermion-to-qubit transformation (such as
Jordan-Wigner [55]), resulting in a linear combination of Pauli strings P; €
(1,X,Y, 2}V,

S
Ho =Y h;P;. (2.2)

J
Here, S denotes the sparsity of the Hamiltonian and generally scales as O(N*),

but sometimes O(N?) for a sufficiently large system and a localized basis [121].

2.2.2 The 1-Norm in quantum computing

The term ‘l-norm’ in quantum computing refers to a norm induced on a Hilbert-
space operator by its decomposition as a sum of simpler terms. To calculate a
1-norm, we write an operator H (e.g. a Hamiltonian) in the form

H=> b;Bj, (2.3)
J

where the B; are operators on C22N7 and the b; are complex numbers. Typically
the operators B; are chosen to be either unitary (B;Bj = 1) or unital (B;Bj <1).
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Method Toffoli/T complexity
Database method [122] O(N*\/e)
qDRIFT [79] O(\2/e2)
Qubitization (sparse method) [75] O((N +VS)\/e)
Qubitization (single factorization) [75] O(N3/? \gp /€)
Qubitization (double factorization) [11] O(NAppVZE/e)
Tensor hypercontraction [76] O(NX¢/¢)
VQE # of measurements
State tomography [54, 63, 91] M ~ \2/ée?
Basis rotation grouping [117] M ~ \ep/€e?

Table 2.1: Lowest asymptotic scaling of different quantum algorithms involving the
A parameters. A denotes the 1-norm of the qubit Hamiltonian in Eq. (2.12), Asr
(denoted Aw in Ref. 75) the one of the singly-factorized fermionic Hamiltonian, Apr
the one of the doubly-factorised Hamiltonian and A¢ the one of the non-orthogonal
tensor hypercontracted Hamiltonian representation. S is the sparsity of the electronic
Hamiltonian and = the average rank of the second tensor factorization [11, 123]. See
text for further details.

We define the 1-norm of H (induced by this decomposition) to be the 1-norm on
the vector b (with components b;):

Ap = Ap(H) = |bj. (2.4)

J

(It is common to suppress the dependence on the Hamiltonian H when Ap is

unambiguous.) For example, under the above decomposition into Pauli operators
[Eq. (2.2)], we have

A = IRl = Iyl (2.5)

J

In general, Ap is a norm on the space spanned by the set {B;} as long as this set
is linearly independent, as the mapping H < b is then bijective and linear. The
Pauli operators P; used above make a natural choice for B; as they span the set of
22N 5 22N matrices, and so induce a norm for any operators on the Hilbert space.
Pauli operators are also unitary, and may be easily implemented in a quantum
circuit [124], making them a common choice for Hamiltonian decompositions.
However, unlike other operator size measures, 1-norms may be heavily optimized
by a change of operator basis (whereas e.g. the 2-norm or infinity-norm are both
invariant under unitary rotation). As operator 1-norms play a role in determining
the cost of many quantum computing algorithms, this makes them a key target
of study in quantum algorithm research.
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A versatile method for implementing an arbitrary (non-Hermitian) operator
on a quantum device is the linear combination of unitaries (LCU) method [80],
which involves a decomposition over a set {B,} of strictly unitary operators. As
H is typically not unitary, the original LCU technique requires postselection, but
this forms the basis for unitary methods such as qubitization [82]. These in turn
underpin many proposals for quantum computing on a quantum computer [11,
76, 123], and the dependence on Ap is pulled directly through. We give a brief
description here of the key identity in LCU methods to show where the dependence
on Ap appears. LCU methods all require a control register with states |j) that
encode the index to the operator B;. (One need only encode those operators B;
that are relevant to the target H.) Then, these methods encode the coefficients
of H on the register by preparing the state ﬁ Zj \/E |7). Then, consider
implementing the joint unitary . [j)(j| ® B; (that is, applying the unitary
operator B; to a system conditional on the control register being in the state 7).
Post-selecting the control register returning to the initial state performs the LCU
operation to the register

1 , - 1 .
ﬁgﬁjm ;mowz ﬁ;ﬁjm

1 1
=Y ;B = —H. 2.6
)\B - V] )\B ( )

We see here that \p emerges naturally as the normalization constant of the LCU
unitary. This dependence is passed on to any LCU-based method, suggesting that
minimizing Ap is key to optimizing any such techniques.

The 1-norm can also play a role in methods where Hamiltonian simulation is
implemented stochastically. For instance, in the DRIFT [79] method, hermitian
terms Bj; in the Hamiltonian are chosen at random, weighted by |b;|/Ag, and
exponentiated on a system as ¢‘”Pi (\p appears here immediately as the nor-
malization of the probability distribution). To first order, this implements the
channel on a state p [79]

N N T L
EP)=p+i)y, X, (Bip = #Bj) + 0(), (2.7)
J

which can be observed to be the unitary evolution of p under e/ for dt = 7/\p.
To approximate time evolution for time ¢ to error € then requires repeating this
process O(2)\%t?/¢) times. This has been extended upon recently [125], yielding
a more complicated Ap dependence.

A final situation where the 1-norm of an operator plays a role is in tomography.
One may in principle measure the expectation value of an arbitrary Hermitian
operator H on a state p by repeatedly preparing p, rotating into the eigenbasis of
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H and reading out the device. The variance in averaging M shots of preparation
and measurement is directly given by the variance of H on p:

1 2 2
Var[(H)] = 7 [(H?) = ()7 (238)
However, in practice (especially in the NISQ era) arbitrary rotations into an
unknown basis may be costly. As expectation values are linear, given a decompo-
sition of H over {B;}, one may instead perform M, different preparations of p
and measurements in the basis of each B; and sum the result,

(H) = Z bi(Bj), (2.9)

with variance

b;* ) o 2 1651
Var ()] = 305 [(B) - (B = 307

v;. (2.10)

J

Typically the V} are not known in advance, but if B; are chosen to be unital (by a
suitable rescaling of b;) then one can bound V; < 1. One can confirm (e.g. via the
use of Lagrange multipliers [60]) that the least number of measurements required
to bound Var[(H)] below some error €? can be found by choosing M; = M|b;|/Ap,
and that this yields a total number of measurements

2
M= M= 25 (2.11)

first mentioned by Ref. [63]. State tomography is essential in hybrid quantum-
classical algorithms such as a VQE. In the VQE, the Hamiltonian is usually
expressed as a linear combination of Pauli operators, meaning Ag = Ag. As
the number of measurements is one of the biggest overheads in the practical
implementation of VQE, lowering the 1-norm would be highly beneficial. One
way to do so is to add constraints to the Hamiltonian based on the fermionic
n-representability conditions, which has led to a reduction of up to one order of
magnitude for hydrogen chains and the Hy ring molecule [60]. Another hybrid
algorithm that would benefit for a decrease in the 1-norm is the constrained-VQE
algorithm, as this would decrease the higher-bound used in the penalty term, thus
improving convergence [126].

As the above considerations imply, many of the most competitive algorithms
have a strong dependence on 1-norms for various choices of the basis decomposition
{B;}, as shown in Tab. 2.1. The 1-norm induced by a Pauli decomposition, Ag
(Eq. 2.5), scales with the number of orbitals somewhere in between O(N) and
O(N3). This depends on the system, and whether N increases because the number
of atoms increases for a fixed number of basis functions per atom, or because the
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number of basis functions per atom increases while fixing the number of atoms.
As far as we are aware of, this scaling has only been numerically benchmarked for
the Hy ring Hamiltonian [60, 76] and one-dimensional hydrogen chains [76], which
remain quite far from realistic chemistry problems encountered in enzymatic [§]
and catalytic reactions [11]. In this work, we perform a similar benchmark on a
larger set of organic and inorganic molecules, from hydrogen and carbon chains
to the FeMoco and ruthenium complexes.

The 1-norm used in many of the aforementioned algorithms in Tab. 2.1 takes
the following form [75, 76]

A=Ar+Av (2.12)
where
N 1 N
Ar = Z hpq + 9 Z(Qgpqm" - gpv"?“q) (2.13)
pq r
and
1 N
Av = by Z | Gpgrs| (2.14)
pqrs

with Ay > Ap. Note that the difference between Eqs. (2.13) and (2.14) and
Egs. (A10) of Ref. 76 comes from a different convention when writing the electronic
Hamiltonian in Eq. (1.14), and the fact that N refers to spatial orbitals in this
work instead of spin-orbitals. This norm of the Hamiltonian expressed as a linear
combination of unitaries is used in the database method of Babbush et al. [122],
the qubitized simulation by the sparse method of Berry et al. [75] (further
improved by Lee and coworkers [76]) and the gDRIFT protocol of Campbell [79].

Further attempts have been made to reduce the number of terms in the Hamil-
tonian. For instance, one may perform a low rank decomposition of the Coulomb
operator V such that the 1-norm of the — now singly-factorised — Hamiltonian
reads [75, 76]

L /N 2
Asp = iz (Z ‘W]S? ) : (2.15)

where WI%) are obtained from a Cholesky decomposition of the gpq-s tensor. Note
that Agp is a higher-bound of Ay, and so this decomposition tends to increase
the 1-norm. To improve over this low-rank factorization, one can write the
Hamiltonian in a doubly-factorized form [11] by rotating the single-particle basis
to the eigenbasis of the Cholesky vectors, such that the corresponding 1-norm
Apr is much lower than after a single factorization. One can also use the tensor
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hypercontraction representation of the Hamiltonian [76]. However, applying
the qubitization algorithm on this Hamiltonian directly is not efficient, as its
associated 1-norm Argc is even larger than Ay. To bypass this issue, Lee et
al. provided a diagonal form of the Coulomb operator by projection into an
expanded non-orthogonal single-particle basis, thus leading to a non-orthogonal
THC representation of the Hamiltonian with an associated 1-norm A¢ that scales
better than any prior algorithm [76].

As readily seen in this section, the A norm depends on how you represent your
Hamiltonian. However, there is a unique way to write the Hamiltonian as a sum
of unique Pauli strings, or equivalently as a sum of unique products of Majorana
operators (see Appendix 2.B). Doing so allows to express the qubit 1-norm A¢g in
Eq. (2.5) as a function of the electronic integrals,

Ao = Ac+Ar+ Ay, (2.16)
where
AC = th’ + 5 ng}’”” - 1 ngrrp y (217)
p pr pr
N N 1 N
>\T = Z hpq + ng(ﬁ"?“ - 5 ngrrq 3 (218)
pq T T
1 1 X
)\/V = 5 Z |gp‘17”5 - gPSWI| + Z Z |gpqrs|~ (219)
p>r,s>q pqrs

The first term A¢ corresponds to the absolute value of the coefficient of the
identity term that emerges when rearranging the Hamiltonian in terms of unique
majorana operators, see Eq. (2.44). It is invariant under orbital rotations and can
be added to the energy as a classical constant together with the nuclear repulsion
energy and, if one employs the active space approximation (see Section 1.3.1),
the mean-field energy of the frozen core. Thus, this term (apart from being small
compared to Ap and A{,) will not be important for quantum algorithms, and
we will leave it out of our results, redefining the 1-norm as: Ag = Ar + Aj,. Ar
represents the absolute values of the coefficients of the quadratic term in Majorana
operators, and A}, of the quartic term. Notice that Aj, is slightly different from
Ay of Ref. 76 also given in Eq. (2.14) (which added a slight correction to the
one of Ref. 75). In this work, we add another correction that comes from the
swapping of two Majorana operators. We confirm that this is the correct form
by directly comparing Ag with the norm of the qubit Hamiltonian after doing a
qubit-to-fermion transformation in Eq. (2.5). Note that Aj, < Ay (see appendix
2.B for more information). By expressing the 1-norm of the qubit Hamiltonian in
Eq. (2.2) with respect to the electronic integrals, we can compute its value before
doing any fermion-to-qubit transformation, which can be costly for large systems.

40



2.2 Theory

2.2.3 Localized orbitals

As discussed previously, different approaches have already been considered to
minimize the 1-norm of a given Hamiltonian H. In this work, we choose to
tackle the problem from a chemistry point of view, by focusing on the use of
orbital transformations (i.e. single-particle states rotations). More precisely, we
investigate the use of orbital localization techniques as a classical pre-optimization
method to express the electronic structure Hamiltonian H in a new basis (see
Appendix 2.A for details about electronic integrals transformations) that presents
natural advantages for quantum computing. Note that exploiting spatial locality
to reduce the 1-norm has already been mentioned in Ref. 76, or to reduce the
number of significant integrals in Ref. 121.

In computational chemistry, localization schemes represent state-of-the-art
orbital-rotation techniques employed in various situations. For example, localized
orbitals (LOs) are regularly used to alleviate the computational cost of numerical
simulations in post-HF methods such as second order Mgller Plesset [127-130],
coupled cluster [131-134], and multireference methods [135-138]. They can also
be used to partition a system in spatially localized subsystems that are treated
at different levels of theory [85, 139-150]. In the context of quantum algorithms
for the NISQ era, one may for instance consider performing a calculation with a
classical mean-field method to produce localized orbitals and using the orbitals
localized in the spatial region of interest as a basis for a calculation with a
quantum algorithm. In the current work, we demonstrate that LOs can also
be of a significant help beyond isolating the spatial region that is of chemical
interest, by reducing the qubit 1-norm Ag of the electronic Hamiltonian H after
a fermion-to-qubit transformation.

In the following, we introduce the orbital localization schemes considered in
this work where the notations 1, (r) and x,,(r) are used to denote orthogonal LOs
and non-orthogonal atomic orbitals (AO), respectively.

Lowdin orthogonal atomic orbital

The first approach we investigate to generate LOs is the orthogonalization of
atomic orbitals method (OAQ). In practice, several techniques exist to produce
orthogonal AOs [151, 152]. Here, we focus on Lowdin’s method [153, 154], known
to generate orthogonal LOs with a shape that is the closest to the original AOs
(in the least square sense). In practice, orthogonal Léwdin orbitals 1/;p(r) are built
via a linear combination of the N original AOs,

N
1;19(1.) = Z Xu(r)éupv (220)
pn=1

41




2 Orbital transformations to reduce the 1-norm of the electronic structure
Hamiltonian

where the orbital coefficient matrix C takes a very simple form like

C=s"12 (2.21)

and S, = [ drx},(r)x,(r) is the overlap matrix encoding the overlap between
different non-orthogonal AOs.

From a practical point of view, this method represents one of the simplest
and numerically cheapest localization methods, where the computational cost is
dominated by the exponentiation of the overlap matrix and typically scales as
O(N?). However, this approach is defined with respect to the full AOs’ space
and cannot be straightforwardly applied to the practical case of active space
calculations where only a restricted set of molecular orbitals — formed by linear
combination of AOs — is used.

Mbolecular orbital localization schemes

Fortunately, other localization schemes can be used in any circumstances (i.e.
with or without active space approximation). Among the possible approaches,
we focus on three of them: the Pipek-Mezey [155] (PM), Foster-Boys [156] (FB)
and Edmiston-Ruedenberg [157] (ER) methods. From a practical point of view,
these methods fundamentally differ from OAO as they generate LOs out from
molecular orbitals and not AOs. In practice, all these methods start from a set of
orthogonal canonical MOs (CMOs) {¢s}¥ ;| obtained with an initial mean-field
calculation (e.g. Hartree—Fock or density functional theory). The CMOs form
linear combinations of AOs as

s(r) = Xu(r)Clus, (2.22)

with C the CMO-coefficient matrix. A set of LOs {ﬁp ]10\/:1 is then generated by
applying a unitary transformation matrix U (with UTU = UU' = 1) to express
each LO as a linear combination of the original CMOs,

bp(r) =D s(r)Usp, (2.23)

or, in a more compact matrix form,
C =CU, (2.24)

where C is the LO-coefficient matrix. In practice, the shape of the LOs is
numerically determined by modifying the unitary U to optimize a cost function £
based on a relevant localization criterion (depending on the scheme considered).
This localization can be prone to many local minima and the orbital-optimization
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process is usually realized with different numerical techniques (e.g. Jacobi rotations
[158, 159], gradient descent [160], Newton and trust-region methods [161-163],
etc.). In chemistry, the question of how to realize an efficient orbital-optimization
process in practice still constitutes an active topic of research which goes way
beyond the scope of our manuscript (we refer the interested reader to Ref. 164
and references within). Let us now focus on the different criteria used in the FB,
PM and ER methods together with their respective numerical costs.

In the Foster-Boys scheme [156], the localization criterion is the square of the
distance separating two electrons rf, = |r2 — rq|?, and the set of LOs is obtained
by minimizing the following cost function

N ~ ~
Lrp = Z// |?/Jp(r1)|2r%2|1/)p(r2)\2dr1dr2, (2.25)

which represents the average value of the distance criterion over the set of orbitals
to be optimized. In practice, a single estimation of the cost function Lrpg requires
a decomposition in the AO basis that generates five nested sums, thus leading
to a scaling of O(N?®). However, specific manipulations (see Refs. 156 and 164)
can reduce the total computational cost of the Foster-Boys method to O(N?)
multiplied by the number of times Lpg is called (which intrinsically depends on
the optimization algorithm considered in practice). Note that extensions of the
Foster-Boys scheme exist and are based on the orbital variance [165] or the fourth
moment method [166], resulting in more localized orbitals especially for basis sets
augmented by diffuse functions.

In the case of the Edmiston-Ruedenberg method, the inverse distance 1/rio
(proportional to the two-body electronic repulsion operator, see Eq. (1.16)) is
used as a criterion, and the LOs are obtained by maximizing

N
- 1 -
Con =3 [ 16wl o dpten) e (2.26)

The computational cost of a single estimation of Lgg scales as O(N®) (multiplied
by the number of times Lgg is called), though it can be reduced up to O(N?) by
the use of density fitting or the Cholesky decomposition.

Finally, the Pipek-Mezey scheme adopts a very different point of view. PM
orbitals are generated by maximising the Mulliken charge of each orbital [155]

N

Lo =3 S (@4, (227)

A=1 p
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where

N
L= CupSuwCup (2.28)

pEA v

is the contribution of orbital p to the Mulliken charge of atom A. In this case,
the numerical cost of one call of Lpy; essentially depends on the triple sums over
the molecular and atomic orbitals in Eqgs. (2.27) and (2.28). As a results, the
computational cost of the global PM method scales as O(N?) (multiplied by the
number of times Lpy is called). Note that the traditional PM method is ill-defined
since Mulliken charges are basis set sensitive and do not have a basis set limit.
Various partial charges estimates can be used instead of Mulliken charges [167],
such as intrinsic orbitals that are basis set insensitive and lead to a cheaper and
better behaved localization procedure than PM localization [168, 169].

In summary, the construction of OAQOs is the cheapest approach but can’t
be used when considering active space. Somewhat more expensive are PM
and FB which share an equivalent scaling, and finally ER which is the most
computationally demanding method.

2.2.4 1-Norm orbital-optimization

One of the main contribution of this chapter is the use of an orbital-optimization
(O0) process specifically dedicated to the minimization of the qubit 1-norm Ag.
To proceed, we introduce a unitary operator

UO0 =K (2.29)

with an anti-hermitian generator

0 K12 K13 KlN
K= _K=| K -Kis 0 ... K|, (2.30)
_KlN —KQN _KSN 0

This operator is then used to transform a reference MO basis into a new basis
denoted by {¢;} with C" = CUO©O, for which the optimal orbitals are obtained
by minimizing the following cost function,

Loo = Xo({¢,}), (2.31)

by varying the N(N — 1)/2 off-diagonal independent elements of the matrix
K. This optimization can be carried out for a reference MO-basis that consists
of canonical Hartree-Fock orbitals, but could equally well be carried out on a
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subspace of the full MO-basis, e.g. only the set of fractionally occupied orbitals
in an active space type calculation, or only a subset of localized orbitals resulting
from a preliminary localization using one of the methods discussed above.

In practice, to realize the OO of the 1-norm, we choose to use ‘brute-force’
optimization algorithms which autonomously estimate the local derivatives of
the cost function (i.e. gradients and hessians). This choice is motivated by the
expression of Ag in Eq. (2.16) that contains many absolute values and for which
analytical derivatives are clearly non-trivial to estimate. Numerically, the main
bottleneck of the OO method is linked to the repetitive transformation of the
two-electron integrals realized at each step of the process. As a result, the core
algorithm scales as O(N®) (similarly to the ER localization scheme). However,
with the computational effort deployed to estimate the numerical gradient and
hessian of the complicated cost function (given in Eq. (2.31)), this scaling should
increase more especially when treating large systems.

2.3 Computational details

The geometries of the small systems considered in this work were optimized
using the ADF program of the Amsterdam Modeling Suite (AMS) [170] with a
quick universal force-field (UFF) optimization, sufficient for our purposes. These
geometries are provided in the Supplementary Material of Ref. [171]. The first
geometry in Ref. 8 with a charge of +3 is used for FeMoco and the geometries in
Ref. 11 (all with a charge of +1) were used for the Ruthenium metal complexes.
The electronic integrals of the Hamiltonian were computed using the restricted
Hartree—Fock method from the PySCF package [172]. For large molecules, the
active space approximation was invoked according to Section 1.3.1. All the
localization schemes used to transform the Hamiltonian were already implemented
in the PySCF package. For our 1-norm orbital-optimization scheme, the SLSQP
optimizer was used from the SciPy package [173] and the python version of the
L-BFGS-B optimizer of the optimParallel package [174]. The choice of these
optimizers has been motivated by their capacity to automatically approximate
gradients (and Hessians) for minimization. This represents an interesting tool
when no evident analytical gradient/Hessian can be determined as for the 1-
norm. A fast algorithm to estimate this Ao [Eq. (2.16)] was implemented in the
OpenFermion package [175], allowing users to calculate 1-norms of large molecular
Hamiltonians without employing expensive fermion-to-qubit mappings.

2.4 Results

In this section, we study the scaling of Ag with respect to the number of orbitals.
First, we fix the basis set and increase the number of atoms, in the spirit of Refs. 60
and 76. Concerning the orbital localization schemes, we allow rotations between
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the active occupied and virtual spaces as this can lead to a better localized orbital
basis.

Then, we benchmark the value of A\g for several different chemical systems
and active space sizes, using the different localization schemes and our 1-norm
orbital-optimized scheme. When considering an active space, we always choose our
active space based on the CMOs by considering the N, orbitals around the Fermi
level (i.e. around the highest occupied and lowest unoccupied molecular orbitals).
We localize only inside the active space (i.e. the localizing unitary in Eq. (2.23)
only has indices corresponding to active orbitals) such that the subspace spanned
by the active space remains invariant under the unitary rotations. Although this
means that the expectation values of observables remain the same inside the active
space when an exact solver is used, one can converge to different expectation
values when approximate solvers are considered such as the truncated unitary
coupled cluster ansatz (that becomes exact if not truncated [176]). However,
rotating from the CMO to the LMO basis will not necessarily deteriorate the
results of the (approximate) simulation, as LMOs have significant importance in
local correlation treatments in post-HF methods like second order Mgller Ples-
set [127-130], coupled cluster [131-134], embedding approaches [85, 139-150], and
multireference methods [135-138] on classical computers. Hence, using localized
orbitals could lead to similar advantages in quantum computing simulations, and
could also inspire new ansatz proposals based on embedding strategies. This is
left for future work.

Finally, to study the scaling of Ay for large molecules, we increase the size of
the active space Nyt while fixing the basis set and the number of atoms.

2.4.1 Hydrogen and alkane chains: scaling of the 1-norm by
increasing the number of atoms

In this section, we investigate the performance of the localization schemes together
with our brute-force OO method, studying the scaling of Ag with respect to the
number of orbitals by increasing the number of atoms in small systems. Inspired
by Refs. 121 and 60, we consider linear chains of hydrogens with a spacing of
r =1.4A and linear alkane chains (for which the geometry has been optimized).
Results are shown in Fig. 2.1 and Tab. 2.2.

The orbital-optimizer method is not included for the linear hydrogen chains,
because the gradient-estimating optimizer has trouble finding the approximate
gradient in the first step of the optimization. The reason for this is that the
localization schemes already come so close to the optimal solution that the
optimizer estimates the gradient to be zero or positive in each direction. The
STO-3G basis results in the localized orbitals resembling just 1s atomic orbitals on
every nucleus which are very localized and therefore have a minimal 1-norm. As
linear hydrogen chains are very artificial systems and give limited information on
the scaling of A\g for actual interesting chemical systems, we thought the results
of the conventional localization schemes to be sufficient here.
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Figure 2.1: The 1-norm Ag (in Hartree) with respect to (a) the number of atoms in a
linear hydrogen chain (same as the number of orbitals) and (b) the number of orbitals in
a linear alkane chains (ethane, propane, butane, etc. up to decane), for different orbitals
in the STO-3G basis. The constant term in the Hamiltonian is ignored. Assuming a
polynomial scaling of Ao = O(N), we fit log Ao = alog N + 8 and show the plot with
log-log axes. The fitting and regression coefficients are given in Tab. 2.2.

As readily seen, all localization schemes perform comparably well in reducing
the 1-norm compared to canonical molecular orbitals. Indeed, the scaling of the
I-norm decreases significantly from O(N?23!) to O(N'34) for the hydrogen chains,
and from O(N?21) to O(N'-38) for the alkane chains. In terms of concrete values,
for the largest NV studied in Fig. 2.1, we can see a reduction of A\g by more than
a factor 13 for the hydrogen and 5 for the alkane chains, when passing from the
CMO basis to the LO ones. In the alkane chains, we do not see any significant
distinction between the different schemes. While « for the orbital-optimization
scheme is slightly higher than the best localization scheme, it is not so informative
here as the Ag associated to the OO has the lowest absolute value for any orbital
space. In the hydrogen chains, it seems that the Pipek-Mezey scheme is slightly
less efficient. Surprisingly, the atomic orbital based Léwdin orthogonalization
method do not provide any further improvement over other localized orbitals,
which might be due to the simplicity of the systems for which localization schemes
can generate extremely localized orbitals.

2.4.2 Benchmarking A\ for a variety of molecules and active
spaces

In order to benchmark the impact of the localization schemes on the 1-norm,
we calculated \g for a variety of molecules and active spaces. Whenever we
consider the of orbitals, we include the value of Ay obtained from the Hamiltonian
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Hydrogen chain Q@ B R?
CMO 2.31 | -1.54 | 0.9990
PM 1.47 | -0.70 | 0.8832
FB 1.34 | -0.61 | 0.9967
ER 1.34 | -0.54 | 0.9643
OAO 1.46 | -0.99 | 0.9846

Alkane chain « I} R?

CMO 2.21 | -0.82 | 0.9978

PM 1.41 | 0.93 | 0.9965

FB 1.38 | 1.08 | 0.9976

ER 1.39 | 1.13 | 0.9926

OAO 1.43 | 0.92 | 0.9954

00 1.44 | 0.76 | 0.9964

Table 2.2: Fitting and regression coefficients from Fig. 2.1.

expressed in the OAO basis. When an active space is considered, we use the
frozen-core approximation and we localize the orbitals inside the active space.
The resulting Ag values are tabulated in Tab 2.3, where the lowest ones obtained
from standard localization schemes for each system are in bold. Apart from the
different localization schemes, results of our brute force optimizer are also shown.
Note that we start the optimization with already localized orbitals, such that it
always gives a lower 1-norm than the best localization scheme. On most molecules,
we had the best experience with the L-BFGS-B optimizer. Unfortunately, this
optimizer was not able to estimate the gradient of Ao w.r.t. U%© on the smallest
molecules (Hy and LiH), which may be due to infinitesimal changes in Ag when
changing U°©. This why we employed the SLSQP optimizer here.

In order to identify the origin of the significant reduction of the 1-norm and its
scaling, we focus on the transformation of the two-electron integrals defined in
Egs. (1.16) with the following permutational symmetries (for real-valued integrals)

(pqlrs) = (pg|sr) = (gp|rs) = (qp|sr)
= (rslpq) = (rs|qp) = (sr|pq) = (sr|qp), (2.32)

and we divide the indices of this tensor in seven separate classes: (1) pppp, (2)
paaq, (3) papq, (4) ppaq, (5) parq, (6) pprs, (7) pars, where the indices p,q,r
and s are all different. The above notations are used in Fig. 2.2 and correspond
to the sum of the absolute values of the electronic integrals associated to these
indices [and the ones related by symmetries in Eq. (2.32)], e.g.
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Molecule | CAS [CMO [PM [ FB | ER [ OAO | OO [ % Red.
H, (2,10) [ 101 135 | 116 | 93 103 90(@) 10.9%
LiH (4,19) || 185 177 [ 190 | 178 [ 153 | 1344 | 27.6%
H,0 (10,24) || 717 678 | 710 [ 662 | 616 | 576 | 19.7%
HLiO (12,33) || 993 787 [ 831 | 768 | 788 668 | 32.7%
H,CO (16,38) || 1792 | 1419 | 1417 | 1343 | 1327 | 1101® | 38.6%
HNCH, (16,43) || 3096 | 1813 | 1670 | 1588 | 1645 | 1240®) | 60.0%
CsHg (24,45) || 2316 1223 | 1145 | 1137 | N/A [ 995®) | 57.0%
C4Hs (30,45) || 1760 | 974 | 1054 | 1048 | N/A | 812" [ 53.9%
CsHg (38,45) || 1821 | 818 [ 801 [ 799 | N/A |698® | 61.7%
HNC3Hg (32,50) || 3796 | 1493 | 1244 | 1232 | N/A | 1085®) | 71.4%
HNCsHyo | (48,50) || 2632 | 1098 | 989 [ 1002 | N/A | 842® [ 68.0%
HNC,Hy, | (50,50) || 2610 | 751 | 705 [ 707 | N/A | 616® | 76.4%

Table 2.3: Values of \g for relatively small test molecules in the cc-pVDZ basis-set.
The active space size is indicated as (ne, N), where n. is the number of electrons in N
the number of spatial orbitals. The lowest 1-norm obtained from standard localization
schemes for each system are in bold. Superscripts (a) and (b) refer to the use of the
SLSQP and the L-BFGS-B optimizer used for in our 1-norm orbital-optimization scheme
(denoted as “O0” in the table), respectively. The rightmost column shows the percentage
of reduction obtained from the 1-norm-optimized orbitals compared to the CMOs.

parq = Z |9pgral + |9paar| + [9apral + 19apar|
pAGFT

= Z 4|gpqrql

PFEGFET

pars = Z |gpqrs| (2.33)
PAGFTFS

for the cases (5) and (7), respectively. These contributions can give us some
insight as to how the localized orbitals affect the norm of the diagonal and off-
diagonal parts of the tensor, and are represented in Fig. 2.2 for the second stable
intermediate Ruthenium complex in different orbital bases. As readily seen in
this diagram, localization schemes do not lead to a uniform reduction of the norm
of every term, but tends to maximize some of them (the pppp term), minimize
others (the pqrs term) and leaves others relatively unchanged (the ppqq term).
However, the pqrs contribution clearly dominates in the CMO basis, being more
than one-order of magnitude larger than any of the other terms. Especially the
orbital-optimizer can give an even better reduction of this term. This explains
why the localization schemes can be used to reduce the 1-norm, as reducing the
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ppPP P4dqq Ppdpq ppgqq pqrq pprs = pqrs

Figure 2.2: (Color) Sum of absolute values of different parts of the two-electron integral
tensor on a logarithmic scale (see text for further details on the notations). It shows the
second stable Ruthenium intermediate in a minimal ANO-RCC basis for an active space
of 100 electrons in 100 spatial orbitals.

pars norm by one order of magnitude (as seen in Fig. 2.2) will play a much more
important role than increasing the pppp one by the same order of magnitude.
As the magnitude of these integrals depends on the overlap densities 1, (r),(r)
and ¢, (r)ys(r), it is clear that localization will reduce the number of numerically
significant contributors. For an extended system, integrals in which p and q as
well as r and s are localized on the same atoms are expected to dominate. This
explains the observation that the pqrs norm becomes comparable to the ppqq
and pprs terms when employing localized orbitals.

2.4.3 Effect of increasing the size of the active space on )\

Let us now investigate how Ag scales with respect to the number of active
orbitals for large and complex systems. We selected test-molecules based on two
important recent papers in the field of quantum computing for quantum chemistry:
FeMoco — an iron-molybdenum complex that constitutes the active site of a MoFe
protein which plays an important role in nitrogen fixation [8] — and all the stable
intermediates and transition states of the catalytic cycle presented in Ref. 11.
This catalytic cycle describes the binding and transformations of carbon dioxide
COg, a molecule with infrared absorption properties that makes it a potent and
the most important greenhouse gas.

For the calculations to remain doable in a reasonable amount of time, the
ANO-RCC minimal basis (with scalar relativistic corrections) is used. This should
be sufficient for the current purpose of studying 1-norm reductions within an
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1-Norm A¢

—nl4 0 74 a2
Rotation angle 0

Figure 2.3: An illustration of how to decrease the 1-Norm on the formaldimine molecule:
moving from CMOs to LOs with a Jacobi rotation between occupied m-bonding and
virtual 7*-antibonding orbitals.

active space, but we note that larger basis sets will be required to reach chemical
accuracy [177]. The scaling of A\ with respect to the number of active orbitals
Nyt for different orbital bases are reported in details in Fig. 2.4. Comparing the
scaling reported in this section and the ones obtained in Sec. 2.4.1, we see that
the scaling is larger when increasing the number of active orbitals than when
increasing the number of atoms, as expected. However, the impact of localized
orbitals on the 1-norm is similar in both cases, as it reduces the scaling by almost
one order of magnitude. We also do not see any significant distinction between
the 1-norm associated to the different conventional localization schemes. The
brute-force orbital-optimizer however, gives a consistent 10-25% improvement
over the conventional localization schemes. In the largest active spaces considered
(Nact > 85) the orbital-opimization scheme can converge very slowly due to the
need of 4-index transformations at every step, combined with the non-continuous
and complicated landscape of A\g. Because of this, the user is usually forced to
cut off the optimizer at some point, or choose a high threshold of convergence. In
spite of this, we got similar good results in the largest active spaces we considered,
indicating that the optimizer is not limited to a specific active space size.

The scaling results for all large molecules are summarized in Table 2.4. The
scaling lies in the order of O(N?°) to O(N??) when using CMOs, while it lies
around O(N?) or slightly higher when using LOs. One gets a bit of a misleading
picture looking at just the scaling of the orbital-optimizer, as it has the lowest
absolute value of Ag at every point. The cause is that the cost function of the
orbital-optimizer has more local minima and is harder to converge compared to
conventional localization schemes.

For the localization schemes it is usual that the bigger the active space is, the
more Ag can be reduced compared to CMOs. This can be rationalized as follows.
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(a) (b)

10*
10*

Ao

103
108

40 60 80 100 40 60 80
Nact Nact

Figure 2.4: Scaling of Ag (in Hartree) with respect to the size of the active space for
different orbitals for (a) FeMoco and (b) the Ruthenium transition state II-III in a
minimal ANO-RCC basis. The constant term in the Hamiltonian is ignored. Assuming
polynomial scaling of A9 = O(Nxe;) we fit log Ag = alog Nact + 3 and show the plot with
log-log axes. The fitting parameters and regression coefficients are given in Table 2.4.

When the active space increases, it may involve orbitals localized on atoms which
have negligible overlap with the other orbitals. Another possibility is that the
additional orbitals may have a positive effect on the localization procedure. As
an illustration, see the example shown in Fig. 2.3 where we consider an occupied
m-bonding orbital mixing with its associated virtual m*-antibonding orbital for
the formaldimine molecule. By rotating those two orbitals via a Jacobi rotation,
we move from a maximal value of Ag for § = 0 (corresponding to the original
CMOs) to a minimal value for § = 7/4 (corresponding to the new LOs). This
way, we see that the larger is the active space the more degrees of freedom
we have to perform a better orbital localization. For the biggest active space
chosen, an active space of 100 electrons in 100 orbitals, Ag is reduced by an
order of magnitude. This illustrates the potential of using widely available and
computationally cheap classical pre-optimizations, together with our dedicated
orbital-optimizer, to reduce the cost of quantum simulations.

2.5 Conclusions

Numerically we have seen that exploiting the locality of the basis gives rise to
a lower variance in the Hamiltonian coefficients, reducing Ag. This results in
a significant reduction of the absolute values of the integrals. The off-diagonal
elements of the two-electron tensor play the biggest role here.

To find an even better basis-rotation that minimizes Ag, one can use a “brute-
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Molecule QHF | R%F apM | RI%M QFB | R%B QRER | R%R a0o | R2OO

FeMoco 283 0999 2.03 0948 | 1.94 0.958| 1.98 0.949| 1.89 0.969
Ru STI 263 0996 2.36  0.947 | 2.17 0.987| 2.25 0.976| 2.21  0.993
Ru ST II 283 0999 227 0.953 | 2.11 0.987| 2.22 0.977| 2.20 0.992
RuTSII-IIT || 2.95 0.999| 2.16 0.892 | 1.98 0.966 | 2.13 0.923| 2.12  0.995
RuSI'V 275 0998 242  0.906 | 2.13 0.980| 2.33 0.953| 2.21  0.993

Ru ST VIII 284 0999 2.22 0.863 | 2.12 0.966| 2.18 0.932| 2.19 0.990
Ru TS VIII- || 2.82 0.999| 2.23 0.865 | 2.09 0.971| 2.19 0.904| 2.19  0.988
IX
Ru ST IX 2.8 0.999] 242 0924 | 2.22 0.988| 2.34 0.966| 2.23  0.997
Ru SI (| 279 0.999| 2.31 0930 | 2.12 0.985| 2.26 0.956 | 2.24  0.993
XVIII

Table 2.4: Scaling of A with respect to the active space size Nact for different orbital
bases, assuming log A\q = alog Nact + 5 with the associated R? value. The minimal
ANO-RCC basis-set is considered.

force" orbital optimizer as we have done in this work. This method could be
realized in practice only because we have a efficient way of computing A\g directly
in terms of the molecular integrals [Eq. (2.16)], avoiding doing a fermion-to-qubit
mapping explicitly. Expressing it as Ao = Ar + A}, this improves a bit over
the equation of Ay in Ref. 76, holding into account the representation of the
Hamiltonian in terms of unique Pauli strings. The direct orbital optimizer can be
used in quite large active spaces, reliably converging for active spaces with up to
Nact =~ 80 orbitals, sometimes more. For the largest active spaces considered, it
converges very slowly due to the need of 4-index transformations at every step
which are costly because of the large dimensionality of the system, combined with
the non-continuous and complicated landscape of Ag. This gives rise to the need
to either set a high threshold of convergence or cut off the optimizer at some
point where the user is satisfied with the result. While this is problematic, there
is no a priori reason not to try this optimizer on the (potentially large) active
spaces of the molecule one is considering. This can be a point of further study.
We benchmarked a range of various molecules and active spaces for which we
showed to achieve a significant reduction of Ag. Apart from this benchmark, we
investigated the scaling of Ao with the size of the system N. There are multiple
paths one can take here to increase N. A popular way to do this in the literature
is considering either a hydrogen chain or hydrogen ring, and increase the amount
of atoms. We benchmarked the scaling of Ag for a hydrogen chain and a linear
alkane chain by increasing the number of atoms as well, where our results show
a scaling of O(N?3) and O(N??), respectively. Here we saw localized orbitals
can give approximately a factor of N lower scaling of O(N'3) and O(N4),
respectively. As this gives one limited information how big Ao will be in real
eventual applications of quantum algorithms, we decided to investigate the scaling
on relevant highly correlated molecules such as FeMoco (important in nitrogen
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fixation) and Ruthenium metal complexes (important in carbon dioxide capture).
Even though we used a minimal basis to make the scaling calculations feasible
on these molecules, there is no reason to believe Ag will scale differently with
respect to the active space size on a bigger basis-set. Here we showed that the
scaling is a factor of N larger, and with localized orbitals can be brought down to
Ao = O(N 2), depending on the molecule in consideration. Our dedicated orbital-
optimizer was able to consistently give an even further improvement of 10-25%
on these molecules. As a concrete example, consider the largest active space
considered of FeMoco: this factor of N difference would result in a reduction by
two orders of magnitude in the amount of measurements needed for tomography
[Eq. (2.11)], if one wants chemical accuracy. This indicates that the simple
and efficient classical pre-processing by widely available localization techniques,
together with our dedicated optimizer, will help to make simulations with large
active spaces feasible.

2.A Electronic integrals transformation

Preparing the electronic Hamiltonian in a given orthogonal orbital basis {¢,(r)})_,
is a crucial step for realizing concrete quantum computing applications. In practice,
such a process can be realized classically via electronic integral transformations.
For this, we assume that the orthogonal orbitals can be expressed as a linear

combination of AOs such that

&p(r) =D Xu(r)Cpup, (2.34)

where we assume that the functions x,(r) as well as the coefficient matrix C are
real-valued, as is usually done in non-relativistic quantum chemistry. Based on
our knowledge of this matrix C, one can transform the one- and two-electron
integrals from the AO basis to the orthogonal orbital basis. To do so, one starts
from the one- and two-electron integrals in the AO basis, respectively A, and
9uv~s, and implements the following two- and four-indexes transformations:

hpq = Z Py CpClq; (2.35)
N2
and
Ypqrs = Z 9pvy6CrupCuqCrrCss. (2.36)
NZ7)

From a computational point of view, the numerical cost of processing electronic
integrals is essentially governed by the four-indexes transformation. This transfor-
mation is known to scale as O(N®) (see Ref. 178), when not employing approxi-
mations such as density fitting (see Ref. 179).
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2.B Explicit form of \g in terms of molecular
integrals

To derive a formula for Ag in terms of the molecular integrals, one needs to keep
track of what happens to the coefficients in the Hamiltonian (Eq. (1.14)) after a
fermion-to-qubit transformation of the fermionic operators. This is non-trivial,
since e.g. the Jordan-Wigner transformation transforms a single arbitrary product
of fermionic operators a;aiasaq into 16 different Pauli strings, because of the
products of £5Z and ££Z. The Hamiltonian in the form of (1.14) is actually not
best suited for this derivation. Instead, it is helpful to express the Hamiltonian in
terms of Majorana operators that have the convenient property of being Hermitian
operators that square to identity:

Vo0 = Gy + aLm Vpo,1 = —1 (apa - a;,) , (2.37)

To find a representation of the Hamiltonian in terms of Majorana operators, one
could directly replace af, = 7225021 and a, = W% in the Hamiltonian, or
follow the procedure in Ref. 11. We chose the latter approach, detailed below.

It is well known that the electron repulsion integral tensor, when written as
a N? x N? matrix g(,q), (rs) With the composite indices pg and rs, is positive
semi-definite. This makes it possible to define a Cholesky decomposition g = LLT.
We write:

Gpqrs = Z Z Lf,qLﬁs (239)

£ pqrs

with L a lower triangular matrix. Since gpqrs is symmetric in p,q and in r,s,
for a given ¢, Lf)q is an N x N symmetric matrix (also called a Cholesky vector
in the Cholesky decomposition). This leads to the following expression for the
Hamiltonian:

H= Z Z hpqhoge + 5 Z Y Iparshoal acay,

pqrs oT
= E : th E :gPTT41 apo‘ qo

B . T (2.40)
+ 5 ; Z;TS ; quLrs paaqaar‘ras‘r
2
- Zh pa QU +5 Z (ZL pa qo’>
prqo pqo
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where hy,, = hpg — 23, Gprrg- Using the relation

Z +i (prU,O’Ypa,l) ) p=4q (241)

i | ape =
Ay lgo + QopOpe =
poqo a7 { 5 (e,07g0,1 + V90,0pe1) s P F# 4

one can show that

i
> Myal,a,, =Y M,T+ 3 > MpgYpo.0Vg0.1, (2.42)
p

pgo pqo

where M, can be replaced by any symmetric matrix (like Lf;q or hy,,). Employing
Eq. (2.42) in Eq. (2.40), leads to the expression of the Hamiltonian in terms of
Majorana operators:

/ i /
H= Z hppI + 9 Z hpq'Ypo,O’YqU,l
p pqo

(2.43)

. 2
+ % > <Z LT+ % > Lf;qvpgmqm) .
L P

pgo

After working out the square, and substituting back »_, qur s LfDquS = Gpgrs
we obtain

1 1
H = (Z h/pp + 5 ngprr - 5 ngrrp> T
p pr pr
+ % Z (hpq =+ ngqrr - % ngrrq> Ypo,0Yqo,1 (244)

pgo

1
_g Z 9pqrsVpe,0Yqe, 1 Vrr,0VsT,1-

pqrsoT

We now want to determine the value of A after a fermion-to-qubit mapping of
this Hamiltonian in which all products of Majorana operators should be distinct.
We use a fermion-to-qubit mapping such that single Majorana operators are
mapped to single unique Pauli strings, such as the Jordan-Wigner transformation
[55]:

Yi,0 — XiZi—l e Zo, and Yi,1 — ZiZi—l AN Zo, (245)
where we used the composite index i = po. Note this is not only true for
the Jordan-Wigner transformation, but also for for example the Bravyi-Kitaev
transformation [180]. The only thing left to do is to make sure that the sum over

4 indices used to evaluate g is indeed truly quartic. Looking at Eq. (2.44), this
is not yet the case. If po = r7 or qo = s7 the corresponding Majorana operators
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will square to identity and will reduce to quadratic and identity terms. Below we
employ the permutational symmetry of the real-valued integrals gpq-s to obtain
the most compact representation.

We first reorder the Majorana’s and distinguish between the same and opposite
Spin cases:

1
_g Z 9pqrsVpo,0Vqo, 1 Vrr,0YsT,1

pqrsoT

1
:g Z Z GpqrsVpo,0Vrr,0Yqo,1VsT,1

pqrs oT

1
:g Z Z 9pqrsVpo,0Vre,0Yqo,1Vso,1

pgrs o

1
+§ Z Z 9pqrsVpo,0Vrr,0Vqo, 1Y sT,1 (246)

pqTSs oFET

For the opposite spin case all operator products are unique and quartic, so no
further work is needed. For the same spin case it is useful to identify cases in
which two or more indices of the same type of Majorana operators are equal:

1
g Z Z 9pqrsVpo,0Vre,0Yqo,1Vs0o,1

pqrs o

1
:g Z Z 9papqVpo,0Vpo,07q0,1Vqo,1
pg o

1
+§ Z Zgpqrq’Ypa,()’Yra,O’an,1'7(10,1

p#Tq O

1
+§ Z Zgpqps’Ypa,O'Ypa,O’Yqo,1’}/50,1
q#s,p O

1
+§ Z Zgpqrs'Vpa,O’Yra,O’)/qcr,1’756,1
PFET,qFES O

1
1 Z Ipapal
pq

1
+§ Z Z gpqrs’Ypo,O'YTJ,O’YqU,l’YSU,1, (247)

PFT,qFS O

where we applied the identity relation 72 = Z and for the second term used
that integrals are symmetric in exchanging p and r while the product of Majorana
operators is antisymmetric under this exchange. This nullifies this and the third
term. The first term can be absorbed in the scalar term. For the truly quartic
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term we may make further use of permutational symmetries to get the most
compact form:

1
g Z Zgpqrs’Ypo,O’YTU,O7qa,1’ysa,1
PFT,qFS O

1
=2 2 D

p>r,s>q O
9pqrsVpo,0ro,0Vqo,1Vso,1
+9rqpsVro,0Vpo,0Vqo,1 Vso,1
+gpsrq'7po,07ra,0’)/so,17qo*,1
+grqu’7ra,07p070750,1’7(10,1)

1
:Z Z Z(gpqrs - gpsrq)’717(7,077‘0',07110,1750,1 (248)
p>r,s>q O

Combining all terms we end up with the expression:

N 1 1
H = (Z h,pp + 5 ngprr - Z Z-%WT}D) A
R
+ 5 Z (hpq + ngqrr - 5 ngrrq> Ypo,07qo,1

" (2.49)
1
+ 1 Z Z (gpqrs - gpsrq) Ypo,0Yro,0Yqo,1Vso,1
p>r,s>q O
N

1
+ g Z Z 9pqrsVpo,0Vrr,0Vqo, 1Y sT,1-

pqrs o AT

We then take the sum of absolute values of the coefficients and perform the
sums over spin in the quartic term explicitly (amounting to a factor of 2), to get
the following form of Ag:

Ag = A+ A+ )‘/Vv (2.50)

where A¢ corresponds to the constant term in Eq. (2.49), Ar to the quadratic
and Ay to the quartic term in Majorana operators. They have the form:

Ao = th’ + 5 ZgPPW’ - Z ngrrp y (251)
p pr pr
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N N 1 N
Ar = Z hpq + Z Ypgrr — 5 Z 9prrq| > (2.52)
rq T T
1 N 1 N
>\§/ - 2 Z |9pars — Gpsrql + 1 Z |9pgrs|- (2.53)
p>r,s>q pgrs

This A{, is slightly different to the Ay of Ref. 76 in calculating the X for the
"sparse” algorithm of Berry et al. [75], which should actually be the same as A\q.
This is due that we took into account the swapping of majorana operators in
Eq. (2.48). In Ref. 76, this corresponds to the term
V' = %Za,ﬁeﬁ,u Zp,qms Vpgrs@pga@rsp. It is hard to see here that the prod-
uct Qpga@rsa is anti-symmetric in swapping p,r and g, s, but it becomes clear
when one realizes that Qpga = ©Vpe,0Yq0,1, indicating the usefulness of majorana
operators. As the absolute values give that:

|9pqrs — Gpsrql < |9pgrs| + |gpsrql ¥ Diq, 7, s (2.54)

such that A\, < Ay (except when gpgrs and gpsrq always have opposite sign, in
which case they would be equal).
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CHAPTER 3

FragPT2: Multi-Fragment Wavefunction Embedding with
Perturbative Interactions

3.1 Introduction

Multi-configurational (MC) wavefunction-based methods have long been the
workhorse of ab-initio quantum chemistry, particularly for systems with low-lying
or degenerate electronic states [181, 182]. Practical MC approaches, such as
the complete active space self-consistent field (CASSCF) [27], require defining
an active space comprising a subset of the most chemically relevant orbitals.
Within this space, electron correlations are calculated exactly by a configuration
interaction (CI) wavefunction, a superposition of all electronic configurations
formed from a given set of active electrons and orbitals. The number of these
configurations scales exponentially with the size of the active space, limiting
the application of these methods to small systems. There have been substantial
efforts to expand the size of the active space: some try to restrict the number
of excitations by partitioning the active space [183-188], others involve adaptive
procedure to select the configurations with the largest weights [22, 189]. Radically
different approaches to constructing a compressed CI wavefunction include tensor-
network algorithms such as the density matrix renormalization group (DMRG)
[24], quantum monte carlo (QMC) methods [25], or various kinds of quantum
algorithms [9].

A more pragmatic approach for extending multi-configurational computations
to larger systems relies on the concepts of fragmentation and embedding [190-193].
Fragmentation exploits the inherent locality of the problem, describing a system
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as a composition of simpler subsystems. Each subsystem is then treated with a
higher level of theory. The subsystems are then recombined by embedding them
in each other’s environment at a lower level of theory. The subsystem orbitals
can be constructed in various ways, with the most prominent method being
Density Matrix Embedding Theory (DMET) [83, 84, 194, 195]. DMET constructs
fragment and bath orbitals based on the Schmidt decomposition of a trial low-
level (eg. Hartree-Fock) single-determinant wavefunction of the full system. A
high-level calculation (e.g. FCI, Coupled-Cluster [85, 196], CASSCF [197], DMRG
[85, 198, 199] or auxiliary-field QMC [200]) is then performed on the fragment
orbitals. Subsequently, the low-level wavefunction is fine-tuned self-consistently
via the introduction of a local correlation potential. Fragmentation and embedding
have also been studied in the context of DFT [201, 202]. MC wavefunction-based
methods that explicitly construct localized active spaces for each fragment include
the Active Space Decomposition method [203], cluster Mean Field (cMF) [204]
and Localized Active Space Self-Consistent Field (LASSCF) [149, 150].

While fragmentation methods have shown success in reducing the complexity in
treating localized static correlations, they typically don’t capture inter-fragment
correlations. Especially weak, dynamical, correlations between the different frag-
ments and between fragments and their environment can be crucial for obtaining
an accurate description of the full system [205]. In CAS methods, the fragment-
environment correlations can be retrieved using Multi-Reference Perturbation
Theory (MRPT) [206] methods like Complete Active Space Second-Order Pertur-
bation Theory (CASPT2) [35] and N-Electron Valence Second-Order Perturbation
Theory (NEVPT?2) [36, 37]. Some methods have been developed to also recover
inter-fragment correlations in embedding schemes either variationally [207], per-
turbatively [204, 208-210], or via a coupled-cluster approach [211]. Although
treating strong correlations between fragments remains challenging, there has
been some work in this direction [212, 213]. In the field of quantum algorithms,
a recent work proposed to treat inter-fragment entanglement with a Unitary
Coupled Cluster ansatz using the LASSCF framework [214].

In this work, we introduce and benchmark a novel active space embedding
framework, which we call FragPT2. Based on a user-defined choice of two molecular
fragments (defined as a partition of the atoms in the molecule), we employ a
top-down localization scheme that generates an orthonormal set of localized
molecular orbitals, ordered by quasi-energies and assigned to a specific fragment.
Using these localized orbitals, we define separate and orthogonal fragment active
spaces. Our orbital fragmentation scheme is straightforward, it does not require
iterative optimization, and it allows to define fragment orbitals even when the
fragments are covalently bonded; on the downside, a good choice of fragments
based on chemical intuition is crucial for the success of our method. Within each
fragment’s active space, we self-consistently find the MC ground state influenced
by the mean field of the other fragment (defined as a function of the fragment
1-particle reduced density matrix).

The factorized state obtained with our method has a similar structure to the
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wavefunction used in LASSCF and ¢cMF, as these methods also construct product
state wavefunctions of MC states defined on fragmented active spaces. The cMF
method is designed for the 1D and 2D Fermi-Hubbard model. It is based on
expressing the ground state wavefunction as a tensor product of many-body
states defined on local fragments. The fragment orbitals are then optimized
self-consistently to minimize the total energy of the considered product state.
Inter-fragment correlations are then recovered in second-order perturbation theory,
using excited fragment eigenstates as perturbing functions. On the other hand,
LASSCF exploits a modified DMET algorithm to construct fragments. Starting
from a product state, a Schmidt decomposition is used to define fragment and
bath orbitals for each fragment. Similarly to cMF, the product state and fragment
definition are then optimized self-consistently. The resulting method can be made
fully variational with respect to both CI and orbital coefficients [150]. In contrast,
in our approach, active fragment orbitals are defined in top-down fashion, starting
from a set of reference canonical molecular orbitals. Our method is variational
with respect to the considered (fragment CI) parameters, and does not require any
orbital optimization. As a trade-off for the simplicity of the method, we expect
our product wavefunction to have a higher energy than the orbital-optimized
LASSCF for the same fragment active space sizes. We instead aim to recover the
remaining inter-fragment correlations perturbatively.

To this end, our product state will be used as a starting point for MRPT to
recover inter-fragment correlations. The interactions between fragments can be
naturally classified on the basis of charge and spin symmetries imposed on the
single fragments, offering analytic insight into the nature of these correlations.
Differently from cMF, the perturbing functions are chosen on the basis of electronic
excitation operators present in the original electronic Hamiltonian, and organized
according to a partially contracted basis akin to MRPT methods like PC-NEVPT2
[36, 37]. We apply our method to challenging covalently and non-covalently bonded
fragments with moderate to strong correlation, providing qualitative estimates
of the contributions from various perturbations to the total correlation energy
within the active space.

The rest of this chapter is organized as follows: in Section 3.2 we detail our
FragPT2 algorithm for multi-reference fragment embedding. In Section 3.3, we
perform numerical tests of the method on a range of challenging chemical systems,
ranging from the non-covalently bonded but strongly correlated Ny dimer to
covalently bonded aromatic dimers and the butadiene molecule. In Section 3.4 we
present an outlook on future research directions, proposing possible improvements
for the method and an application in the field of FragPT?2 in the field of variational
quantum algorithms. Finally, in Section 3.5 we give concluding remarks.
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Figure 3.1: Example of fragmentation and definition of the fragment active
spaces. (Left) Active space selection for the entire biphenyl molecule. The CAS
treatment separates the canonical molecular orbitals (CMOs) based on their energy
ordering, obtaining a set of doubly-occupied core orbitals, a set of empty virtual orbitals,
and a set of active orbitals around Fermi energy used to describe correlations. We
illustrate the highest occupied molecular orbital. (Right) Fragment active space
selection for the left and right fragments of the biphenyl molecule. After the localization
procedure, we obtain Recanonicalized Intrinsic Localized Molecular Orbitals (RILMOs),
where the orbitals are assigned to either fragment A or B. We can still select core,
active and virtual orbitals for each fragment based on an approximate energy ordering,
obtained through the recanonicalization procedure. Here we depict the highest occupied
RILMO for the right fragment. Using our method, we can half the size of the required
active space since the multi-reference solver is applied to just one fragment at a time.
The correlations between the localized active spaces can be retrieved afterwards with
perturbation theory.

3.2 FragPT2 method

In this section, we introduce a novel method for fragmented multi-reference
calculations with perturbative corrections: FragPT2. This method works by
dividing the active space of a molecule into localized subspaces that can be
treated separately using a MC solver, as illustrated in Figure 3.1. The cost of MC
methods scales quickly with the size of the treated active space (e.g. exponentially
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in the case of FCI); splitting the system into smaller active spaces allows the
treatment of larger systems for an affordable computational cost. In this work,
we focus on the special case of two active fragments called A and B; however, our
method can be promptly generalized to the multiple fragment case as discussed
in Section 3.4.3. Our method requires the user to define the molecular fragments
as an input. The choice of fragmentation should be based on chemical intuition,
aiming at minimizing inter-fragment correlations; a good choice is crucial to
the success of the method. Our method allows to recover some inter-fragment
correlations, allowing fragmentations that break a covalent bond (like the one
shown in Figure 3.1 for biphenyl), i.e. where two atoms on either side of a
covalent bond are assigned to different fragments. The number of bonds broken
in fragmentation should, however, be kept to a minimum.

First, in Sec 3.2.1 we introduce the construction of the localized orbitals
and the definition of the fragment active spaces. In Section 3.2.2 we define
fragment Hamiltonians by embedding each fragment in the mean field of the
other. Applying separate MC solvers to each fragment Hamiltonian, we show
how to obtain a fragment product state |¥) which will be the reference state for
subsequent perturbative expansions. Finally, in Section 3.2.3 we decompose the
full Hamiltonian into a sum of the solved fragment Hamiltonians and a number of
inter-fragment interaction terms. We classify these terms on the basis of fragment
symmetries and describe a method to treat them in second-order perturbation
theory.

3.2.1 Construction of re-canonicalized intrinsic localized
molecular orbitals

In order to define the fragment subspaces, we follow the top-down procedure
introduced in references 169 and 215, based on localizing pre-computed molecular
orbitals. First, we calculate a set of canonical molecular orbitals (CMOs) for the
whole system (other choices for molecular orbitals are discussed in Section 3.5).
Distinct Hartree-Fock calculations are also run on each fragment, capped if
necessary to saturate bonds severed in the fragmentation. We then choose a
valence space, removing a set of hard-core and hard-virtual orbitals far from
Fermi energy in both the supermolecular and the fragment calculations. The
remaining valence fragment orbitals define the target localized active spaces and
are called reference fragment orbitals (RFOs). These RFOs are non-orthogonal
and only serve to depolarize the valence CMOs, providing an orthonormal set
of intrinsic fragment orbitals (IFOs) of the same dimension as the RFO basis.
These IFOs are expressed in the CMO basis and could already be assigned to
a particular fragment. They do however mix occupied and virtual spaces and
we therefore merely use them to define the localization function in Pipek-Mezey
localization [155] of the CMOs. After recanonicalization (block-diagonalizing the
Fock matrix within each fragment), we obtain a set of Recanonicalized Intrinsic
Localized Molecular Orbitals (RILMOs), partitioned in fragment subspaces, that
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together span exactly the occupied space of the original CMOs [169] plus the
chemically relevant valence virtual space. The active spaces for each fragment are
illustrated in Figure 3.1.

In this work we also consider covalently bonded fragments, where there is an
ambiguity in assigning one occupied orbital representing the inter-fragment bond to
either fragment. The same ambiguity holds for one unoccupied antibonding orbital,
which can also be assigned to either fragment. To eliminate this arbitrariness,
we introduce a bias so that any such (anti-)bond is always assigned to the first
fragment. This enables us to define a natural fragmentation for covalently bonded
dimer molecules. As noted already above, in order to generate the required IFO
basis for this calculation, we need to deal with “dangling” bonds that are severed
in the fragmentation process. For each fragment we simply saturate these by
adding a hydrogen atom to the fragment. The thus produced fragment orbitals
are well suited as RFOs, but do yield one additional orbital in the span of the
RFOs and TFOs. Accepting this feature, the ROSE code reported in reference 169
could be used without modification. In a forthcoming paper, we plan to discuss
the localization of higher lying virtuals for which the RILMO generation does
need to be modified (see also reference 215 for non-covalently bonded subsystems)
by removing the capping basis from the RFO space. For the covalently bonded
dimer systems tested in this work, the unmodified RILMO generation could be
used with only a bias in the selection procedure to assign both the bond and the
antibond to the same fragment.

3.2.2 Fragment embedding

The total Hamiltonian in the combined active space spanned by both fragments
is given by

1
H= Z thEPq + § Z 9pqrsCpqrs, (31)

pgeEAUB pgqrs€ AUB

where we use the spin-adapted excitation operators of Eq. (1.12)-(1.13). This
Hamiltonian includes all interactions of all active orbitals. Our embedding scheme
aims at decomposing this Hamiltonian as H = H® + H’, where H? includes intra-
fragment terms and a mean-field inter-fragment term, and can be solved exactly
with separate in-fragment MC solvers. The residual inter-fragment interactions
H' are treated separately with perturbation theory, as described in Section 3.2.3.
To facilitate the use of separate MC solvers for each fragment, we constrain the
wavefunction of the total system to be a product state over the two fragments,

[W%) = |Wa)[¥E), (3-2)

where |¥ x) is a many-body wavefunction in the active space of fragment X, similar
in spirit to cMF and LASSCF. We further restrict each fragment wavefunction
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| x) to have fixed, integer charge and spin. Note that the conservation of spin
and charge on each fragment is not a symmetry of the subsystem; however, this
assumption is crucial to construct separate efficient MC solvers. Inter-fragment
charge transfer and spin exchange processes are later treated in perturbation
theory.

Under these constraints, we can simplify the expression of H by removing all
the terms that do not respect charge and spin conservation on each fragment
separately (as their expectation value of }\I/0> would anyway be zero). The
remaining Hamiltonian can be then decomposed as H4 + Hp + Hap, with terms

1
Hx = Z hpgEpq + 5 Z 9pqrsCpqrs (3.3)
pgeX pqrs€X

(with X € {A, B}), that only act non-trivially on a single fragment, and a term

HAB - Z Z g;qrsquErs (34)

pgeEArseB

(where g]’gq,,S = Gpgrs — % gpsrq), that includes interactions preserving local spin
and charge. The term H 4p still introduces inter-fragment correlations; one way
to make the fragments completely independent would be to also treat this term
perturbatively (this is the choice made in SAPT [208]). However, including an
effective mean-field interaction (originating from H 4p) in the non-perturbative
solution improves the quality of our |\IIO>.

To construct the effective Hamiltonian H$ for each fragment we use a mean-
field decoupling approach. We write the excitation operator as its mean added to
a variation upon the mean: E,; = (Epq) +0Ep,. The mean is just the one-particle
reduced density matrix (1-RDM) of one of the fragments, v, = (¥x|Epq|¥x).
By substituting in Eq. (3.4) we obtain

S Ghars [Epa¥E 4 v Ere — viu v + 0Epg0Ers)] . (3.5)
pqEATrseB

The term 0EpqdE,s will necessarily have zero expectation value on the product
state Eq. (3.2), as (¥ x|0Epq|¥x) = 0. Removing this term (which we will later
treat perturbatively) we obtain the mean-field interaction

A A
Hmf = Z Z g}’)q'r's [quVE +’quE7'S - rqu’YTB;] . (36)
pgEArseB

We can finally define H as
H = Hp+ Hp + Hy, (3.7)

where all terms are operators with support on only a single fragment, thus the
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Algorithm 3.1: Fragment embedding

Input: Active space integrals h,q, gpgrs- Fragment-partitioned sets of
orbitals: occupied (Oa,Og), and virtual (Va, Vi) subspaces.
Convergence threshold 7.

Output: Optimal product state |¥%) = |0 4) |¥p)

Start from a Hartree-Fock state: 751 — 26,4 for p,q € Op;
AE, E° «+ oo;

while AFE > 7 do

W), BT < ground state of HS! of Eq. (3.9) ;
Yoy < (CalEpg|Wa), p,q € A

|Up), B « ground state of H of Eq. (3.10);
e (UB|Ens|¥s), p.q € B;

Emf — ZPQEA ZTsEB g;;)qT'G’Y]?qu'r‘Bisv

AE « E° — (B + Ef' — Eng);

| E° « (ES" + ESff — Ey)

return |U%) = |0 ,4) |Up)

© 0 N O ok~ W N -

fury
o

=
[

ground state |\I/0> of H? is a product state of the form Eq. (3.2). All the terms
we removed from H to construct H° have zero expectation value on ‘\I'O>, thus it
is the lowest energy product state that respects the on-fragment symmetries.

To find |¥°) we minimize Ey = (H®) by self-consistently solving separate
ground state problems on each fragment. Consider the decomposition

Ey=FEs+ Ep+ Emf, (38)

where Ex = (Ux|Hx|Vx) can be evaluated on a single fragment X and E,,; =
que A rseB gz/;qrs%ﬁﬂi is the mean-field inter-fragment coupling depending on
the fragment 1-RDMs. To find |¥ 4) and |¥ ), we iteratively solve for the ground
state of the following coupled Hamiltonians:

H = Ha+ > N ghoraBoi (3.9)
pgeArseB

Hf' =Hp+ Y Y Grars Vg Erss (3.10)
pgeEArseB

thus minimizing all the terms Eq. (3.8). We outline the whole procedure in
Algorithm 3.1. Note that this algorithm can be readily generalized to other MC
solvers within the fragment that provide access to the state RDMs (e.g. the
variational quantum eigensolver, discussed in Sec. 3.4.2).
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3.2.3 Multi-reference perturbation theory

While the |\I!0> retrieved from Algorithm 3.1 is a solid starting point, it neglects
the correlations between the fragments. If the fragments are sufficiently separated,
we expect these correlations to be minimal and recoverable by perturbation theory.
We propose using second-order perturbation theory to retrieve the correlation
energy of these interactions. The inter-fragment interaction terms can be classified
in four categories, based on whether they conserve charge and/or total spin on
each fragment: dispersion H, ('hsp (which conserves both charge and spin of the
fragments), single-charge transfer Hj - and double-charge transfer H)~r (that
conserve charge nor spin), and triplet-triplet coupling H/.- (that conserves charge
but not local spin). Thus, the complete decomposition of the Hamiltonian reads:

H:HO+Hcllisp+H{CT+HéCT+H"/[‘T' (3.11)

The definition of these terms is given in Table 3.1 and their derivation is reported
in Appendix 3.A. We will treat the different perturbations in Eq. (3.11) one at a
time. First notice that for every perturbation in Eq. (3.11), the first order energy
correction is zero: E' = (U°|H'|W%) = 0. We will focus solely on the second
order correction to the energy.

To proceed, we need to choose a basis of perturbing functions {|¥,)} used to
define the first-order correction to the wavefunction

(W) = Culty). (3.12)

For the exact second order perturbation energy, we should consider all Slater
determinants that can be obtained by applying the terms within H to the set of
reference determinants. While this full space of perturbing functions is smaller than
the complete eigenbasis of H, it is still unpractically large, and approximations
need to be introduced. To choose a compact and expressive basis, we look at
the perturbation under consideration. Every perturbative Hamiltonian can be
expanded in a linear combination of two-body operators:

H =>"% 9,00 (3.13)

neEAveEB

where Off is either identity or a product of Fermionic operators on fragment X
and g, are combinations of one- and two-electron integrals. Their explicit form
can be found in appendix 3.B.

Consider the following (non-orthogonal) basis:
0,,) = 0;}0F |2°). (3.14)

This partially-contracted basis is a natural choice for compactly representing the
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Perturbation Fragment matrix element
Hcliisp = Z Z g;;qrs (qu - 7113]) <\I]X|Elk?H§(HEtu‘\IIX>
pgeEArseB
(Ers - 759)
H{CT = Z Z [hpq - Z Gprra | Epq <\I’X|amElkH§(HEtuaI;|\I’X>
pEAGED reA (Ux|al B HSE Brya,| W x)
1 9) o] (W) pPise 8
pEB qEA reB
+ Z Z gpqrsqu [Ers + Esr]
pqreA seB
+ Z Z gpqrsqu [ET'S + Esr]
pqreEB s€A
1
Haer =5 S GparsEpgBrs (Ux|amarHS afal | x)
el (Ux|afal H ara, |V x)
+ 5 Z Z gpqrsquErs
preB gseA
1,0 1,0
Hpp=— Z Z Ipsratpq,rs <\I]X|Tl(k )H)e(HTt(u )|\I’X>
Ars , e y—
pasArees (x| Ty HSE T, Y )

1,—-1) r7e 1,1
(Ux |7V HET Y W)

Table 3.1: Summary of the perturbations and the cost of PT2. The left column
reports the different inter-fragment perturbations, while the right column reports the
form of the matrix elements of H® required to compute each perturbation; estimating
these matrix elements on the fragment state is the most expensive part of FragPT2. If
done naively, by writing out the full fragment Hamiltonians as a contraction between
integrals, this could require estimating 4-RDMs for the Hy,, Hyor and Hrpp, and
5-RDMs for Hiqr.

wavefunctions that interact with |¥°) through the perturbations in H’ [36].

Following the choice of perturbing functions, we estimate the matrix elements
<\IIW|H0|\I/,{)\> in this basis. The overlap (¥, |¥.x) must also be computed in
order to be able to contract with the g, to yield <\IIO|H’|\I/W>. To obtain the
coeflicients C),,, that define the first-order correction to the wavefunction, we solve
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the following linear equations:

D (W |HY = EO|Wex) Coon + (W, | H'[0°) = 0. (3.15)
KA
Then the second-order correction to the energy is given by:
E? = (UO|H'|W") =) " (U°|H'|¥,,) C. (3.16)
ny

The total second-order PT correction can be expressed as the sum of the different
perturbations:

E2 - Ecglisp + E12CT + E;CT + E%T (317)

The procedure is summarized in Algorithm 3.2.

Algorithm 3.2: FragPT2

Input: Active space integrals and orbital partitioning as in Algorithm 3.1.
Zeroth-order product state |U0) = [0 4) [V p).
Output: Second-order perturbative corrections: Eﬁisp, Eior, E3or and
Efp

1 for H' € {Hjy,,, Hior, Hoor, Hrp} do

2 Choose perturbing functions as in Eq. (3.14);
3 Compute matrix elements <‘11HV|HO|\IINA>;

4 Compute matrix elements <\IJW|H”\I/O>;

5 C\w < solution of Eq. (3.15);

6 | E*< X, (Y|H|V,,)CL

2 2 2 2
7 return EY,_ ., Eicr, Eyop and Eqp

Computing the matrix elements <\I!W|H 0|\Il,.i>\> is the most expensive part
of our algorithm. The tensor product form of the zeroth-order wavefunction
significantly reduces the algorithm’s cost by allowing the matrices to factorize in
the expectation values of operators on the different fragments, that in turn can
be expressed as combinations of fragment RDMs. We outline the idea here, and
refer the reader to Appendix 3.B for the formal derivation for every perturbation:
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(U, |HO|W\) = (3.18)
<WA‘03TH;HO;;‘ \I/A> <\1/B‘05To§‘x113>
\I/A> <@B]offﬂgﬁof‘q/3>

Ua) <¢B’05Tof’w3>.

+(waloptos

+FEons <\IJA‘O£TO£

If there are N4Np two-body terms in Eq. (3.13), the number of matrix elements
that one needs to estimate on each fragment is %N ANB(NaoNg + 1). However, if
the amount of matrix elements becomes too expensive, it is possible to alleviate
the cost without sacrificing much accuracy, for example by using a more compact
basis of perturbing functions. For a discussion of further reductions of the cost,
see Section 3.4.1.

3.3 Numerical demonstration

In this section we demonstrate our method by applying it to a range of molecular
systems that are well-suited targets for bipartite fragmentation. We have chosen
three sets of systems. The first system consists of two Ny molecules at a distance
of 2.0A, with a (close to equilibrium) bond length of 1.2A. In contrast to the other
structures, we do not need to cut through a covalent bond and can treat each
molecule as a separate fragment. We examine the results of our method while
stretching the nitrogen bond in one of the fragments; this is known to rapidly
increase static correlation in this system and thus is a good benchmark for the
multi-reference method. The second type of systems we consider comprises a set
of aromatic dimers, where two aromatic rings of different kinds are connected by
a single covalent bond. Cutting through this bond, we investigate the correlation
energies of the dimers with respect to the dihedral angle of the ring alignment.
These systems exhibit strong correlation whenever the rings are in the same plane
and low correlation when the rings are perpendicular to each other: they are
thereby suitable to benchmark both regimes. The final system is butadiene, as the
simplest example of the class of polyene molecules that are much studied as 1-D
model systems [216, 217] as well as for their importance in various applications [218-
220]. Here we cut through the single covalent bond between the middle carbons
and investigate the correlation energy with respect to the stretching of the double
bonds in a single fragment. This system, albeit slightly artificial, is intriguing
due to the significant static correlation within the fragments induced by the
dissociating bonds, coupled with substantial dynamic inter-fragment correlation.
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3.3.1 Numerical simulation details

We construct the localized orbitals using a localization scheme implemented in
the ROSE code [221]. The FragPT2 method is implemented completely inside the
quantum chemical open-source software package PySCF [222]. Algorithm 3.1 uses
the FCI solver of the program to get the optimal product state of the fragments.
The matrix elements in Eq. (3.18) by exploiting the software capabilities to
manipulate Cl-vectors and estimate higher order RDMs. Finally we implemented
Algorithm 3.2 that solves Eq. (3.15) and (3.16) for every perturbation in Eq. (3.11).
To assess the accuracy of our algorithm, we compare the fragment embedding
energy E° (from Algorithm 3.1), the FragPT2 energy E° + E? including the
perturbative correction (from Algorithm (3.16)), and the exact ground state
energy B of the Hamiltonian in Eq. (3.1) (calculated with CASCI in an a
full-molecule active space of dobule size). The Ny dimer and aromatic dimer
calculations are done in a cc-pVDZ basis set, while butadiene is treated in a 6-31G
basis.

3.3.2 N5 dimer

As an initial test system, we consider a dimer of nitrogen molecules, i.e. No—No.
To increase the static correlation within the fragment, we dissociate one of the
nitrogen molecules. This bond breaking is modeled using three occupied and
three virtual localized orbitals in the active space, representing the ¢ bond and
the two 7 bonds. This results in an active space of six electrons in six orbitals for
each fragment. The results in Figure 3.2 clearly demonstrate the failure of the
Hartree-Fock method due to the high degree of correlation within the fragment.
Our multi-reference solver within the localized active spaces successfully addresses
this issue, with E° providing a good description of the ground state. There is
some minor inter-fragment correlation, and our perturbative correction brings us
closer to the exact solution.

Our data further shows that the perturbative correction arises mainly from
the single-charge transfer contribution. Notably, the double-charge transfer and
triplet-triplet coupling are zero everywhere. Additionally, we find that for stretched
bond lengths, the dispersion interaction between the fragments is minimal. The
ability to identify the character of the relevant interactions between fragments is
a further advantage of our method.

3.3.3 Aromatic dimers

Here we focus on aromatic dimers, i.e. molecules with two aromatic rings that
are attached by a single covalent bond. The simplest such system considered is
two phenyl rings, known as biphenyl, shown in Figure 3.1. As the biphenyl case
is highly symmetric, other similar molecules can be generated by substituting
various ligands for one of the hydrogen atoms, or a nitrogen for a carbon in
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Figure 3.2: Potential energy curve for the N2 dimer. The upper panel shows a
comparison of the curves obtained through Hartree-Fock (E™F), fragment embedding
(E®), FragPT2 (E° + E?), and full-molecule CASCI (exact). The fragment active spaces
each comprise six electrons in six spatial orbitals, corresponding to the triple bonding
and anti-bonding orbitals. In contrast to Hartree-Fock, the fragment embedding energy
E° captures the correct behaviour of the system, while E? gives an additional, small
correction in the direction of the exact solution. The bottom panel reports the deviation
w.r.t. the exact result over the potential energy curve, where we sequentially add the
different perturbative corrections described in Table 3.1. We first add the dispersion
correction Egisp (red line) and then the single-charge transfer contribution Efor (blue
line), showing the other contributions are zero by plotting the full FragPT2 energy
E° + E? (orange dots).

the phenyl rings. In this manner, we generate a comprehensive benchmark on a
variety of systems. Our set of examples is motivated from the different classes of
biaryl systems studied by Sanfeliciano et al. in the context of drug design [223].

IThe considered molecules are: (a) biphenyl (b) 2-cyanobiphenyl (c) 2-(2-
methoxyphenyl)pyridine (d) 2-(4-cyanophenyl)pyridine (e) 4-methoxybiphenyl (f)
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Figure 3.3: Potential energy curves for the set of aromatic dimers'. The
orbitals are localized on the fragments naturally defined by the two aromatic rings
(including the respective ligands). We select an active space of six electrons in six
orbitals on each fragment that comprise the conjugated m — 7™ system (with some
exceptions, see Section 3.3.3). This is small enough to verify our method against an
exact calculation with twelve electrons in twelve orbitals. The blue line presents the
fragment embedding energy E°. The orange line includes the second-order perturbation
energy for all considered perturbations, representing the FragPT2 energy E° + E2. The
black line reports the exact calculation E®*t,

To construct the fragment active spaces, we consider the conjugated m —
7* system on each ring, typically resulting in six electrons distributed across
six orbitals for each fragment. There are a few exceptions to this rule. For
pyrrole rings, the relevant aromatic orbitals comprise six electrons in five orbitals.

2-phenylpyrimidine (g) 3-phenylpyridine (h) 2-(2-trifluoromethylphenyl)pyridine (i)
2-methoxybiphenyl (j) 2-(2-cyanophenyl)pyridine (k) 2-(4-methoxyphenyl)pyridine (1)
4-phenylpyridine (m)4-cyanobiphenyl (n) 2-phenylpyridine (o) N-phenylpyrrole.
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Furthermore, for rings that include a CN or OCHj substituent [i.e. (¢-f), (i-k)
and (m) in Figure 3.3], there is a low-lying 7 orbital and high-lying 7* orbital
that mix with a p orbital of the substituent. These orbitals are excluded from
the active space of these fragments, reducing the active space to four electrons in
four orbitals. This only provides additional insight into the performance of our
method with asymmetric active space sizes in the fragments.

For each dimer, we vary the dihedral angle ¢ of the two planes spanned by the
rings, thus rotating over the covalent bond. This gives a potential energy curve
with a high variance of correlation energy: if the rings are perpendicular, the
aromatic systems are localized and the correlation between the fragments is low.
Instead, if the rings are aligned, we expect to see a high amount of correlation
between the fragments, and thus a breakdown of the description of E°. The
results of our method compared to the exact energies are given in Figure 3.3.

_._EO

0.004
— EO + Egisp

—— £+ E(Qiisp + Eicr
E° + E?

0.003

Mean absolute deviation (Ha)

0.002
0.001
0.000 e ,
0 90 180
o)

Figure 3.4: Average errors for the aromatic dimer set. Mean Absolute Deviation
in total energy with respect to the exact result for the complete set of aromatic dimers
shown in Figure 3.3, where we vary the dihedral angle ¢ of the two aromatic rings. We
show the result of sequentially adding the different perturbative corrections described in
Tab. 3.1. The top curve represents the error of fragment embedding energy E°. To this,
we first add the dispersion correction Eﬁisp, which is giving a constant shift along the
dihedral angle. Then, the (single) charge transfer correction Eiop crucially corrects for
the behaviour where the rings are aligned. Finally, we add the double-charge transfer
term Eaqr and triplet-triplet term E3p together, recovering the final FragPT2 energy
E° 4+ E?. These last terms contribute an additional small shift to the aligned rings
configuration.

Our data shows that, for each of the molecules and values of ¢, E° recovers at
least 93% of the correlation energy (with an average of 97%). While this is high in
absolute terms, the shape of the potential energy curves for these models can be
qualitatively wrong. As expected, a product state is not a good approximation if
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the rings are aligned, as the aromatic system will be delocalized over the molecule.
This causes the interactions between the fragments to play a more significant
role. The product state is on the other hand a good approximation when the
rings are perpendicular, there pushing E° to 99% of the correlation energy. This
causes an imbalance between the two configurations and calls for the need to
treat the interactions. When we compute the second-order perturbation energy
E?, it is shown in Figure 3.3 that sometimes E° finds a different minimum than
the exact state. In these cases especially, the perturbative corrections need to
be calculated to give a more correct shape of the potential energy curve. In
Figure 3.4, one can see that the division of the perturbation energies can be
very constructive in determining the important contributions of the system in
question. In case of aromatic dimers, two interactions are important: dispersion
and single-charge transfer. While the former takes care of a constant shift over the
dihedral angles, the latter is much larger when the aromatic rings are aligned, thus
crucial in retrieving the right behaviour of PES. The double-charge transfer and
triplet-triplet spin exchange terms are not important in these class of molecules.

3.3.4 Butadiene

Butadiene (C4Hg) is the final test system that we consider. We define the two
fragments by cutting through the middle bond of the molecule. We study the
energy of the system while stretch the double bond onto dissociation inside one
of the fragments, thereby testing our method to increasing amounts of static
correlation inside the fragment. Dissociating the bond additionally causes the
leftover molecule to be a radical, thus increasing significantly the strength of the
interaction between the fragments.

We define the active spaces by taking the 7 — 7* and o — ¢* system of the
double bonds of both fragments. This results in an active space of four electrons
in four orbitals for each fragment.

The potential energy curves are shown in the upper panel of Figure 3.5. It
can be clearly seen that the multi-reference product state is a correct description
at the equilibrium geometry, but its performance is somewhere in between the
Hartree-Fock and the exact solution at dissociation. To improve on it, we clearly
need the perturbative corrections.

If we analyze the contributions to the perturbative correction plotted in the
lower panel of Figure 3.5, we see that Hj.y interaction is the most important
(contributing around 80 ~ 88% to E?). Notably, in this system the H/p con-
tribution is large as well (contributing around 8 ~ 12% to E?). This is in line
with chemical intuition, as this system has low-lying triplet states [224]; a singlet-
coupled double triplet excitation may therefore contribute significantly to the
ground state wave function. Again, the ability to separately analyze the different
classes of inter-fragment interactions is useful here, as it allows to consider the
correlation in polyenes in terms of products of local excitations.
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Figure 3.5: Potential energy curves of butadiene. The fragments are chosen by
cutting through the middle bond and subsequently stretching the double bond of one of
the fragments, as illustrated in the inset. The curves are color coded like in Figure 3.2,
and show that both intra-fragment and inter-fragment correlations are important to
recover the correct behaviour. In particular, inter-fragment correlations are explained by
the vicinity of the two fragments and by the radical that is left over after dissociation of
the stretched bond. In the lower panel, we show once more the result of sequentially
adding the different perturbative corrections described in Table 3.1. We first add the
single-charge transfer contribution EZqp (blue line) and then the triplet-triplet coupling
FEZ.+ (purple line), showing the other contributions are zero by plotting the full FragPT2
energy E° + E? (orange dots).

3.4 Outlook

3.4.1 Computational efficiency

In order to estimate the perturbative corrections in Table 3.1 we have to construct
high-order k-RDMs for all £ < 5. These RDMs are tensors with up to 10 indices:
constructing and storing them explicitly is computationally expensive. Several

78



3.4 Outlook

methods to evaluate and store high order RDMs in a compressed form have been
proposed in the context of e.g. NEVPT2 theory [225, 226]. Resolution of identity
(RI) [227], cumulant expansions [228], tensor contraction with integrals [229, 230]
are some of the ways to circumvent this bottleneck. Future resesarch should
cosider how these methods can be applied in the specific case of FragPT?2.

To further improve the efficiency of FragPT2, we can consider modifications to
the part our algorithm that calculates the perturbative corrections. For example,
to circumvent the need to calculate all the different elements of the RDMs, we
can compress the basis of perturbing functions in Eq. (3.14). One option is
to set the coefficients C), of Eq. (3.12) by the integrals of the perturbation H’
under consideration. This gives a single (unnormalized) perturbing function
‘\I/1> =H' ‘\IIO>, known in literature as a strongly contracted basis. This strongly
contracted form has been applied with some success in the context of NEVPT2 [36].
The bottleneck of the algorithm then becomes estimating higher order powers of
the Hamiltonian and the perturbations on |\IIO>, effectively equivalent to the first
order of a moment expansion [36, 231]. Another possible approach to reducing
the cost of computing perturbations relies on stochastic formulations of MRPT,
which have also been studied in the context of strongly-contracted NEVPT?2
[232—234]. In these approaches, the necessary quantities were determined in a
quantum Monte-Carlo (QMC) framework.

3.4.2 Integration with quantum algorithms

In this manuscript, we focused on solving the single fragments with FCI, but our
framework is compatible with any method that can recover RDMs of fragment
wavefunctions. Quantum algorithms have emerged as promising tools for tackling
classically-hard electronic structure problems, but they come with specific limita-
tions distinct from those of classical algorithms. Fragmentation and embedding
techniques are critical for defining tasks suited to quantum algorithms, enabling
a focus on strongly-correlated active sites while reducing problem sizes. Recent
studies have explored integrating quantum algorithms into embedding schemes,
including SAPT (for both near-term variational [235, 236] and fault-tolerant [237]
approaches) and LASSCF [214, 238]. In this context, we discuss integrating
FragPT?2 with the variational quantum eigensolver (VQE) [54, 91].

The VQE prescribes to prepare on a quantum device an ansatz state |¥(0)), as
a function of a set of classical parameters @ which are then optimized to minimize
the state energy F(0) = (¥(0)| H|¥(0)). Having access to a quantum device
allows to produce states which can be hard to represent on a classical computer,
enabling the implementation of ansétze such as unitary coupled cluster [54, 239]
and other heuristic constructions [64, 92, 240]; however, sampling the energy and
other properties from the quantum state incurs a large sampling cost, which is
worsened by the required optimization overhead.

Integrating FragPT2 with the VQE is straightforward. For each fragment X,
a separate parameterized wavefunction |Ux (0x)) is represented, reconstructing
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an ansatz |U4(04))|Va(0p)) for the product state Eq. (3.2). As no quantum
correlation is needed, multiple wavefunctions can be prepared in parallel in
separate quantum devices, or even serially on the same device; this can allow to
treat larger chemical systems with limited-size quantum devices. We can find the
lowest-energy product state directly by minimizing the expectation value of the
Hamiltonian

E(04,0p) = (Ya(04)|(Vp(0)| H|VA(04)) |¥Y5(0p)) - (3.19)

this energy can be estimated by measuring the one- and two-body reduced density
matrices separately on each fragment. As shown in Section 3.2.2, the minimum
energy product state matches the solution of the mean field embedding.

Integrating VQE with fragmentation techniques can help describe binding
energies, proposed in literature with a method based on symmetry adapted
perturbation theory and termed SAPT(VQE) [235, 236]. SAPT(VQE) addresses
the same terms as Algorithm 3.1, but uses a perturbative expansion instead
of mean-field coupling for terms dependent on fragment 1- and 2-RDMs. It
employs two non-orthogonal orbital sets for the fragments, limiting this method
to non-covalently bonded fragments. Inspired by SAPT(VQE), Algorithm 3.1
could be adapted to measure interaction energies. A thorough comparison of the
two methods and studying their dependence on molecular orbitals and atomic
basis set is a promising area for future work. SAPT has also recently been
applied to fault-tolerant quantum algorithms, overcoming some of the limitations
of near-term devices [237].

As per Algorithm 3.2, to recover the perturbative corrections accounting for
inter-fragment interactions we need to extract higher-order reduced density ma-
trices from each fragment’s wavefunction. Perturbation theory for the variational
quantum eigensolver has been studied in the context of recovering dynamical
correlations [241, 242]. Using measurement optimization techniques from [61, 117],
estimating all the elements of the k-RDMs on a fragment active space of N or-
bitals to a precision € requires O(¢"2N*) samples. In practice this makes naively
estimating the perturbative corrections very costly, especially for the single-charge
transfer terms Hj - that require 5-RDMs (see Table 3.1). An interesting direction
for future research might consider using shadow tomography and its fermionic
extension [243, 244] to estimate RDMs to all orders at the same time.

3.4.3 Further extensions

Extension to multiple fragments — This chapter focused on the case of two active
fragments. However, it is relatively straightforwardly applied to more. The
lowest energy product state can be retrieved by trivially extending the algorithm,
looping through the fragments and solving exactly the active fragment feeling the
mean-field of the inactive fragments, until reaching convergence. Subsequently, we
can treat the inter-fragment interactions that can span four fragments at a time
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at most (as the Hamiltonian is a two-body operator), which is a coupled charge
transfer excitation. While the perturbing functions then have to be extended
to these types of excitations, the matrix elements that one has to estimate will
factorize in the same way, and the algorithm will not be more costly than for two
fragments (i.e. no higher order RDMs will have to be estimated). Working out
the exact expressions and implementing a truly many-fragment algorithm is part
of future work.

Localized orbitals beyond Hartree-Fock — The Hartree-Fock determinant is
known to be an unstable reference in dissociating systems and other highly-
correlated molecules [21, 245]. To generate the input orbitals, one might want to
change from a cheap mean-field method to a slightly more expensive CASSCF
calculation with a small active space. As the localization scheme can handle any
input orbitals, our method can be trivially adapted to a better choice of reference
orbitals that already takes into account some correlation. Additionally, one
can include intra-fragment orbital-optimization during the fragment embedding
(Algorithm 3.1). A simple approach would involve using a CASSCF solver on the
individual fragments, with orbital rotations constrained to each fragment to keep
the fragments separated. This could enhance the method’s accuracy and provide
a better starting point for perturbation theory. In this spirit, a version LASSCF
[149] or vLASSCEF [150] could be recovered as an extension of our method where
orbital rotations between fragment active spaces are also allowed and optimized
self-consistently.

NEVPT2-like perturbations — So far we have treated the interactions only
inside the complete active space, i.e. our H from Eq. (3.1) involves indices within
either active fragment. To retrieve more of the dynamical correlation energy,
the core idea of NEVPT2 is to include excitations involving also the inactive
orbitals in a perturbative way. We can build on top of our previous approach by
including additional perturbations and perturbing functions. Correspondingly, we
can augment our Hamiltonian from Eq. (3.1) as,

H = HO + HC’LCt + H;nact (320)

where H,, ., consists of the various classes of perturbations involving excitations
from the core to the active space, the active space to the virtual space and the
core to the active space. For the form of these perturbations, see reference 36. It is
straightforward to extend the methods from NEVPT2 to the case of multiple active
fragments, and again the matrix elements will factorize on different fragments in
the same way, relieving the need to estimate additional matrix elements on the
multi-reference fragment solvers.
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3.5 Conclusion

In this work, we introduced a novel multi-reference multi-fragment embedding
framework called FragPT2. We showed that our method gives accurate results for a
reduced cost in active space size, especially when the fragments are well-separated.
Our comprehensive numerical benchmarks on a variety of molecules show that: 1.
Intra-fragment static correlation can be retrieved by an MC product state ansatz
(E®) 2. Inter-fragment correlation can be treated as a perturbative correction (E?)
3. A combination of these is needed to recover the correct shape of the potential
energy curve. Using a decomposition of the Hamiltonian based on fragment
symmetries, we can distinguish the contributions to the inter-fragment correlation
in E?, providing insight into important interactions within the studied systems.
Furthermore, our adapted localization scheme allows to define molecular fragments
that cut through covalent bonds. In this case, perturbative corrections describing
inter-fragment charge transfer (and, to a lesser extent, triplet-triplet spin exchange)
are crucial for accurately describing the system. Future research directions include
improving the efficiency of high-order RDM estimation, integrating FragPT2 with
variational quantum algorithms, and extensions to multiple fragments for broader
applicability.

Our multi-reference embedding scheme could find broad applications, for in-
stance in understanding the spatial dependence of the correlation energy in
m-stacked systems and other biochemically important systems [246], modelling
supramolecular complex formation [247] in metal ion separation, or in analyzing
metallophylic interactions [248-250].

3.A Hamiltonian decomposition

In this appendix, we give a detailed derivation of the terms in the decomposition
Eq. (3.11) of the full active-space molecular Hamiltonian.

We start from the full Hamiltonian Eq. (3.1), and we rewrite the quartic
excitation operators epqrs = EpgFrs — 0grEps in terms of the quadratic Epg,
obtaining

1 1
H = Z hpgEpg — D) Z ngrrquq + B Z Ipars EpgErs. (3.21)
pqg T

Pq pgrs

We will separately deal with the terms that conserve charge on each fragment
(in Appendix 3.A.1) and those that transfer charge between fragments (in Ap-
pendix 3.A.2). It can be easily identified whether a term preserves charge on
each fragment by counting the number of electrons moved across orbitals, as all
orbitals {p, ¢, 7, s} pertain to either fragment A or B.
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3.A.1 Charge-conserving terms

In this section we derive the charge-conserving inter-fragment terms H éisp and
H.p, as well as the on-fragment Hamiltonians H4 and Hp.

The one-body term of Eq. (3.21) only conserves charge if p and ¢ are both in
the A fragment or both in the B fragment, these terms will respectively be part of
H, and Hp. The two-body term of Eq. (3.21) includes terms where all p, g, r, s
are part of the same fragment: these will also be part of H4 and Hpg.

The other possible options that preserve charge while including terms on both
fragments are:

1 1
5 Z Z gpqrsquErs + 5 Z Z gpqrsquErs

pgEArseB pqEB rs€A

1 1
+§ Z Z gpsrqusErq + 5 Z Z grqpsErqus-

pgEArseB rs€B pgcA

(3.22)

It is straightforward to show that the first two terms are equivalent by using
the symmetry gpqrs = grspg and the excitation operator commutation relations
[Epg: Ers] = Epsbgr — Ergdps. These terms represent the Coulomb interactions
between the fragments. The latter two terms describe the exchange interactions
between the fragments.

We rewrite the exchange term using Fermionic commutation rules — using the
notation px being an orbital index on fragment X we get

— E T T
Epass Erpan = Opprospolrprqar
oT

— E : T _af T
- (57’333607apAUGQA7' apAaaQATa’rB‘rasBU)
oT

=0rps5Epaga (3.23)
_a;Aaa(JA(XaI'BaasB(X - a’LAﬂG‘QABaiBﬁasBB
_a;f;Aaan,BaiBB%Ba - a;r,AﬁanaaiBaang
=OrpspEpaga — Szo,quS?j’BOSB
“ToieaTrses + TpianTres + ToianTrsas
where we use the definition of the spin operators [21]:
50.0) — LE = i(aT Ggyo + 0 404 5) (3.24)
PXax V2 PX4x V2 pxe axa pxBYaxp
Tovax = %(alxaaqxa ~ @} paxs) (3.25)
TZS};;; = _a;xaalbfﬁ (3.26)
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(-1 — a;;xﬁaqxa (3.27)

pPxax

and

1 0,0 T 1,0
anjCLqO = T(Si(ﬂl ) + p(q ))

T _ 0,0 1,0
apglqp = E(SI(NJ ) - ngq ))'

Notice that the last three terms of Eq. (3.23) conserve the total spin of the
system, but flip the local spin of the individual fragments. Separating out these

terms from the expansion of Eq. (3.22) we obtain the triplet-triplet interaction
Hamiltonian:

1,0 1,0 1,1 1,-1 1,-11,1
H'IFT = Z Z gpSTqTPAqATTBSB +TPAqAT7“BSB +TPA‘IAT7"BSB (3'29)
pqeEArseB
== Z Z 9psrqlpg,rs (330)
pqEA rseB

where tpq.rs = TpléOTTléo — TplélTTls’_1 — Tplé_lTrlS’l.

After substracting this term from Eq. (3.22), we arrive at the following ex-
pression for the Hamiltonian that includes all fragment charge-conserving and
spin-conserving terms: H4 + Hp + H ap, which can be easily split in the three

terms

1
Hy = Z hpgEpq — B Z IprrqLipg + Z Ipars EpgErs (3.31)

pgeA pgreA pqrs€A
1
Hp = Z hpqEpq — 5 Z IprrqEpq + Z IparsEpq Ers (3.32)
pgEB pgqreB pqrs€B
1
Hys + H(/lisp = Z Z [gpqrs - 2911374 EpqErs, (3.33)
pgEArseB

where the last row can be further split in a mean-field interaction term H,; and
a dispersion term H (’iisp: the mean-field interaction is defined self-consistently on
the basis of the solution of the Hamitlonian H® = H4 + Hpg + Hy.¢, as we showed
in Section 3.2.2.

3.A.2 Charge transfer terms

We now work on separating the terms that involve charge transfers between
the fragments. As the molecular Hamiltonian contains only one-body and two-
body terms, we only need to consider single-charge and double-charge transfers,
respectively classified as part of H],; and Hjqp.
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We first isolate the single-charge transfer terms. These include the single-body
terms of Eq. (3.21) where p and ¢ pertain to different fragments:

Z Z hipqEipg + Z Z hpqEpqg; (3.34)
pEAGEB pEBqEA

along with the two-body terms where three indices pertain to a fragment and one
pertains to the other:

% DDA D DD DD D | Ivarseoars

pqreA s€eB  pgscAreB prscAqeB qrscApeB

% DDA DD DD D D Gearserars:

pqreB s€ A pgseBreA prseBqgceA qrseBpeA

(3.35)

where for brevity we write multiple sums (in brackets) sharing the same summand
(in parentheses). We can simplify this using the symmetries of the two-body
integral gpqrs = Grspq = Jqprs = Ipgsr and the commutation relations of excitation
operators [Epq, Ers] = Epsdgr — Erqlps, obtaining

s [ru e (S

pEAqEB LreA pEBGEA \reB (3.36)
+ D D GparsEpg (Brs + Esr) + > Y GparsEpg (Brs + Bar) -
pqrEA s€B pqreEB s€ A

Combining this with the one-body term Eq. (3.34) we define the single-charge
transfer term

Hicr = Z Z lhpq - Z Iprrq | Epg + Z Z lhpq - Z Irrra | Epg
pEAgEB recA pEB qEA réeB
+ Z Z IparsEpg [Ers + Esr] + Z Z IpgrsEpg [Ers + Esr] -

pqreA seB pqreEB s€ A
(3.37)

The double-charge transfer is simpler, as there are just two two-body terms
that allow for a double-charge transfer:

Hiycr = % Z Z IparsEpgErs +% Z Z Ipars Epg L. (3.38)

preAqseB preEB gs€A

One can verify that H = Ha + Hp + Hut + Hyyg, + Hypp + Hior + Hyor
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3.B Fragment matrix elements

This section contains derivations of the expressions for the zeroth-order Hamilto-
nian matrix elements (W, |H°[¥,y) for every perturbation H' =3, 9w0;05.
We will focus here on estimating these matrix elements exactly without any
approximation, resulting in the need for higher order RDMs. For a discussion of
future work to improve efficiency, see Section 3.4.1. In general, the expressions
are given as:

(W[ HO|w,00) = (wal o HE O
+ <‘I’A‘O;?TO?

+ Eos <\I/A‘OATOA

) (onfo o)
\I/A> <\DB)0§*H§30§’\1/B> (3.39)
Wa) <WB]05TOE(@B>,

(WO H'| ) Zglw<\IfA‘OAOA ><\IIB’O’§TOE‘\I/B>, (3.40)

where we defined the perturbing functions as [¥,,) = OZ‘OE [T 4) |¥p). We have:

(Ux |0 HEFO) Wy ) =

Z (hpq + Z g;:)qrs%ﬂs Z g]”““]) <\IIX|O§EPQO§|\IIX> (34]_)

pgeX rs€Y reX
+ Z gpqrs <\IJX’O§quErsO | >
pgrseX

Thus, the relevant operator matrix elements to estimate are
(Ux|OXEpEr O [Wx ), (Ux |0 EpgOX |¥x) and (Ux |0 OX|¥x).

3.B.1 Dispersion
For the case of the dispersion perturbation, we use the perturbing functions
EtBuy [¥°) [tu € A, vw € B]. (3.42)

Thus, we straightforwardly identify Off — B, and the most expensive matrix
element to compute is:

<\IIX|va ErsEtu‘\I/X> (3.43)

i.e. a 4-particle reduced density matrix.
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3.B.2 Single-charge transfer

The single-charge transfer case is a bit more complicated. We like to preserve the
total spin, so we use the spin-free excitation operators to define the perturbing
functions as:

tuv € A,w € B
tuw € A,v € B
tuv e Bwe A
tuw € B,ve A

Etuva |\I/O> (344)

That means a straightforward decomposition into O;‘Of is more intricate because
of the sum over spin. Instead, we have > Ej gy al, 0wy o and Y. Epy gy 0l oy o
Let us work out the matrix elements explicitly for the first case in Eq. (3.44).
This is easily generalizable to the other cases. The total matrix element becomes:

<‘IJkAlAmAnB |H0|\IthUAUAwB> =

> (Va|ame B HY Epal, | W a) (¥ plal, au: |V p)

oT

+ 5 (Wi |amo B Braal, | 04) (95|l Hiffay [95)  (349)

oT

+Emt > (Va|tmo B Erual, |V a) (Vplal,au-|V5)

oT

As E,, and H$ preserve spin, and |V x) are eigenfunctions of S2, we can replace
the double sum over spin by a single one as 0 = 7. Now substituting Off — Eyal,
in Eq. (3.41) the most expensive object to estimate will be:

<\IIX ’amaElkquErsEtua:r;g|\I/X> 5 (346)

i.e. a b-particle reduced density matrix.

3.B.3 Double-charge transfer

For the double-charge transfer we have the following set of perturbing functions:

(3.47)

FyuFos ‘\I/0> {tv € A uw € B] '

uw € Ajtv € B

87



3 FragPT?2: Multi-Fragment Wavefunction Embedding with Perturbative
Interactions

This makes the total matrix element equal to:

<\I/k?AleAnB ’Ho‘qthquAwB> =
Z <\IJA amgakTHfffaI,{aZA \IIA> <\IIB

¢A><w3
WA><WB

Here there also simplifications possible regarding the sum over spin. Namely, only
the following options are non-zero:

o, T, Kk, A € {aaaa,ﬁﬁﬁﬁ,aﬁaﬁ,aﬂ,@a,ﬁaaﬁ,,@’aﬁa}. Regardless, making the
identification OX — aIa in Eq. (3.41), the most expensive object to estimate
is:

ajwa};awawA ’\IIB>

(3.48)

+ Z <\IIA amaakTaI/qaZA noalTHB au"@a“»\’\p3>

+Emg Z <\IIA amaak‘razmaz)\ CLILUG}TGU,@CLU,,\‘\I/B> .

<\I/X‘a'moakTE E""Satﬁ VA

\I’X> (3.49)

and similarly for Off — aiyaye, this is as expensive as estimating a 4-particle
reduced density matrix.

3.B.4 Triplet-triplet

The triplet-triplet perturbing functions are given by:

truvw | ) [tu € A, vw € B], (3.50)

where tyypp = T°TL0 — Thtrl=1 _ 7b=lpLl (gee Appendix 3.A.1 for their
definition). Observe that, for any fragment operator OX that preserves spin, all
matrix elements \IIX‘T(I’m/)OXT(l’m/)‘\IIX> are only non-zero if m +m’ = 0,

where m,m’ € {—1,0,—1}. Thus, we can make the following statement:
< klmn|OAOB|\Ijtuvw
A
qjo’tkAlA mBnBO OBttAUA VBWRB |\Ij0>

(AT V0T O W) (W | T OPT 0|0 5) (3.51)
<
<

Ca| T VOV W) (p|T0 D OP T W)
Wa| TV OAT W) (96| TDOP T W 5)

+
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Finally, the matrix element of H in this basis is thus equal to:

<\I//<~‘AlAmB’ﬂB ’HO|WtAuAUBwB> =

>

m~+m’'=0

Ly

m—+m’=0

+Emf Z

m~+m’=0

(o4

(o4

T ST (| T T W )

4 T(l m)T (1,m )‘\I/ > <\I/B‘T7(L%}Lm/)Hzﬁquqlﬂm) ‘\I/B> (3.52)

T ) (| T T W )

The most expensive object to estimate in the triplet-triplet case is then, identifying
oy — T(1 ™) in Bq. (3.41):

(x| T By B T W) (3.53)

where m +m’ = 0. This is equivalent in cost to measuring a 4-particle reduced

density matrix.
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CHAPTER 4

Analytical non-adiabatic couplings and gradients within the
state-averaged orbital-optimized variational quantum
eigensolver

4.1 Introduction

Many fundamental processes in nature, such as photosynthesis and vision, are
triggered by light absorption. Thus, a proper description of the associated primary
light-induced photochemical events requires a quantum-mechanical approach able
to treat accurately both the ground and the excited electronic states. Although
density functional theory (DFT) and its time-dependent extension to excited
states (TDDFT) have seen huge progress in treating molecular and condensed
matter systems near equilibrium [251-253], these approaches are not adequate to
accurately describe photochemical reaction paths where the Born-Oppenheimer
approximation breaks down for several strongly coupled electronic states that
get very close in energy [254]. Especially couplings between the first excited and
ground states are problematic because of the single-reference character of many
quantum chemical methods (for instance the popular time-dependent density
functional theory, TDDFT approach). While single-reference approaches with spin-
flip excitations might help to overcome some of these limitations [255], in general
more accurate and computationally demanding multi-configurational wavefunction
approaches are required for modeling these intrinsically non-adiabatic cases. A
good example is the description of the prototypical photoisomerization process
in the retinal chromophore of rhodopsin, one of the most studied events in
photobiology [256]. Schematically, after the initial photoexcitation, this event
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proceeds via the relaxation in the first excited state (S;) towards a conical
intersection (Coln) region. Here, the population is transferred back to the ground
state (Sp) where the isomerization is completed. In order to describe dynamically
this type of event, one needs the knowledge of the potential energy surfaces (PES)
for the electronic states involved in the process, typically Sop and S;. Moreover, one
should also efficiently compute the gradient of the PES with respect to the nuclear
displacement, which in a semiclassical non-adiabatic molecular dynamics scheme
provides the forces driving the nuclear subsystem [254, 256, 257]. Finally, it is also
crucial to estimate the non-adiabatic coupling terms between the two electronic
states, which eventually determine the conical topography of the crossing between
the two PES and the dynamical coupling that results in population transfer
between the two states [258, 259]. The challenge in computational quantum
chemistry is to obtain all these necessary ingredients at an affordable numerical
cost and yet with good accuracy.

Methods that are able to provide both non-adiabatic couplings and a correct
description of the PES topology and topography (double cone of dimension two
with respect to variations of the nuclear coordinates) of conical intersections
require, formally, that the problem be solved at the very end with a final Hamil-
tonian diagonalization. When the crossing occurs between the first excited and
ground states, this implies a democratic treatment of both wavefunctions within a
common Slater determinant basis set, which in practice calls for a state-averaged
(SA) orbital optimization. This can be achieved in-principle by the state-averaged
multiconfigurational self-consistent field (SA-MCSCF) method [21]. In practice,
the diagonalization step is the principal bottleneck and one has to consider small
complete active spaces (CAS), thus leading to the state-averaged complete active
space self-consistent field (SA-CASSCF) method [21]. However, this decrease
in complexity comes at the expense of a missing dynamical correlation treat-
ment, that is usually recovered by multireference quasidegenerate perturbation
techniques, as in the XMS-CASPT2 [260], XMCQDPT?2 [261], or QD-NEVPT?2
methods [262, 263]; see also Ref. 264 for a comparative discussion of the correct
treatment of degeneracies with a selection of excited-state approaches.

With the advent of quantum computing, the dream of a very large CAS becomes
possible again, thus turning small SA-CASSCF into large SA-CASSCF which
should be good enough to account for a qualitatively correct description of the
wave function and also include a substantial part of the (previously missing)
so-called dynamical correlation. Note that even with relatively small active spaces,
the dynamical correlation can be retrieved a posteriori by other techniques on
quantum computers, with no additional qubits or circuit depth, but at the expense
of more measurements, as described by Takeshita et al. [265]. Recently, the
quantum analogue of SA-CASSCF has been introduced by Yalouz et al. [30]
based on a state-averaged orbital-optimized (SA-OO) extension of the variational
quantum eigensolver (VQE) algorithm [54, 91], thus referred to as the SA-OO-
VQE algorithm. While SA-OO-VQE has been shown to provide an accurate
and democratic description of both the ground and first-excited PES [30], its
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extension to excited-state quantum dynamics requires the knowledge of energy
gradients and non-adiabatic couplings. In this work, we show how these properties
can be analytically estimated on a quantum computer within the SA-OO-VQE
framework, following the coupled-perturbed equations [266-272]. In analogy with
Ref. 30, the performance of our algorithm is illustrated on the minimal Schiff base
model (i.e. the formaldimine molecule), for which results are indistinguishable
from its classical analogue, the (coupled-perturbed) SA-CASSCF method.

The chapter is organized as follows: in Section 4.2.1, we briefly introduce
quantum chemistry for excited states for pedagogical purposes, from the Born-
Openheimer approximation to the SA-MCSCF method. Turning to quantum
computing in Section 4.2.2; a summary of the SA-OO-VQE is given, and a way
to extract the eigenstates (i.e. the adiabatic states) is provided, where we also
discuss the alternative choice of having diabatic or adiabatic states within the SA-
OO-VQE algorithm. Furthermore, the analytical estimation of energy gradients
and non-adiabatic couplings is described, and they are compared with classical
methods. Using the equations for the analytical gradients, a geometry optimization
to the degeneracy point is executed in Sec. 4.4.3 as a simple illustration. A more
involved optimization to the minimal energy crossing point (MECI) that requires
the knowledge of non-adiabatic couplings is performed in Sec. 4.4.4. Conclusions
and perspectives are finally discussed in Sec. 4.5.

4.2 Theory

4.2.1 Quantum Chemistry for excited states
Born—Oppenheimer and the adiabatic approximation

One of the most fundamental approximations used in theoretical chemistry is the
adiabatic approximation between electrons and nuclei, which most often takes the
form of the Born—Oppenheimer approximation and sometimes of the Born—Huang
approximation (the latter being essentially used for highly-accurate treatments of
vibrations in small molecules). In both cases, non-adiabatic couplings due to the
action of the kinetic energy operator of the nuclei on the parametric dependence
of the adiabatic electronic wavefunctions are neglected; however, the Born—-Huang
approximation considers nuclear-mass-dependent diagonal corrections that are to
be added to the potential energy surface obtained as a single adiabatic eigenvalue
of the clamped-nucleus Hamiltonian.

Such approximations are justified by the small ratio of electronic over nuclear
masses, which results in very different energy and time scales in the vast majority
of cases. However, electronic degeneracies may occur at certain nuclear geometries
(Jahn-Teller crossings due to symmetry, or, more generally, conical intersections).
At such points, the two intersecting potential energy surfaces take locally the
shape of a double cone (over a subspace of dimension 2 for a two-state crossing).
The two nuclear displacements that lift degeneracy to first order are usually called
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branching-space vectors; their directions can be identified to the energy gradient
difference and first-order non-adiabatic coupling (NAC) vector. Formally, the
a-component of the NAC vector between two electronic states |¥;) and |U ;) is

defined by
0

where x represents a given nuclear coordinate and the wavefunctions depend
parametrically on it (integration, however, is performed over the electronic Hilbert
space only). If the wavefunctions considered in Eq. (4.1) are exact, they yield

Dr;= <\I’I

1 OH
o7 W), (4.2)

D= —— (¥
Y EJ_EI< I|5

in virtue of the off-diagonal Hellmann-Feynman theorem. The magnitude of the
NAC vector is ill-defined at a conical intersection, since it diverges as the inverse
of the energy difference [see Eq. (4.2)]. The numerator, however, is well-defined
and often called the derivative coupling vector; note that the nomenclature is
not fixed in the literature. It can be viewed as a transition gradient. The other
vector that forms the branching space together with the derivative coupling is the
gradient (half) difference,

Gy =5 (0 G 1) - (0l G ). (1.3

The vectors Gy and (E; — Er) Dy — often denoted g and h vectors or 21 and x5
vectors in this context — play symmetrical roles: they form the two directions that
make the adiabatic energy difference increase to first order from zero at a conical
intersection. They actually are undetermined up to within a mutual rotation,
which directly reflects the freedom in defining two specific degenerate eigenstates
(see, e.g., Ref. 273).

In addition to being essential for the correct capture of the conical topography of
crossings, non-adiabatic couplings are required for describing the coupled equations
that govern the nuclear components of the molecular wavefunction. As already
pointed out, they become large when the energy gap between electronic states
decreases, which is why conical intersections are key for describing radiationless
processes whereby population is transferred among electronic states. In practice,
non-adiabatic quantum dynamics is often better described in terms of quasidiabatic
electronic states that result from a unitary transformation of a relevant subset
of coupled adiabatic states. They vary smoothly enough with respect to nuclear
coordinates to allow for neglect of kinetic couplings but introduce instead nonzero
potential couplings.

Further investigations of conical intersections are beyond the scope of the
present work and the literature on the subject is vast. We refer for example to
Ref. 274 for a comprehensive review of relevant concepts. Finally, let us stress that
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the ability of a computational method to describe correctly the topography of a
conical intersection is intimately related to the formal possibility of using analytic
derivative techniques for evaluating non-adiabatic couplings [264]. This somewhat
relies on the fact that the final step of the whole computational procedure should
be viewed as a Hamiltonian submatrix diagonalization that provides several
eigenstates democratically within the same subspace. The state-averaged multi-
configurational self-consistent-field (SA-MCSCF) method is an evident option
in this context, with analytic derivatives applied similarly to diagonal and off-
diagonal terms [268].

State-averaged multi-configurational self-consistent-field method
(SA-MCSCF)

The electronic structure Hamiltonian with its one- and two-body integrals are
defined in Eq. (1.14)-(1.16). Due to the exponential increase of the configuration
space in the number of molecular orbitals, it is of common use to select only a
restricted (and, ideally, relevant) part of it in practical calculation, for instance by
considering the active space approximation where the orbital space is separated
into a set of frozen occupied, active and virtual orbitals. In such a reduced
configuration space, the configuration interaction method is not invariant anymore
under orbital rotations [21, 31] and the choice of orbitals will influence the quality
of the result. Hence, one has to consider the re-optimization of the orbitals, thus
leading to the MCSCF model for which wavefunction reads:

|¥(k,c)) =e® (Z ¢ |c1>1->> , (4.4)

where {|®;)} are Slater determinants or configuration state functions, and Uo (k) =
e~ " is the orbital-rotation operator. The latter is defined as follows in the spin-
restricted formalism with real algebra:

MOs
k= Z tipg(Epg — Eqp)- (4.5)
P>q

The parameters of the wavefunction in Eq. (4.4) are determined by variationally
optimizing the expectation value of the energy:

= min (¥(k,c)| H|¥(k,C))
E= K,C <\II([Q7C)|\I/(K:,C)>

(4.6)

In order to have a democratic description of ground and excited states, one can
simultaneously optimize several MCSCF states that are generated from the same
orbital basis. As extensively discussed in Ref. 21, it is convenient to introduce an
exponential unitary parametrization of the configuration space with nonredundant
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variables,
Uc(S) = e, (4.7)
where
§ = s ‘q}(‘” \If@)‘—(\y“)) w(o)‘ (4.8)
;;J KJ( K><J J><K>
and

ORI (4.9)

are initial orthonormal states built from the same set of molecular orbitals. Within
the SA-MCSCF model, the wavefunctions are subject to a double-exponential
parametrization

1(k,8)) = e~ Fe 5 [ W), (4.10)

where, according to the generalization of the Rayleigh—Ritz variational principle
for an ensemble of ground and excited states [275], the parameters are variationally
optimized by minimizing the state-averaged energy

SA-MCSCF _ minsz (Uy(k,S)| H|¥(k,8S)), (4.11)
K,S 7

where ) ;w; = 1 and the states are automatically orthonormalized as they
are generated from unitary transformations of the initial orthonormal states
{‘\I/(IO)>}. Note that due to the orbital optimization, the converged individual
and state-averaged energies may vary with the weights. In practice, the equal
weight SA-MCSCF (where all weights are equal) is usually considered. Finally,
the dependence on k in the wavefunctions can actually be transferred to the
electronic integrals in the Hamiltonian, i.e. hpqy — hpg(K) and gpgrs = Gpgrs(K),
such that Eq. (4.11) equivalently reads

SA-MCSCF _ I,Eiglzwl (U(S)| H(k)|¥(S)), (4.12)
’ I

where H(k) = ﬁg(n)H Uo (k) is the MO-basis transformed Hamiltonian.

While the SA-MCSCF method allows for a democratic description of ground
and excited states, it is only variational with respect to the state-averaged energy,
so that an individual state is not variational. This makes the calculation of
analytical energy gradients of each individual state more complicated, as it
requires the introduction of specific Lagrangians and the solution of so-called
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coupled-perturbed equations, as further discussed in Sec. 4.2.2.

4.2.2 Estimation of energies, analytical gradients and
non-adiabatic coupling on a quantum computer

State-averaged orbital-optimized variational-quantum-eigensolver
(SA-OO-VQE)

The variational quantum eigensolver (VQE) [54, 91] represents one of the most
promising methods to estimate the ground-state energy on near-term quantum
computers. As suggested by the name of the algorithm, the VQE relies on the
Rayleigh—Ritz variational principle and consists in finding the closest approxi-
mation to the ground-state wavefunction thanks to a given ansatz (defined by a
parametrized unitary operation U (8)). Applying this unitary operation to a chosen
initial state (usually very easy to prepare, such as the Hartree-Fock (HF) Slater
determinant |HF)) leads to a parametrized trial wavefunction |¥(8)) = U(8) |HF),
from which the associated energy is estimated by repeated measurements of the
quantum circuit. Unfortunately, the extension of the VQE algorithm to excited
state is not trivial, as a variational estimation of the excited-state energies can
only be defined under orthogonal constraints. Such constraints have been con-
sidered by adding penalization terms to the Hamiltonian, thus leading to the
state-specific variational quantum deflation (VQD) algorithm [101-104] where
each state is determined by a separate minimization (or only two minimizations
in total if the first one is performed on a state-average ensemble [276]). Other
extensions can treat excited states on the same footing, but still favor the ground
state [95, 97, 277, 278]. However, the proper description of conical intersections
or avoided crossings require a democratic description of both the ground and
excited states. Such an equal footing treatment can be achieved by performing a
single minimization (or resolution) for all states sharing the same ansatz, as in
multistate-contracted VQE (MC-VQE) [100, 279], fully-weighted subspace-search
VQE (SS-VQE) [98], variance-VQE [280] and the quantum filter diagonalization
method [279, 281]. Inspired by the SS-VQE method of Nakanishi et al. [98],
we proposed the (equi-weighted) state-averaged orbital-optimized VQE (SA-OO-
VQE), that can be seen as a combination of a state-averaged VQE (SA-VQE)
and a state-averaged orbital-optimization (SA-OO) procedure. Let us briefly sum-
marize each step of the SA-OO-VQE, focusing on an equi-ensemble of two-states
(the extension to more electronic states is straightforward).

1. Initialization: Initialize the circuits with two orthonormal states |®4)
and |‘I)B>

2. SA-VQE: Apply a quantum ansatz (i.e. a given quantum circuit) to
transform both initial states into trial states |¥a(6)) = U(0)[®a) and
|¥p(0)) = U(0)|Pp), and find the optimal set of ansétze parameters that
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minimizes the state-averaged energy

0" = arg min E54C0-VRE(, g) (4.13)
]

for a fixed orbital basis k, where the state-average energy reads
[SA-00-VQE (s gy —

(4.14)
waA(VA(O)|H(K)|PA(O)) +wp(¥p(0)|H(Kk)|Vs(0))

with wa and wp the weights attributed to each state with the normalization
condition wa + wg = 1. Note that this energy is lower-bounded by the
ensemble energy of the exact two lowest eigenstates (denoted by |¥) and
|¥1)) of H(k™) in the active-space approximation, according the variational
principle [275].

3. SA-OO: Rotate the orbital basis to find the optimal set of parameters that
minimize the state-averaged energy

k* = argmin F5A-00-VQE( 9) (4.15)
K

(e.g. with Newton-Raphson), for a fixed set of parameters 6.

4. SA-OO-VQE: Repeat steps 2 and 3 until the state-average energy is
minimized with respect to both 8 and k, i.e. find

(k*,0") = arg r;lin ESA-OO-VQE (. g). (4.16)
K,

As discussed in previous works [30, 98], the lower bound in Eq. (4.14) is uniquely
defined if wa > wp, but is invariant under any rotation between |¥o) and |¥4)
in the equi-ensemble case (wa = wpg). Hence, considering the case waq = wp
does not guarantee that the optimized states |¥4(0*)) and |Up(0*)) are the
closest approximation of the eigenstates |¥¢) and |¥;). However, this enforces
the definition of a well-defined two-state subspace spanned by either ¥4 and ¥p
or ¥y and ¥y, such that the latter are eigenstates. Forcing this correspondence
(that we refer to as the state-resolution) is a complicated task that can be
handled in different ways. Considering wa > wp is a straightforward solution,
but this constraint may complicate the SA-VQE optimization considerably [98].
Additional tricks can be used in the equi-ensemble case, by considering additional
cost-functions to be maximized [98], a classical diagonalization [100], or another
type of cost-functions that use the variance of the states [280]. In Sec. 4.2.2,
we discuss another approach, inspired by the one of Nakanishi [98], to solve the
state-resolution of a two-state ensemble within the SA-OO-VQE algorithm, when
the initial states are the HF Slater determinant and any singlet singly-excited
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configuration interaction (CIS) state. Note that while we focus on those particular
initial states in this manuscript, any other choice could in principle be considered.

State-resolution procedure

In this section, we propose another method to capture the active-space eigenvectors
of H(k)), which requires few additional gates and a negligible increase in the
number of measurements. Our approach consists in taking advantage of the
rotational invariance of the equi-ensemble state-averaged energy, in order to
postpone the state-resolution to the very end of the SA-OO-VQE algorithm.
Considering the equi-ensemble (i.e. wa = wg), after convergence of the SA-OO-
VQE algorithm, the resulting Hilbert space spanned by |¥A (6*)) and |¥g(6*))
is a good approximation to the subspace spanned by the SA-CASSCF states —
classical analogue of the SA-OO-VQE method —, within the same active space.
(As discussed in Sec. 4.2.2, the SA-OO-VQE states are not constrained to be the
eigenvectors of H, or, equivalently, to form the adiabatic basis that diagonalizes
H(k*)). To resolve the ground and first excited SA-OO-VQE eigenstates (which
should be good approximations to ’\IISA‘CASSCF> and ’W?A‘CASSCF», we propose
to implement a rotation between the initial states |®a) and |®g), such that the
new rotated initial states become

|Po(p)) = cos p|Pa) + sin ¢|Pp),

B () = —sin @|®4) + cos p|Pp), (4.17)

where we have the property |®1(p)) = |®o(p + 7/2)). After applying the ansatz
with optimized parameters 6*, these new rotated initial states evolve to

[Wo(p, 0%)) = cos p|WA(0%)) + sin | ¥p(6%)),

)
[U1(p, 0%)) = — sin p| WA (67)) + cos o[ U5 (67)), (4.18)

which leads to a rotation between the final SA-OO-VQE states. Note that they
remain orthonormal and, by virtue of the equi-ensembles properties, lead to
the same state-averaged energy that is invariant with respect to ¢. The state-
resolution amounts to finding the value ¢ — ¢* that minimizes the energy of

|\II0(907 0*)>7

o = arg;nin (Wo(p, 0%)[ H(K") [Wo(sp,07)) (4.19)

(or, equivalently, maximizes the one of |¥; (¢, 8*))), thus making both |¥g(p*, 8*))
and | U (¢*, 0*)) approximated eigenstates of H(k*). Satisfying Eq. (4.19) can
be seen as the fifth step of the SA-OO-VQE algorithm (see Sec. 4.2.2 for the
first four steps). In Fig. 4.1, we show the short-depth circuit we specifically
developed to perform the rotation between the HF determinant |®,) = |HF)
and a singlet-excited CIS state |®g) = — By |HF) /v/2, where ‘h’ and ‘I’ refer to
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Figure 4.1: Upper panel: Short-depth quantum circuit specifically designed for the
state-resolution of the SA-OO-VQE algorithm, to build the state |®(p)) = cos¢ |Pa) +
sin p |Pg), i.e. a rotation between the HF state |®A) = |HF) and the HOMO-LUMO
singlet CIS state |®g) = Ew|HF)/v2. Lower panel: Overlaps (®al®o/1(p)) and
(®B|®g/1(p)) as a function of the rotation parameter ¢ (with |®a) = |HF) and |®p) =

En|HF)/V/2).
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the HOMO and LUMO orbitals, respectively. In practice, the circuit works as
follows (for the sake of simplicity, we focus on a 2-spatial-orbital (4-spin-orbital) —
i.e. 4-qubit — and 2-electron CAS). Starting with the 4 qubits in the |0) state,
a R,(2¢) rotation gate and a X gate are applied to the first and second qubit,
respectively, thus leading to the quantum superposition

0 1 _ :
R, (2¢) X" [0000) = cos [0100) + sin ¢ [1100) . (4.20)

Then, a controlled-Hadamard gate transforms the state [1100) into %(\1100) +

[1101)), which evolves into %(\111@ +10001)) after applying three CNOT gates.

The first term in the right hand side of Eq. (4.20) remains invariant with respect
to the aforementioned operations, such that the state now reads

cos ¢ 0100) +

Si%‘p(uno) +10001)). (4.21)

V2

Finally, we apply X and Z gates to the first and last qubits, respectively, to arrive
at the final expression

[®o(p)) = cos ©]1100) +

% (|0110) — [1001))

V2

=cosp|Pa) +siny |Pp), (4.22)

where |®,) = |HF) and |®p) = —Ep|HF)/v2 = (|0110) — [1001))/v/2 is the
HOMO-LUMO singlet-excited CIS state. Replacing ¢ — ¢ + 7/2 in Eq. (4.22),
one recovers |®1(p)) in Eq. (4.17), such that the parameter ¢ can be tuned to
realize any real linear combination between |®4) and |®g), as illustrated in the
lower panels of Fig. 4.1. Note that this circuit is valid for any singlet-excited CIS
state |®p), by simply applying the quantum gates to the qubits associated to the
orbitals involved in the excitation.

Note that the idea introduced here for the state-resolution procedure in SA-OO-
VQE follows closely the one proposed by Nakanishi et al. (Sec II.A. of Ref. 98).
Indeed, the additional circuit in Fig. 4.1 is equivalent to their additional unitary
operation V(¢), for which we provide an explicit form for any two-state ensemble
(with a specific focus on initial states that are the HF and any singlet-excited
CIS states). Note also that a SA-OO and SA-VQE algorithms are alternatively
employed in our method. The resulting SA-OO-VQE subspace is then more
meaningful in terms of electronic correlations as it (ideally) provides analog
results as in the SA-CASSCF method, contrary to the SS-VQE scheme that is
equivalent to the CASCI method. Because we work with an equi-ensemble, the
state-resolution can be performed at the very end of the SA-OO-VQE algorithm
only. This attractive feature of the equi-ensemble SA-OO-VQE allows in principle
to spare a lot of unnecessary quantum resources, as one can still end up with the
(approximate) eigenstates without requiring harder optimization procedures or

101




4 Analytical non-adiabatic couplings and gradients within the state-averaged
orbital-optimized variational quantum eigensolver

additional quantum measurements at each instance of the SA-VQE algorithm.

Analytical gradients

Molecular properties can be accessed by estimating energy gradients with respect
to a given perturbation [164]. Analytical expressions, that are cheaper and more
precise than finite difference techniques, have been derived in the context of
ground-state VQE in Refs. [106-108, 282]. In this section, we turn towards the
question of the analytical evaluation of individual-state nuclear energy gradient
with the SA-OO-VQE algorithm (which will be noted |¥;), with T =0,1,...).
As opposed to the state-specific orbital-optimized VQE introduced by Mizukami
et al. [283] and Takeshita et al. [265], each set of variational parameters (in our
case 0 and k) is not optimized to minimize each individual-state energy,

0E;(k,0)
Okpq

OE;(k, 0)
90,

£0, £0, (4.23)

but rather to minimize the state-averaged energy,

8ESA(K,,0) o aESA(H,9>
Okpy 09,

=0, (4.24)

where in both Eq. (4.23) and Eq. (4.24) it is implicit that the gradients are
evaluated at the converged parameters. This renders the estimation of the
individual-state nuclear energy gradients more complicated, as it has to take
into account the non-variational character of the method. Fortunately, one can
build analytical Lagrangians that are fully variational with respect to every
parameter [284], such that their optimization facilitates the estimation of the
targeted quantities (e.g. energy derivatives and non-adiabatic couplings in our
case).

Following this strategy, we build an individual-state Lagrangian £; that depends
on all the parameters as follows,

_ aESA 18ESA
I
Lr=FEr+ <Z Kpg aﬁpq ) (Zﬂn a0, ) .

(4.25)

Note that, based on the state-averaged variational conditions given in Eq. (4.24),
the correspondence L= EI holds here. In the definition of the Lagrangian Ly,
the parameters npq and 9 are Lagrange multipliers designed to make it fully

stationary such that

0L, 0L _ 0L 0Ly
Orl o5 Okpg 00,

pq

=0. (4.26)
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To fulfil the stationary conditions in Eq. (4.26), the Lagrange multipliers are
determined by solving the so-called coupled-perturbed equations

0Ly _ 05 +Z*I #HOO +20 HSQ, =

Okrs  OFps pars

oLy DI M, =0,

00, Fpgtpg,m
(4.27)
where we have introduced
0°E
00 SA
= 0 4.28
H Pq,rs aﬁ_}pqaﬁrs ’ ( )
0?Egp
0%Esa
Hors = 595 (4.30)

which correspond to matrix elements of the (state-averaged) orbital hessian H°O,
circuit hessian HC and circuit-orbital hessian H© (with HCO = (HO)T). The
remaining terms

O0E; or 8EI
O and G, = 20, (4.31)

o, 1 _
grs -

are elements of the circuit gradient vector G/ and the orbital gradient vector
G of the state [¥;(8)). The orbital gradient for individual states ;! can be
relatively easily computed from their one- and two-RDMs and MO coefficients.
The state-averaged orbital Hessian ng can also be determined from the state-
averaged one- and two-RDMs and MO coefﬁments [267, 271]. For more information,
see Appendix 5.C in Chapter 5 for a concise formulation. Therefore, they do
not require any additional measurements on the quantum computer. However,
the first and second derivatives of the state-averaged energy with respect to the
ansétze parameters requires many more measurements (but no additional qubits
or deeper circuit depth). According to the parameter-shift rule [285], 22 and 24"
measurements are required to compute the gradient and Hessian with respect
to ansdtze parameters, respectively, for an ansatz with up to n-fold fermionic
excitation operators. Note that n = 2 is usually considered, as the trotterized-
UCCSD ansatz can be made arbitrarily exact, as shown by Evangelista et al [176],
thus corresponding to 16 and 256 expectation values per element of the H°© and
HCC matrices, respectively. Finally, the number of parameter-shifted RDMs to be
measured on the quantum computer is directly related to the number of ansétze-
parameters N,. For the circuit-orbital Hessian H“©, N, parameter-shifted RDMs
need to be measured, while N, (N, +1)/2 are required to estimate the (symmetric)
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circuit-circuit Hessian matrix H°C. The total number of ansitze-parameters also
scales with the number of active orbitals as O(NZ.,) for the generalized UCCD
ansatz considered in this work. For the sake of conciseness, we refer the interested
reader to Appendix 4.A for more details about the estimation of the above Hessian

matrices and gradients vectors.

Assuming we have evaluated the necessary Hessian matrices and gradient
vectors out of a quantum circuit following Appendix 4.A, the Lagrange multipliers
I
Ezl,q and §,, satisfying the conditions in Eq. (4.26) are determined on a classical
computer by solving the following matrix equation

HOO HOC EI gO,I
<HCO HCC 61 = gCJ . (432)
Inserting these Lagrange multipliers back into Eq. (4.25) makes the Lagrangian
fully stationary, and the property 42 — % = % holds [284]. Hence, the

de -

energy derivative dfcf can be evaluated as follows:
dE; Ohpq 1o, 1 Opars 1 cff
dr dr 'Pe + 2 Z oz Lrars
rq B pgrs (433)
2D w5,
J n
with effective 1- and 2-RDMs defined by
7[,eff — ,YI + ;\;/I,SA (434)
I (4.35)
with 'yéq = (g qu |[¥;) and le,qrs = (U;| épgrs |¥r) regular RDMs of the ref-

erence state |¥;), supplemented by corrective state-averaged RDMs 4754 and
I'1-54 (encoding orbital contributions) with matrix elements

~1,5A SA—T SA—T
prq - Z(fyoq Hop + 'Ypo Hoq) (436)
o
Tt = D (TonRl, + TRl
o
+ ThgosFor + Dparoos)- (4.37)

Note that building these effective matrices does not require any additional measures
from the quantum circuit as the RDMs 4! and I'! are already evaluated during
the SA-OO-VQE to estimate the state-averaged energy. The circuit gradient
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QC’J(%—I;) introduced in Eq. (4.33) is defined such that

0

92" (5) = 54 <\DJ| ") (4.38)
and can be estimated out of a quantum circuit in the same way as for a generic
energy gradient using for example the parameter-shift rule (cf Appendix 4.A).
The change being here that the central operator is now the nuclear derivative of
the Hamiltonian 0 H/Ox which can be evaluated on a classical computer as shown
in Appendix 4.B. Note that, we also refer the interested reader to Appendix 4.B
for practical details about nuclear derivatives of electronic integrals (in Eq. (4.33))
which can be evaluated on a classical computer with common quantum chemistry
packages.

Interestingly, compared to its classical analogue SA-CASSCF, note that a unique
set of ansétze parameters 6 is considered to simultaneously find both ground and
first excited states in SA-OO-VQE, instead of the configuration-interaction (CI)
coefficients for each state (denoted by co and cq). This results in a much reduced
size of the parameter space,

dlm(g) < dim(co) + dim(C1). (439)

This has important consequences, as the original CP-MCSCF equations sometimes
cannot be solved due to memory issues in storing all the matrix elements of HC,
although some alternative implementations have been proposed to overcome this
problem (see Ref. 271 and references therein). Hence, the classical complexity in
solving the coupled-perturbed equations [Eq. (4.32)] is considerably reduced in
SA-OO-VQE compared to SA-CASSCF, at the expense of a lower accuracy (as
the SA-VQE solver is not exact in contrast to SA-CASSCF).

Non-adiabatic couplings

Non-adiabatic couplings have been calculated recently by Tamiya et al. [286] in the
context of SS-VQE without any orbital optimization. In this work, we provide an
analytical approach to estimate non-adiabatic couplings within the SA-OO-VQE
algorithm, for which the state-averaged orbital-optimization procedure implies
a more involved derivation. The definition and Hellmann—-Feynman formula for
the NAC, Dy , have been given above — see Eq. (4.1) and Eq. (4.2) — in the ideal
case of exact adiabatic eigenstates. It is well-known in the practical context of
an MCSCF ansatz that this term actually splits into two contributions: (i) a
typically larger Cl-contribution, which obeys a Hellmann—Feynman like formula
(except that eigenstates are now Cl-coefficient vectors and the Hamiltonian
operator is replaced by its finite matrix representation in the CSF basis set); (ii) a
typically smaller CSF-contribution, which accounts for molecular orbital gradients
(via both their expansion coefficients and the overlaps among the primitive
atomic basis functions); see, e.g., Ref. 268. While the latter CSF contribution is
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usually straightforward to estimate, the former CI contribution is a more involved
term which should take into account the non-variational character of MCSCF
wavefunctions. Fortunately, coupled-perturbed equations have been derived to
treat this aspect based on the same machinery as for gradient calculation [266—
272]. We employed a similar approach to obtain an analytical estimation of NACs
with SA-OO-VQE wavefunctions. For sake of conciseness, we will present in the
following only the essential equations of our developments (we refer the interested
reader to Appendix 4.C where we detail each step of the derivation). In practice,
one has to solve the following set of coupled linear equations

2400 q0C\ (gl Ggo-1J
(HCO Hcc) <9U ——( 0 >7 (4.40)

to determine the NAC Lagrange multipliers &7/ and 5”. In Eq. (4.40), we
retrieve the same Hessian blocks as for the gradient calculation and QOq’I J =
(U] (OH/OKpq) | ) represents the interstate orbital coupling gradient whose
elements can be easily measured out of a quantum computer (using for example
methods provided in Ref. 98). Once the multipliers are determined using a
classical computer, the NAC can be evaluated as follows:

1 oh 8g
Dy o= P 1) off 9Gpars p1Jeft
L E;— Ey ( 3:5 T3 Z pqrs

pqrs

N Z Z wiell GO )> (4.41)
—vapq (9:plg) — (q/02D))-

The effective transition 1- and 2-RDMs introduced here are defined by

,YIJ,eff _ 7 _|_,YIJSA (442)
I\IJ,eff — I\IJ + I\IJ,SA (443)
and 41754 and T/SA are the orbital contributions to the 1- and 2-RDMs, respec-

tively. These state-averaged matrices are defined in a same way as in Eq. (4.36)
(where we replace & by &//). In Eq. (4.41), the terms in parentheses encode the
off-diagonal Hellmann—Feynman contribution complemented by additional correc-
tive terms accounting for the non-variational character of the wavefunctions due
to orbital and quantum circuit optimization. The contribution outside parenthesis
is the so-called “CSF-term” which formally takes into account the variation of the
Slater determinants due to nuclear displacement (see Ref. 266 for more details).
The elements (9,p|q) represent the half-derivative of MOs’ overlap which can be
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easily calculated analytically with most quantum chemistry packages. Note the

presence of transition 1- and 2-RDMs in Eq. (4.41) defined as v}/ = (¥ Euy |9 5)
and Fégrs = (U;| épgrs |¥s). These matrices can be obtained from a quantum
circuit using methods to determine transition matrix elements such as the one

provided in Ref. 98.

4.3 Computational details

To test our theoretical developments, we consider the formaldimine molecule
CH,NH, a minimal Schiff base model relevant for the study of the photoiso-
merization in larger bio-molecules (such as the RPSB molecule whose cis to
trans isomerization plays a key role in the visual cycle process [287-289]). An
illustration of the geometry of the molecule is shown in Fig. 4.2a.

In analogy with our previous study [30], we freeze and constrain the N-CH; part
of the molecule in the same plane. The interatomic distances are dy ¢ = 1.498 A,
dem = 1.067 A, dx_yg = 0.987 A and the angle N-C—H = 118.36°. The second H
atom is symmetric to the first one with respect to the N-C axis. The two remaining
degrees of freedom characterize the out-of-plane bending angle o = H N C and
the dihedral angle ¢ = H N C H. For practical calculations, the cc-pVDZ basis
is used and an active space of four electrons in three orbitals (4,3) is considered.
The orbital optimization is realized over the 43 spatial-orbitals of the system (for
SA-OO-VQE and SA-CASSCF). Reference quantum chemistry calculations are
realized with OpenMolcas [290] (e.g. SA-CASSCF simulation and estimation of
the associated gradients and NAC) whereas the Psi4 [291] package is used to
provide SA-OO-VQE with initial data about the molecular system.

The noiseless state-vector simulation of the SA-OO-VQE algorithm is realized
using the python quantum computing packages OpenFermion [175] and Cirq [292].
The ansatz we employ in the SA-VQE algorithm is a generalized unitary coupled
cluster ansatz with spin-free double-excitation operators (GUCCD) such that

U(0) = TO-11(0), (4.44)
active

TO)= > rww Y alyad awrive. (4.45)
t,v,w,u o,m7="T,]

Our simulation considers ansétze parameters @ initialized to zero and optimized
using the “Sequential Least Squares Programming” (SLSQP) method from the
python Scipy package. For each call of SA-VQE, the SLSQP method is run with
a maximum number of 500 iterations and a precision threshold of 10~8 Ha. The
threshold for the global convergence of SA-OO-VQE is also set to 1078 Ha. A
home-made python code has been developed to implement the state-averaged
Newton-Raphson algorithm required for the SA-OO subalgorithm. For an active
space of four electrons in three orbitals, we have a circuit depth of 2688 (46
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for the initial rotation circuit), and we optimize 12 parameters. We refer the
interested reader to our previous work [30] for more details about the GUCCD
ansatz (such as gate complexity).

4.4 Numerical results

4.4.1 Illustration of the final state resolution in

SA-00-VQE

As discussed in Sec. 4.2.2, the SA-OO-VQE states obtained after optimizing
the k and O parameters do not correspond to the eigenstates of H(k), and
an additional rotation between the initial states is required (also called state
resolution). In Fig. 4.2, we illustrate the convergence of each step of the SA-OO-
VQE algorithm applied to the formaldimine molecule, depicted in panel (a), with
geometry parameters set to ¢ = 80° and a = 100°. The ground, first-excited and
state-averaged energies are plotted on panel (b) for each step of the SA-OO-VQE
algorithm, where SA-VQE and SA-OO phases are represented by white and grey
strips, respectively. The ground and first-excited SA-CASSCF reference energies
are also provided for comparison, as well as the state-averaged SA-CASSCF energy
which forms a natural lower bound for SA-OO-VQE [see Eq. (4.14)]. As readily
seen in panel (b), alternating between the SA-VQE and the SA-OO algorithms
progressively lowers the state-averaged energy, requiring three full SA-OO-VQE
cycles to reach global convergence. At convergence, this energy has an error of only
~ 1076 Ha with respect to SA-CASSCF, indicating that the subspace spanned by
the SA-OO-VQE trial states is a very good approximation to the one spanned
by the SA-CASSCF states. However, the converged individual SA-OO-VQE
states differ significantly from the SA-CASSCF states (at the end of the third
SA-OO-VQE step in panel (b)). Hence, one has to apply to state resolution such
as described in Sec. 4.2.2 to recover the correct eigenstates. This final step is
symbolized by the blue region in panel (b), where we employ the rotation circuit
shown in Fig. 4.1 and optimize the rotation parameter ¢ such that the energies
are effectively pushed as far as possible from each other, thus maximizing the
difference between the first-excited and ground-state energies. After this final step,
the individual SA-OO-VQE energies are in very good agreement with the SA-
CASSCF ones (with an error of ~ 107¢ Ha, similar to the state-averaged energy
error). Note that such agreement is expected, as single and double excitations
are enough to span all the electronic configurations in the case of an active space
(4,3). Deviations from the SA-CASSCF results may appear when considering
larger active spaces.

In panels (c) and (d) of Fig. 4.2, we show the one-dimensional (1D) PES along
the a-angle for SA-OO-VQE and SA-CASSCF with a dihedral angle ¢ = 85°.
More precisely, we compare the 1D-PES of SA-OO-VQE without (panel (c¢)) and
with (panel (d)) the final state-resolution procedure. As readily seen in these
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Figure 4.2: Illustration of the convergence of each step of the equi-ensemble
SA-OO-VQE algorithm. In all panels, dashed and solid lines represent the SA-OO-
VQE and SA-CASSCEF energies, respectively. a) Geometry of the formaldimine molecule.
b) Evolution of the state-averaged energy during the different steps of the SA-OO-VQE
algorithm for ¢ = 85° and a = 100°. Converged SA-OO-VQE 1D-PES scans along «
with ¢ = 85° are shown before (c) and after (d) the state-resolution procedure.

two panels, the state-averaged SA-OO-VQE energy is in very good agreement
with the reference state-averaged SA-CASSCF energy all over the 1D-PES (with
an error < 107% Ha). Without state resolution (see panel (c)), the individual-
state energies are globally different from the SA-CASSCF ones, especially for
a < 130°. For a > 130°, the energies of the individual states match the reference
ones, showing that the state resolution is not always necessary to capture the
eigenstates. Interestingly, the SA-OO-VQE states smoothly cross around o ~ 118°.
As discussed in Ref. 30, this results from the use of an equi-ensemble where no
ordering of the trial states is enforced. In such a case, the converged SA-OO-VQE
states will naturally evolve to the state that is the closest to its initial state,
i.e. with the highest overlap with its initial state (see Ref. 30 for more details).
Typically, when « < 118° the singlet single-excited CIS state |®g) = —En |HF)
has the largest contribution to the SA-CASSCF ground state, while for oo > 132°
the |®4) = |HF) has the largest contribution (and reciprocally for the first-
excited SA-CASSCF state). The state-resolution procedure (see panel (d)) will
lift the crossing, thus resulting in an avoided-crossing captured by the adiabatic
eigenstates and an excellent agreement between the SA-OO-VQE and SA-CASSCF
energies.
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Figure 4.3: Energy gradients and NAC with respect to the bending angle
a with ¢ = 80°. SA-OO-VQE results are shown in dashed lines with dots while solid
lines are for the reference SA-CASSCF results. The ground and first-excited state
energies are represented by blue and red colors, respectively. (a) Potential energy
surfaces (b) Analytical individual-state energy gradients [Eq. (4.33) for z = a] (c)
non-adiabatic coupling vector (Wo|(8/9z)¥:) for z = a (blue) and x = ¢ (red) (d)
Analytical individual-state energy gradients [Eq. (4.33) for z = ¢].

4.4.2 Calculation of analytical gradients and non-adiabatic
couplings

Let us now turn to the nuclear gradients and non-adiabatic couplings of the
adiabatic states obtained after convergence of the SA-OO-VQE algorithm (with
state resolution), following Eqgs. (4.33) and (4.41). As mentioned in section 4.2.2,
the extra cost for the quantum device is in determining the Hessians #°C and
HOC. As we have 12 parameters in our simulation, this amounts to 78 and
12 entries of HC and HOC to be computed, respectively. With the parameter
shift rule, this becomes a total amount of 19968 and 3072 measurements for
HCC and HOC, respectively. The rest of the computational work is done on a
classical device, given the Hessians and the (transition) 1- and 2-RDM to compute
the analytical gradient (non-adiabatic coupling). The results are represented in
Figs. 4.3 and 4.4 along the « direction for ¢ = 80° and ¢ = 90°, respectively.
As readily seen in Figs. 4.3 and 4.4, both the analytical gradients and the
NAC calculated from our SA-OO-VQE implementation cannot be distinguished
from the SA-CASSCF results, with a negligible difference of the order of 1073
mHa/degree for the gradients and 10~2 degree™! for the NAC amplitudes (all
over the PES). This supports the derivations of Egs. (4.33) and (4.41) and shows
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Figure 4.4: Energy gradients and NAC with respect to the bending angle
a with ¢ = 90°. SA-OO-VQE results are shown in dashed lines with dots while solid
lines are for the reference SA-CASSCF results. The ground and first-excited state
energies are represented by blue and red colors, respectively. (a) Potential energy
surfaces (b) Analytical individual-state energy gradients [Eq. (4.33) for z = «] (c)
non-adiabatic coupling vector (Wo|(8/0z)¥1) for z = a (blue) and =z = ¢ (red) (d)
Analytical individual-state energy gradients [Eq. (4.33) for z = ¢].

that SA-OO-VQE can provide (ideally, i.e. without noise) as accurate results as
its classical SA-CASSCF analogue. Turning to the energy landscape of Fig. 4.3
(panel (a)) with ¢ = 80° (exactly the same as Fig. 4.2, panel (d), but plotted
again here for convenience), we observe an avoided crossing between the ground
and first-excited states around o = 125°. This particular behavior can also be
detected by looking at the amplitudes of the NAC (panel (c¢) of Fig. 4.3), which
increase significantly at the avoided crossing position (but without diverging).
In contrast, for ¢ = 90° (see panel (a) of Fig. 4.4) the 1D-PES shows a crossing
(a conical intersection here). This very different behaviour is manifested by a
discontinuity in the gradients dEy/0a and dF; /0« that suddenly inverse their
position at the crossing point a & 121.5°, while the gradients are smoothly evolving
along the 1D-PES when the states do not cross (see panel (b) of Figs. 4.3 and
4.4, respectively). This is the direct consequence of the presence of a degeneracy
in the energy profile. In contrast to the « direction (panel (b)), the fact that
the gradients 0Ey/d¢ and OFE;/9¢ are zero for all « (see panel (d) in Fig. 4.4)
reveals the presence of extrema for both states in the ¢ direction. This behaviour
is consistent with ¢ = 90° defining a mirror-plane symmetry o, (Cs point group)
wherein there is no interstate coupling (different irreducible representations) and
local extrema are induced for both potential energies at ¢ = 90°. For a better
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Figure 4.5: (a, ¢)-PES for the formaldimine molecule. The energies are obtained
with the SA-OO-VQE algorithm after a full resolution of the states. A conical intersection
is observed around the geometry (a = 121.5°, ¢ = 90°). Grey plane is defined for ¢ = 90°
and intersects both PESs at extrema values in the ¢ direction.

illustration, these local extrema along the ¢ direction are shown in Fig. 4.5 and
correspond to the intersection points between the grey plane (defining ¢ = 90°)
and the two-dimentional (a, ¢)-PESs computed with SA-OO-VQE.

Considering now the non-adiabatic couplings (panel (c) of Fig. 4.4), we find
that it points to a direction perpendicular to the gradients. This is expected, as
the NAC together with the gradient of the energy difference span the branching
space defined by a and ¢, as discussed in Sec. 4.2.1. The NAC exhibits an
asymptotic discontinuity around the conical intersection, caused by the term
(E1 — Ep)~! which goes to infinity at this degeneracy point. The increase of the
NAC amplitude at the avoided crossing or its divergence at the conical intersection
is the expected manifestation of its linear dependence on the inverse of the energy
difference [see Eq. (4.2)]. This typically results in a break-down of the Born—
Oppenheimer approximation, which is consistent with observing radiationless
population transfer from the first-excited state back to the ground state.

This will essentially occur around such crossing geometries along the photochem-
ical reaction path. A prototypical example is the photoisomerization process in the
retinal chromophore of rhodopsin [256]. In such a situation, quantum dynamics
simulations (or their various flavours of quantum-classical approximations) must
explicitly account for NAC-terms within the equations of motion for the nuclei

112



4.4 Numerical results

(@) (b)

E, — Eq (Ha)

0.00 0.04 0.08 0.12

80 100
Dihedral angle ¢

Figure 4.6: (a, ¢)-Geometry optimization to the conical intersection point.
Left panel: optimization path of a steepest-descent algorithm to locate the conical
intersection of formaldimine. The contourplot shows the energy difference AE = E; — Fy,
and the vectors represent the negative of the gradient of the energy difference gag at
each point of the optimization. Right panel: Four molecular geometries corresponding
to four points of the optimization, denoted by (a), (b), (¢) and (d) on the left panel.
The corresponding («, ¢) angles and gag vectors are shown.

evolving within a manifold of coupled electronic states.

4.4.3 Geometry optimization to locate formaldimine’s
conical intersection in the («, ¢) space

As an application to the SA-OO-VQE analytical gradients, we perform a geometry
optimization inside the («, ¢)-plane to find a conical intersection for formaldimine.
To do so, we use a steepest-descent optimization algorithm considering as a cost
function the energy difference AE = ElS AOOVQE _ Eg AOOVQE At each step of the
run, we update the molecular geometry in the («, ¢)-plane based on the associated

gradient
dElsAOOVQE dESAOOVQE

_ _ 4.46
SAE dx dx ( )

which is evaluated using our analytical method described in Sec. 4.2.2 (with
x = (a, 9)).

An example run of the algorithm is shown in Fig. 4.6, where the steepest-descent
procedure starts at point (a) for a molecular configuration («a, ¢) = (130°, 35°).
The path followed during the geometry optimization is driven by the vector —ga g
which is illustrated at every 4 iterations with arrows on the left panel of Fig. 4.6
(out of a total of 20 iterations required to reach a geometry very near the conical
intersection point). The last iteration point is also shown, located exactly on
the CI. Similarly, on the right panel of Fig. 4.6 the vector —gag is represented
with red arrows (starting from the Hydrogen atom) for four molecular geometries
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Figure 4.7: Geometry optimization to minimal energy conical intersection
(MECI). Upper panel: Energy difference, first-excited state energy, bending angle,
dihedral angle, and bond lengths of the molecule are plotted against the number of
iterations to convergence of the MECI optimization using the SA-OO-VQE algorithm (red
lines). Dashed blue lines indicate the converged values of the MECI optimization using
the SA-CASSCF algorithm. Lower panel: Four molecular geometries corresponding to
four points of the optimization path (blue points on the upper panel). The corresponding
gradient vectors —g are shown for each atom.

(a), (b), (c) and (d) obtained on the path of optimization (also noted on the
left panel). From Fig. 4.6, we see that the path stays orthogonal to isolines
(AE = ¢ with ¢ constant) of the cost function AE. This feature indicates that
the SA-OO-VQE algorithm provides consistent pairs of gradients for the two
states, thus leading smoothly to the molecular geometry associated to the conical
intersection in the (a, ¢)-plane. At the end of the geometry optimization, the
conical intersection is found for a geometry ¢ = 90° and o = 121.47°. As a
comparison, a similar calculation has been realized with the SA-CASSCF method
for which a similar path was followed in the («,¢)-plane, thus leading to an
equivalent location of the conical intersection with a negligible difference of the
final molecular geometry (~ 0.001° error for both a and ¢). In practice, note that
the non-smooth behavior of the cost function at the conical intersection makes
the gradient-descent algorithm hard to converge when approaching this point (as
the gradient of the cost function will always have a non-zero component in either
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direction). As the scope of this chapter is to provide proof-of-principle calculation,
we simply stopped the algorithm after a limited number of iterations.

4.4.4 Conical intersection optimization in the full geometry
space

The previous section focused on the localization of a conical intersection within
the (a, ¢) 2D-subspace at fixed values of the other internal coordinates. As this
subspace is a good description of the branching space, there is a unique point of
degeneracy (a conical intersection) within this plane where degeneracy is lifted to
first order from it. As such, minimising AF, and nothing else, is sufficient, as the
complement space is frozen.

In this last section, a step further is realized to characterize the conical in-
tersection of the formaldimine molecule, by determining the so-called minimal
energy conical intersection (MECI) of the system. In practice, the MECI point
corresponds to the optimal geometry of a given system for which the energies
of two states get simultaneously degenerated and maximally lowered. There-
fore, it encodes the most favorable molecular conformation for the realization of
non-radiative photochemical processes but also inter-system (i.e. spin-forbidden)
crossings [293, 294]. As a counterpart, the realization of a geometry optimization
to precisely determine the MECI position is usually a pretty involved task. The
process implies a full relaxation of the internal coordinates of a molecular system,
that is driven by the gradients and NAC vectors of each atom.

Using the estimation of NAC and energy gradients with SA-OO-VQE, we
realized a geometry optimization to determine the MECI of formaldimine, us-
ing the so-called gradient projection method [295-297]. In this algorithm, we
simultaneously minimize AE? — to allow for a smooth minimum — and F, using
a steepest-descent algorithm where the minimization follows the direction of a
composite gradient. To minimize E; only in the direction of the seam space,
we project out the component of its gradient along the branching space. The
composite gradient is:

gARm dE1SAOOVQE
=n|2AF +1-nP——-- 4.47
) R e - A
where 1 € [0, 1] is a constant, balancing the two objectives, and
P=1-gapghy — hoth), (4.48)

is the projection along the seam space. Here, hy; is proportional to the CI-term of
the NAC, i.e. the first term in Eq. (4.41). The tilde indicates orthonormalization
of gAE and h()l.

Results are laid out in Fig. 4.7. We initialize the algorithm with n = 0.25
and consider convergence thresholds of 107% Ha? and 10~% Ha for AE? and




4 Analytical non-adiabatic couplings and gradients within the state-averaged
orbital-optimized variational quantum eigensolver

E1, respectively. As in the previous section, the starting geometry is (a, ¢) =
(130°,35°), but now all the 3N,tom nuclear coordinates move in the direction of
their respective gradient defined by Eq. (4.47). Our algorithm converges after 78
iterations, where the bending and dihedral angles are («, ¢) = (110.6°,109.1°).
Note that a dihedral angle of 109.1° here does not break the ¢, mirror symmetry
of the molecule, as the hydrogens attached to the carbon bend slightly backwards.

As a reference, in Fig. 4.7 dashed lines are used to represent the final results
obtained for a similar MECI optimization realized with the SA-CASSCF method
(analytical SA-CASSCF gradients and NAC being evaluated with OpenMolcas
to drive the optimization). As readily seen in the different plots, the MECI
optimization based of SA-OO-VQE (red lines) converges to the same geometry
and energies as in SA-CASSCF, thus showing again the accuracy of our estimations
of the NAC and energy gradients within the SA-OO-VQE algorithm.

4.5 Conclusions and perspectives

In this chapter, we introduce several tools to improve our original SA-OO-VQE
algorithm [30]. The first improvement consists in introducing a flexible and
efficient way to resolve the SA-OO-VQE electronic states. The method, based on
equi-ensemble properties, takes advantage of the invariance of the state-averaged
energy under rotation of the states involved in the ensemble. Using a simple
rotation of the input states (implemented by a short-depth circuit), we show
that one can postpone the resolution of the electronic states to the very end of
the full SA-OO-VQE scheme, thus avoiding many unnecessary manipulations
and quantum measures during intermediate steps of the algorithm. The second
improvement is the development of theoretical methods to extract analytical
derivatives within the SA-OO-VQE algorithm. These derivatives — the nuclear
energy gradients and non-adiabatic couplings — are fundamental for the study of
molecular systems, and can be determined using Lagrangian methods that are
intimately linked to the so-called coupled-perturbed theory. The accuracy of our
derivations is checked against reference results based on SA-CASSCF calculations,
for which we obtain very good agreement. Finally, we illustrate the use of these
derivatives in practical calculations by performing the geometry optimization
towards the conical intersection of the formaldimine molecule. The localization of
the spectral degeneracy matches perfectly the predictions from the SA-CASSCF
method.

The definition of these new tools opens the way to several new developments.
One aspect that we already briefly touched upon above, is the definition of the
intermediate diabatic and final adiabatic bases. In our implementation of the
SA-OO-VQE algorithm, the procedure starts from reference guess states and
has no reason to produce “excessive” transformations, thus making the least-
transformed subspace a good candidate for being a quasidiabatic representation
(see Ref. 298). At the moment, we have been observing such a property, and

116



4.A Circuit gradient GC and Hessian HC

we have good incentive but no formal proof. Further work is under way to
show that SA-OO-VQE before its final diagonalization (or state-resolution) could
indeed be an efficient avenue for the ab initio production of relevant quasidiabatic
states. Such results would be important as it would facilitate use in molecular
quantum dynamics applications. With an appropriate definition of such states
and construction of a quantum-classical interface, these tools can benefit from
classical implementations [299] of algorithms to perform various forms of molecular
dynamies [300, 301], thus giving quantum co-processing a firm place in the toolbox
of quantum chemical simulations. A related aspect is to consider different kinds
of surface couplings, like those provided by the spin-orbit operator. This is of
interest for a range of applications, e.g. the rate of inter-system crossing that is
key to technological applications, as the construction of more efficient blue light
emitting diodes. Here, we note that it is possible to work with a different set of
trial states than the Hartree—Fock and the singlet excited model wave functions
chosen in the current work. The latter can be replaced by a triplet excited wave
function, while the former can also be a non-ground state determinant (or other
simple wave function) if we are interested in excited-state couplings.

4.A Circuit gradient G° and Hessian #H¢C

Let us consider the estimation of the expectation value M of a generic operator
M (in our case the electronic structure Hamiltonian H) with respect to a state
(W(8)) = U(0)|20),

M(6) = Tr [Mp(0)] = (W(6)| M |¥(8)), (4.49)

where p(8) = |¥(0)) (¥(0)| is the density matrix operator and Tr[-] the trace
operation. These matrix elements encode the first order (gradient G°) and second
order (Hessian HCC) derivatives with respect to the ansatze parameters 8 read
as follows

oM (0) 9?M (0)
C cc
P d Y = 2 4.
9= "gp, M =590, (4.50)
and can be evaluated with the parameter-shift rule [66, 285, 302-305].

As a starting point, let us consider the following unitary:

U(e) = U1(91) X UQ(GQ)
(4.51)

— (e_i%Ple_i%lﬁl) % (e—i%PQG_i%PQ)

where [P}, Pi] = [Ps, P] = 0 with the tilde notation denoting a different Pauli
string with the same associated parameters, as this is usually the case in the
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fermionic-UCC ansatz. We have P; = PJT and

(9Uj(9j)_ 7 BN (0.
o0, = —5 (&5 + F;)U;(65) (4.52)
and
oU;(0,)\" au;(0,)
() o) .

We want to estimate the gradient elements

0

C _
G = 90,

Tr {Mp(@)] . (4.54)
By taking the derivative with respect to 6y, we get
Gs =Tr iMp(a)
2 905

0Us(02)
06,

AU2(6:)\
00,

— stwi(6r) | 22 00

Uf (61)

U (02)p (

T~ -
= —gMUL(01)Us(62) [(P2 + P2). p] U3 (02)U1 (61)
(4.55)
where we used the property [P;, U;(6;)] = 0 and the notation p = |®g) (®g]. We

then use the property of commutator for an arbitrary operator [see Eq. (2) in
Ref. 285, where U;(6;) = exp(—ib; P;/2)],

) . ) ™ i s . ‘ _7'(' + _z
Prol=i|os (5) 07 (3) -5 (=3) 0] (=3)]
which can be easily demonstrated by considering the property of exponential of

Pauli strings
e 2°J = cos 5 1 —sin 5 P] (457)

One then separates (P; + P;) as follows:

(4.56)

[(P; + Py), p] = [P}, 0] + [P}, ] (4.58)

such that, by inserting Eq. (4.56) into Eq. (4.55), and subsequently taking the
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trace, the final expression is:

o5 = 5 ((40),, - (), + (40, - (0, )

2 2

(4.59)

where the notation <M>9 . refers to the expectation value of the operator M
J
when 6; has been shifted by /2 in front of P; (and in front of P; for <M>9*i)'
j
Generalizing Eq. (4.59) to any n-fold fermionic excitation generator G; associated
to the parameter 6; leads to the parameter-shift rule:

VP,€g;

gjc :% zn: <<M>9]+W Bl <M>9J.—n> (4.60)

where 0 refers to the parameter associated to the Pauli string P, coming from
the fermionic generator G;. Note that the parameter-shift rule only applies to
generators G that have at most two distinct eigenvalues [66], which is always the
case for any Pauli string but not a linear combination of them. However, each
parameter 0; is associated to two Pauli strings for a single-excitation fermionic
operator, to eight Pauli strings for a double-excitation fermionic operator, and to
22n=1 Pauli strings for a n-fold fermionic excitation operator [306, 307], such that

2271,71

39 H el5Pe. (4.61)
z=1

The above formula is actually an equality because Pauli strings resulting from a
same n-fold fermionic excitation operator actually commute with each other [306].
Although the fermionic generator G usually doesn’t have two distinct eigenvalues
but three [307], they can be decomposed into generators that have only two
distinct eigenvalues (for instance, Pauli strings P, with eigenvalues +1) and the
gradient can be directly calculated by the product rule and the parameter-shift
rule [65, 307], necessitating 22" expectation values. So even for a UCCD ansatz,
we would need around 2% = 16 expectation values for a single gradient calculation
(to be multiplied by the number of parameters).

Turning to the Hessian estimation, one can derive Eq. (4.60) with respect to
another parameter 6y,

VPn€G;

ngc - % zn: (83,C <M>9j+n a % <M>9* )

Jn

(4.62)
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and use the parameter-shift rule again, thus leading to [303]

VP,€G; VP, Gk

/H’%C - i zn: zm: (<M>o+ or <'/\>l>e+ 0,

in %k inkm (4.63)
B <M>ej—n9,jm + <M>e].—n9,;m )

According to Eq. (4.63), a single element of the Hessian will require the estimation
of 24" expectation values for a n-fold fermionic excitation operator.

Different strategies have recently been developed to reduce the number of ex-
pectation values required to evaluate a ansatze-parameter gradient of a fermionic
generator G with more than two distinct eigenvalues. One can consider an ad-
ditional ancilla qubit and decompose the derivative into a linear combination of
unitaries [66], use stochastic strategies [308, 309] or different generator decompo-
sition techniques [307, 310].

4.B Nuclear derivative of the electronic
Hamiltonian operator

In the coupled-perturbed equations, one needs the derivative of the Hamiltonian
operator with respect to a nuclear coordinate [267, 284, 311, 312] which is defined
by

0H . 8hpq 1 agpqrs ~ OE uc
% = 6 qu 2 Z 61‘ epqrs + W? (464)

p,q p,q,7,8

where the derivative of the electronic integrals are

()hpq (z) 1 (z)
xT T .
e hpd — 5 {S ,h}pq (4.65)
égquS (z) 1 (z) 1.66
ox Ipars 2 {S ’ }Pq7~5 (4.66)

where we retrieve ‘explicit’ and ‘response’ terms with respect to a nuclear co-
ordinate. The explicit terms are the ones super-scripted with (*) indicating
a differentiation of the primitive atomic orbitals (MOs coefficients remaining
constant). They are defined such as

AOs
(m) _ Z CipClg—t2 %)

%
o (4.67)
v
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AOs

xT 8h’ LV
hz(nz) = Z CMPCVQT;_ (4.68)
v
AOs 89 5
g5 = > CiupCuqCspChq 5o (4.69)
1,50,y

where C is the MO coefficient matrix encoding the optimal orbitals that minimize
the state-averaged energy. The ‘response’ terms in curly brackets are defined as

{8@n} =355 hog + (3 o) (4.70)
{S(m)’ g}pqrs - Z (Si[('ﬁ)goqrs + Séﬁ)gpom (4'71)
5 Gpgos + S gparo ). (4.72)

The last term present on the right of Eq. (4.64) is the nuclear derivative of the
nuclear repulsion energy which is pretty straightforward to compute in practice.

4.C Analytical derivation of non-adiabatic
couplings for SA-OO-VQE

In this section, we introduce the steps to derive the analytical form of Egs. (4.40)
and (4.41) which define the NAC between two states |¥;) and |¥ ;). Following
Ref. 268, one splits the complete derivative in the NAC into two contributions,

d 0
‘o VN={w, |
dzx J> < !

Dry= <‘I’1 .

NG J> + DS, (4.73)
The first term represents the so-called CI term, and the second one the CSF term

(see Ref. 269) that does not appear in the exact theory [see Eq. (4.1)]. The CSF
term is readily computed as:

DEFF = —< vaq (9xplq) — (4|0:p)).- (4.74)

The CI term, however, is more involved. To evaluate this term, we will make use
of the off-diagonal Hellmann—Feynman theorem:

OH
—_— = -1 —_—
a:C\IfJ> AETH (] 5[ 9) (4.75)

"z
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Eq. (4.75) is valid if two conditions are met. The first one is that the SA-OO-VQE
states |¥y) and |¥ ;) are good approximations of the exact eigenstates of H (to
some negligible errors, which is verified numerically in our work). Second, the
NAC has to be variational with respect to the orbital rotation parameters k, the
ansatze parameters @ and the final rotation ¢ implemented for the state resolution.
While the SA-OO-VQE states do not satisfy this condition, one can still make the
NAC variational with respect to these parameters by introducing the following
Lagrangian:

Liy=S1,
[E— 0
* AE(M Foa G +Zﬂ " o0, TP g |

where S7; = (0| W) is the overlap between the two states, and the leftmost state
is kept constant (as denoted by an overbar) because we only want to take derivative
of the right state in the NAC. Compared to the gradient Lagrangian [Eq. (4.25)],
note the presence of the convergence condition 0AE /0y = 0 encapsulating the
effect of the final state resolution (with AE = E; — Ey). In practice, this condition
holds as the final rotation consists in minimizing a given state energy (which is
equivalent to maximizing the difference between both individual-state energies).
This convergence condition was not needed in the analytical gradient Lagrangian
in Eq. (4.25) as, in contrast to the NAC, the individual-state energies are already
variational with respect to ¢. The factor AFE in Eq. (4.76) was introduced for
convenience (with the overbar meaning that the energy difference is kept constant).

Now, one has to find the Lagrangian multipliers in Eq. (4.76) such that the
Lagrangian is fully variational with respect to x, 8 and ¢,

8L1J 8L1J aLIJ

= = =0. 4.
OFpq 00, Oy 0 (4.77)
From Eq. (4.18), we have
OAE oMy
| d =AF 4.
a0 Hry, an 0 ; (4.78)

where Hy; = (U|H|V ;) (we assume that H is a real operator). We also introduce
the two non-zero derivatives of the overlap S;; that read

(w,

0
aQn\IIJ> #O, and <\Ij]

o
&p\pJ> =1 (4.79)
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From these simple relations, one obtains the %’/ multiplier as
0Ly _1J 1y _ 1
o g —P 1 (4.80)

Combining this result with Eq. (4.77) and Eq. (4.78) provides the other stationary
equations for the orbital parameters,

_ 1J
Z“I]HffrﬁZ@ Hyoon + (1| ﬁql‘I’J>—0 (4.81)

P

and for the ansatze parameters,

9 7IJ CC
AE <\Ij] aen‘ll‘]> +%}: H’I’qu
(4.82)
+Ze H' 5. =0,

where we multiplied both sides by AFE. Let us define the orbital and circuit
gradients, respectively, as follows:

Gt <\If,| o |\11J> (4.83)
Pq
GOIY AE< 82 q/J> + ‘9;;” =0. (4.84)

Note that the circuit gradient can actually be set to 0. Indeed, we have

oHiy, ] 0 )
0
= —AE <\111 ae‘I’J> (4.85)

such that the coupled-perturbed equations read

fHOO fHOC 3 GO,IJ
(HCO fHCC g = 0 . (486)
The final form of the CI term of the NAC can now be written as follows,

OL;1;

_ oOH
DY} = e = (AE) 1<<\Ijl|ar\llj>+
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aQESA —1J 82ESA
—IJ
"ot B T 20 380w | (487)

p.q

where the last term has been set to zero, similarly as in Eq. (4.85):

_’AE D
P opan — o LIHIT)
B oV, o, \
— AE<\II = >+AE< s >_0. (4.88)

Similar to the analytical gradient calculation, we end up with:

1 oh 8g
D, = P\ 1.of 9Ypars p17,eff
1J E,—E; ( a,r +35 Z Logrs

pqars

+ZZwKeiJQS*K(%§I)> (4.89)
-3 vaq 9.pla) — (410.p)).

where the effective transition 1- and 2-RDMs read

,YIJ,eff ,y + ;y[] SA (490)
FIJ,eff :I\IJ + FIJ,SA (491)
where ~.) = (U] E,y |¥ ;) and L7 o= (W] épgrs |V ) are the transition 1- and
2-RDMs, and
~I1J,SA SA-IJ | . SA-IJ
’qu Z(’YOQ op + ’Ypo oq) (492)
o
1J,SA SA zIJ 4 TSA wIJ
qu'l"s Z (FOqTS Op FPOTS oq
o
SA zIJ | [SA ZIJ
+ quos or + quro os) (493)

are the state-averaged 1- and 2-RDMs (encoding orbital contributions).
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CHAPTER b

A hybrid quantum algorithm to detect conical intersections

5.1 Introduction

Conical intersections (CI) are degeneracy points in the Born-Oppenheimer molec-
ular structure Hamiltonians, where two potential energy surfaces cross. Similar
to Dirac cones in graphene [313], these intersections are protected by symmetries
of the Hamiltonian which guarantee that any loop in parameter space around a
conical intersection has a quantized Berry phase [314]. CIs play an important role
in photochemistry [315, 316], as they mediate reactions such as photoisomerization
and non-radiative relaxation, which are key steps in processes such as vision [317]
and photosynthesis [318]. Therefore, detecting the presence and resolving the
properties of Cls is important for computing reaction and branching rates in
photochemical reactions [319, 320]. Nevertheless, the study of such processes
requires electronic structure methods capable of accurately modelling both the
shape and the relative energies of the two intersecting potential energy surfaces, a
requirement that poses challenges for the current available methods [321]. Given
the need to develop novel methods for identifying and characterizing Cls, quantum
computers present themselves as a highly promising option for this task.
Quantum computing has long been driven by the desire to simulate interacting
physical systems, such as molecules, as a novel means of investigating their prop-
erties [69, 322]. This is typically achieved by preparing eigenstates of molecular
Hamiltonians in quantum devices which can natively store and process quantum
states. This task would otherwise require an exponentially-scaling classical mem-
ory. Recently, with the first noisy and intermediate-scale quantum devices (NISQ)
being built, it became increasingly important to research tailored and robust



5 A hybrid quantum algorithm to detect conical intersections

algorithms that minimize the quantum device requirements [53]. Variational
quantum algorithms (VQA), such as the variational quantum eigensolver [54, 91]
(VQE) and its variations, caught the spotlight in this context, as they allow to
prepare and measure quantum states with circuits of relatively low depth. The
key feature of VQAs is the repeated execution of short parameterized quantum
circuits on the quantum device, from which measurement results are sampled.
These results are used to estimate a cost function, which is then minimized
by varying the parameters defining the gates of the quantum circuit. Due to
the noise introduced by sampling, a relatively large number of circuit runs and
measurements are typically needed to estimate the cost function accurately. In
chemistry, where VQEs are often proposed as a method to resolve ground state
energies to high accuracy, the number of required samples to achieve such accuracy
can become prohibitively large [323]. Furthermore, the convergence of the cost
function to an optimum is typically only suggested heuristically, and it is proven
to be problematic in some cases that lack such heuristic structure [324]. Therefore,
it is compelling to suggest VQAs that can access quantities that are less reliant on
the precision of both the optimization process and the measurement procedure.

A promising target for VQAs is the computation of the Berry phase Il¢, which
can be used to resolve the existence of CIs. More specifically, Il¢ is defined as the
geometric phase acquired by an eigenstate of a parameterized Hamiltonian over a
closed adiabatic path C in parameter space [314]. Most importantly, it is known
that in the presence of certain symmetries, the Berry phase will be quantized
to values 0 or w. This quantization is exactly what makes the Berry phase an
attractive target for a VQAs, as it implies the final result of the computation need
only be accurate to error < 7. Quantum algorithms to compute Berry phases have
been already proposed, both variational [286, 325] and Hamiltonian-evolution
based [326]. Moreover, the long-known effects of Berry phase on nuclear dynamics
around a conical intersection [327-329] have been explored recently in analog
quantum simulation experiments [330-332]. Nevertheless, previous proposals
did not attempt to detect Cls in realistic quantum chemistry problems with an
efficient algorithm that can be run on NISQ devices.

In this chapter, we propose a hybrid quantum algorithm to compute the quan-
tized Berry phase for ground states of a family of parameterized real Hamiltonians.
We focus on the specific application to molecular Hamiltonians, where we can
identify a conical intersection by measuring the Berry phase along a loop in
atomic coordinates space. We first review the definition of Cls and Berry phases
in Sec. 5.2. Then, we present all the ingredients of the proposed algorithm in
Sec. 5.3, which is similar to a VQA in spirit, but it does not require full optimiza-
tion; rather, the variational parameters are updated by a single Newton-Raphson
step for each molecular geometry along a discretization of the loop. In Sec. 5.4,
we prove a convergence guarantee for the algorithm under certain assumptions
on the ansatz, by providing sufficient condition bounds on the total number of
steps and the acceptable sampling noise. Finally, we adapt our algorithm to a
specific ansatz in Sec. 5.5 and we benchmark it on a model of the formaldimine
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molecule HoC=NH in Sec. 5.6. Section 5.7 presents our conclusions, a discus-
sion of potential application cases for our algorithm and an outlook on possible
enhancements.

The core code developed for the numerical benchmarks, which provides a
flexible implementation of an orbital-optimized variational quantum ansatz, is
made available in a GitHub repository [333].

5.2 Background

5.2.1 Conical intersections

Let us consider a molecular electronic structure Hamiltonian H (R) parameterized
by the nuclear geometry R in some configuration space R. A conical intersection
is a point R* € R where two potential energy surfaces become degenerate, leading
to non-perturbatively large non-adiabatic couplings, and thus a breakdown of the
Born-Oppenheimer approximation [334, 335]. Conical intersections extend to a
manifold of dimension dim[R] — 2, and lead to the two potential energy surfaces
taking the form of cones in the remaining two directions Z, 2. These two potential
energy surfaces can be described as eigenstates of the effective Hamiltonian

H"R) = h,[R — R*],0, + h.[R — R¥].0.. (5.1)

The Pauli terms o, and o, form a complete basis for two-dimensional real
symmetric matrices. Thus, a single conical intersection cannot be lifted by any
real-valued and continuous perturbation of H°f(R); such a perturbation would
only shift the value of R*. Moreover, the presence of such an effective Hamiltonian
implies that in any direction other than R, or R, the energies must be degenerate.

Simulations involving conical intersections are challenging due to the degeneracy
of the two states involved, as the character of both states needs to be considered.
Active space methods are often used for organic molecules, which involve selecting
the chemical bonds that are formed or broken in the reaction pathway as well
as the most significant spectator or correlating orbitals [21]. The situation is
more complicated when transition metals are involved because the close energetic
spacing of d-orbitals typically requires including all five d-orbitals of such a metal
into the active space. An additional complication arises if the two crossing states
correspond to different atomic configurations: a situation that is not uncommon
for the early or late d- (or f-) metals, for which configurations with a different d-
(f-) population are energetically close. In such cases, one may need to either work
with non-orthogonal orbitals [336] or add an additional d-shell to the active space
[337] to qualitatively describe the nature of both states. For cases of practical
interest in which one wants to characterize and simulate the internal conversion
processes in a complex photo-excited system, the presence of transition metals
may easily lead to large active space requirements. These can not be met by
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classical algorithms and would be highly challenging for quantum algorithms as
well.

One way to reduce the complexity of the problem is to first focus on the presence
or absence of conical intersections that connect the ground and excited states. The
measurement of the Berry phase in chemical systems allows this: without explicitly
computing the excited state surface and non-adiabatic couplings, it should be
possible to detect whether a loop in the nuclear coordinate space encloses a conical
intersection or not. In this manner, one may alleviate the requirements for the
active space selection and orbital optimization and quickly establish the region in
the potential energy surface that contains an intersection with another surface and
needs to be scrutinized further [338]. Information about the location of conical
intersections is of interest also for ground-state dynamics; the ClIs and the Berry
phase they influence the propagation of nuclear wave packets on the adiabatic
ground state surface and thereby affect the branching rates and efficiency of
reactions or isomerizations [339]. For both types of applications, precise study
of dynamics on ground state surfaces as well as characterizing the efficiency of
radiationless decay, it is of interest to explore the possibilities offered by quantum
algorithms.

5.2.2 Berry phases in real Hamiltonians

The Berry phase Il is the geometric phase acquired by some eigenstate |®(R)) of
a system with parameterized Hamiltonian H(R) as it is adiabatically transported
around a closed loop in parameter space C C R. Il¢ can be defined as the closed
line integral of the Berry connection along the loop C

Il = —ijé dR - (®(R)|Vr |P(R)). (5.2)
c
The integrand must be imaginary, as

Vr (®(R)[®(R)) = 2Re[(®(R)| VR [®(R))] =0, (5-3)

thus Il¢ is real. In this work, we assume |®(R)) is the ground state of H(R).

We need to parameterize the loop C = {R(t),t € [0, 1]} in order to evaluate
the integral. Moreover, it is possible to multiply the ground state |®(R)) by a
t-dependent phase, resulting in a U(1)-gauge a transformation which leaves all
physical quantities invariant. We take

(1)) = PV R(R(1))), (5:4)

which allows us to rewrite the Berry phase as

e = —i/ol A (T ()[0, | (1)) +/1dt8t®(t). (5.5)

0
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If there is a representation for which each Hamiltonian H(R) is real, it is possible
to choose eigenstates that have all real components. In this case, we can choose
O(t) such that |¥(¢)) has real expansion, which implies the first integrand is
real; as 0,(¥(¢)|¥(t)) = 0, the integrand must also to be imaginary, therefore
(P(t)|0:|®(t)) = 0. Under this choice, we can evaluate the Berry phase as a
boundary term

e = /0 a6 (1) = O(1) — ©(0) = arg|(¥(0)[w(1)], (5.6)

where the last equality is obtained using the definition in Eq. (5.4). Furthermore,
|¥(1)) and |P(0)) are real by construction, which implies Il can only take two
values (modulo 27): 0 or .

The quantization of Il¢ implies that it is invariant for topological deformations
of C. If C can be contracted to a point, then Il = 0. A non-trivial Il = 7
can only occur when C encircles a degeneracy. One can check with the effective
Hamiltonian Eq. (5.1) that any loop encircling R* has a Berry phase of 7. This
extends by continuity to any region of R around the CI, as long as C does not
enclose a second degeneracy point. Thus, we have a one-to-one correspondence
between ClIs and the nontrivial Berry phase.

5.2.3 Measuring Berry phase with a variational
wavefunction

There have been various proposals in the literature for computing Berry phases
using a gate-based quantum device [286, 326]. In this work, we propose to use a
variational algorithm to track |¥(t)) when parallel-transported around the loop
C, in the spirit of the variational adiabatic method described in Ref. [323, 340].
We approximate

(W(1)) = [¢(67)) = U(6;) [¢0) , (5.7)

where [1)(0)) is a variational ansatz state, and 0} continuously tracks a local
minimum [VgE(t, 0;) = 0] of the variational energy

E(t,0) = (¢ () H(R(1))|4(0))- (5-8)

The angle 6] is well-defined as long as the Hessian V3 E(t,0) remains positive
definite in a neighbourhood of 8; for all ¢, ensuring the 8; is continuous in ¢ and
non-degenerate. Although our treatment naturally extends to any variational
ansatz that continuously parametrizes normalized states [1(0)) (including clas-
sical ansétze like e.g. matrix-product states), we assume the operator U(0) is
implemented by a parameterized quantum circuit (PQC) acting on an initial state
|10); this implies that information about the state needs to be extracted from a
quantum device through sampling.
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5.3 Methods

In this section, we detail all the ingredients needed to implement our hybrid
algorithm to resolve quantized Berry phases with a variational quantum ansatz.
Initially, in Sec. 5.3.1, we discuss how selecting an ansatz that preserves the
Hamiltonian’s symmetries establishes a natural gauge, leading to the reduction
of the Berry phase integral to the boundary term Eq. (5.6). In Sec. 5.3.2, we
introduce our parameter update approach, which employs single Newton-Raphson
steps to trace the variational state along a discretization of the loop C. In Sec. 5.3.3
we explain how to employ a basic regularisation technique to handle the potential
non-convexity of the cost function and in 5.3.4 we explain how to measure the
final overlap using an ancilla-free Hadamard test. Finally, in Sec. 5.3.5, we provide
a full overview of the algorithm.

5.3.1 Fixing the gauge with a real ansatz

As discussed in Sec. 5.2, the quantization of the Berry phase is granted by the
symmetries of the Hamiltonian family H(R), which ensure the existence of a
basis for which each H(R) has a real representation. When it comes to electronic
structure Hamiltonians, it is always possible to find a real representation for time-
reversal symmetric Hamiltonians with integer total spin [341]. Moreover, real
noninteger-spin Hamiltonians are also found throughout nonrelativistic quantum
chemistry.

As our variational ansatz state [in Eq. (5.7)] is defined by a family of unitary
operators, it inherits a natural gauge from U (). In particular, if U(0) is written
as a product of real rotations in the basis in which H(R) is real, then we force
|1)(0)) to have real components as well, which fixes a global U(1) phase. This can
be obtained by constructing the PQC with a sequence of parameterized unitaries
such as

U;(0;) = eti% (5.9)

generated by antisymmetric operators A; that are real in the chosen representation.
(We choose dimensional units such that ||A;|| = 1 without loss of generality, see
Appendix 5.A). Examples from electronic structure include real fermionic (de-
Jexcitations, such as unitary singles (A, = afaq — afa,) and doubles (Apqrs =
d;&qéiés — &gdp&l&r). Many PQC ansétze commonly proposed for quantum
chemistry, such as unitary coupled cluster (UCC) [54, 239, 306] and quantum-
number preserving gate fabrics (NPF) [64], are composed from these elementary
rotations. Formally, our ansatz state can then be defined as

|¢(0)> = H Unpfj(enpfj) |"/}0> ) (510)

Jj=1

where Uy are the aforementioned parameterized rotations applied in circuit-
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composition order.
In this case, the Berry phase can be estimated by

e = arg | (W(O;_o)(6i=1)) | (5.11)

which corresponds to the boundary term in Eq. (5.6). This implies that, in the
case of a non-trivial Berry phase, the path traced by 8; will not close up on
itself (i.e. 87 # 6), highlighting an important difference between the ansatz
parameters 6, which fix the gauge of |¢(0)), and the Hamiltonian parameters R,
which define a ground state |®(R)) up to a U(1) gauge freedom. However, the
change in optimal parameters is insufficient to prove the existence of a nontrivial
Berry phase; we must both successfully track the minimum 6 as ¢ traces from 0
to 1, and estimate the final overlap (1(67)[¥(07)). While the argument (sign) of
the overlap will yield the Berry phase, its absolute value is a proxy of success as
it certifies the initial and final states are physically equivalent.

5.3.2 Avoiding full optimization via Newton-Raphson steps

As mentioned above, the Berry phase Il¢ is a discrete quantity, and therefore we
only need to estimate it to accuracy < 7. In Appendix 5.A, we show that this
implies that we can accept an error on the estimate 6, of the final optimum 67
bounded in 1-norm by ||@; — 8%]|; < 1. Thus, we are not required to exactly track
|1(0F)) and as a result, the variational energy Eq. (5.8) does not need to be fully
re-optimized at every time-step ¢. Instead, it suffices to keep the estimate 6, of
the optimal parameters within the basis of convergence of the true minimum 6;.

To achieve this, we still need an initial optimum as an input, which is obtained
by running one full optimization. If possible, the initial point is selected such
that optimization is simplest. Then, we propose to use a single step of the
Newton-Raphson algorithm at points t € {A¢,2A¢, ..., 1 — At 1}.

The Newton-Raphson (NR) algorithm determines the update of the estimate of
the minimum @ through the gradient G(t,8) := Vo E(t,0) and Hessian H(t,0) :=
V2E(t,0) of the variational energy Eq. (5.8). The derivatives can be computed
using either finite-difference methods or parameter-shift rules [66]; either method
requires sampling the variational energy E(t, 0) at a number of different parameter
points 8. Given the estimate 6, of the optimum at point ¢ as an initial guess, the
NR step with cost E(t + At,8) prescribes the update 6,4 r; = 0, + dﬂg&, with

dOrR, = —H 7' (t+ At,0,)G(t + AL, 6y). (5.12)

The Newton-Raphson method is well-known to have a finite-sized basin of
quadratic convergence, as long as the cost function is strongly convex at the
optimum,

T *
vIH(O*)v
m(0*) := min v_H(OY)v

> 0. 5.13
lin — 7 (5.13)
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In other words, the lowest eigenvalue m of the Hessian of the cost function
(which we call convexity) at the optimum 6* needs to be positive. Details on the
convergence properties of NR are given in App. 5.D. In section 5.4, we show that
this quadratic convergence is fast enough to keep track of the minimum with only
a single step for each t-point.

5.3.3 Regularization and backtracking

To ensure that we successfully track the minimum of the cost function 8}, the
estimates 6; need to remain in the strongly convex region of optimization space.
The existence of such strongly convex region is not always guaranteed since
it depends on the ansatz. A common cause of failure of this requirement is
exemplified for anséitze with (local) over-parametrization of the state manifold.
In fact, if the ansatz has redundant parameters the Hessian of the cost function
Eq. (5.8) will always be singular (m = 0). Then, arbitrarily small perturbations
of the cost function can then cause m < 0. When this occurs, the inversion of the
Hessian needed for the Newton-Raphson step is ill-defined.

The most direct approach to solve this issue is to select an ansatz with no
degeneracies, facilitating a strongly convex cost function at its minima. Nev-
ertheless, this is only possible for very simple problems, and even in this case,
quasi-degeneracies can make the convergence region extremely small. Since this
is a well-known problem, many alternative solutions have been proposed in the
literature. In this subsection, we will explore and implement two of them —
back-tracking and regularization.

Back-tracking — Small positive eigenvalues of the Hessian can cause the stan-
dard Newton-Raphson step to overshoot along the relative parameter eigenmodes.
This effectively reduces the size of the neighborhood of the minimum 6* in which
quadratic convergence is granted (see Appendix 5.D). Since for positive convexity
the direction provided by the Newton-Raphson step is guaranteed to be a descent
direction, we can mitigate this overshoot by implementing line-search of the
minimum on the segment defined by the NR step. In the common variant of
back-tracking, the Newton step is iteratively damped by a constant 8 € (0, 1).
At each iteration, the cost function in the new point is measured, until the cost
function is reduced enough (the detailed condition is given in Algorithm 5.1).
While some additional evaluations of the cost function are needed, the (more
expensive) gradient and Hessian are only calculated once. Due to the repeated
evaluation, one needs to consider extending line-search methods to cost functions
evaluated with sampling noise.
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Algorithm 5.1: NR step subroutine with regularization and backtracking

Input: Initial estimated parameters 0.
Estimated Hessian H
Estimated gradient Q
Cost function E(6) given by eq. (5.8)
Convexity requirement myy, > 0
Positive constants i, p, «,

Output: Updated estimated parameters 6, + d6.

1 Ao < lowest eigenvalue of #,;

// Regularization

if Ao < m then
B H+ (pPol + 1)1
do «— B~'G

else

| do«—H™'G

// Backtracking

7 while E(6, + d6) > E(6,) + a(G - df) do

8 L do < do

9 return 6, + d6

[ L BN

Regularization — For realistic ansédtze and Hamiltonians, it is difficult to avoid
(quasi-) redundancies in some regions of parameter space. In this case, the cost
function might not be strongly convex around the minimum, or the convexity
might be too small to ensure a sufficiently-large convergence region. Furthermore,
even for an ideally-convex cost function, noisy evaluation on a quantum device
might result in a distorted Hessian with non-positive eigenvalues. To mitigate
this issue, we can use a regularization technique that penalizes the change in
parameters along the quasi-redundant directions. We propose to use augmentation
of the Hessian to regularize the NR step, obtaining a so-called quasi-Newton
optimizer. Hessian augmentation is a common practice in quantum chemistry
methods that feature orbital optimization, such as self-consistent field methods
[21]. If the smallest eigenvalue of the Hessian A is smaller than a positive
threshold convexity myy,, we construct the augmented Hessian as follows

B=%H+ul, (5.14)

where we add a constant v > |Ag|. The augmented Hessian is then positive, and
we can realize the NR update as

doNR = —pB~1g. (5.15)

Here, 8 is the damping constant from back-tracking line search and G is the
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gradient as in eq. (5.12). Regularization and back-tracking are typically used in
tandem, as quadratic convergence is harder to guarantee when using regularization.
The choice of v is non-trivial: we want it to be large enough to suppress parameter
changes along quasi-redundant directions, but we need to avoid exaggerating
the damping along relevant directions. Common solutions include choosing
v = p|Ao| + p with fixed positive constants p and u, or using a trust-region
method [342, 343] where the Newton step is constrained to lie within a ball of
some radius h (such that ||[dONR||y < h).

The augmented Hessian method does not require further evaluations of the cost
function, although the damping of the parameter updates might imply that more
t-steps are needed to successfully resolve the Berry phase.

5.3.4 Measuring the final overlap

For a real ansatz, the overlap of the tracked states at ¢t = 0 and ¢t = 1 must be
real and it can be rewritten as

(¥(00)[¥(61)) = Re [(0] UT(80)U(61)]0)] . (5.16)

This quantity can readily be measured by a Hadamard test, implemented as

X
0 A ———

[tho) —/— UT(80) HU(0:1) —

The required number of samples is small, as we only need to resolve whether the
sign of the overlap is +1 (trivial II¢ = 0) or —1 (nontrivial Iz = 7).

Implementing the circuit above requires to realize controlled-U (@), which might
increase significantly the depth of the compiled quantum circuit and make the
implementation unfeasible on near-term hardware. However, this requirement
can be bypassed by using the control-free echo verification technique [344, 345],
in place of the standard Hadamard test, to sample Eq. (5.16). This technique
requires access to a reference state |¢f) orthogonal to [¢g), which should acquire
a known eigenphase ¢ under the action of the PQC, U(0) |tref) = €% |tref). As
most of the PQC ansétze used for electronic structure states preserve the total
number of electrons (including UCC and NPF), the fully unoccupied state |0...0)
can be used as reference. Control-free echo verification circuits only require
implementing the non-controlled U(0), and furthermore provide built-in error
mitigation power.

134



5.3 Methods

5.3.5 Overview of the algorithm

We are now ready to formalize the proposed algorithm for resolving Berry phases,
Algorithm 5.2. The formalization we present here will allow us to bound the
number of steps and the sampling cost in the following Section 5.4. Given a path
C and a number of steps 1/At, the algorithm attempts to calculate Il¢ yielding
either Il = 0, IIe = 7, or a FAIL state. Again, in Section 5.4 we will bound
the probability of the FAIL state occurring. Additional features that extend
the practicality of the algorithm and mitigate the failure cases are presented in
Sec. 5.5 and later implemented in Sec. 5.6.

Algorithm 5.2: Resolve quantized Berry phase

Input: Family of Hamiltonians H(R), R € R
Real ansatz PQC [¢(0))
Set of initial optimal 6
Closed path C € R, R(t) : [0,1] — C
Number of steps N to discretize C
Precision requirements og > 0 and o3 > 0
Convexity requirement myp, > 0
Regularization reg € {False, True}
Final fidelity requirement F' € (0,1)
Output: Il =0 or Il = 7 or FAIL.

1 At =1/N;
2 )= 65;
3 for 7 € {0, At,2At,...,1 — At} do
4 E(t,0) < define cost function as in Eq. (5.8);
5 Qj + sample the gradient to precision og
6 (G = S2(r+at.0,)]:
7 ;Cljk — sample the Hessian to precision oy
8 [7—[ 89 80 (1 + At, 0 )]
9 if reg = Fualse then
10 Ao < lowest eigenvalue of H;
11 if Ay < myp, then return FAIL and exit;
12 dONR — —H1G (see Eq. (5.12)); O, as + 0, + dONE;
13 if reg = True then
14 L 0, A+ < Subroutine 1 (6,, G, H);

15 f < final overlap as in Eq. (5.16) to precision F;
16 if f2 < F then return FAIL and exit;
17 return Il = arg{f}
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If the algorithm fails, it can be re-run with a larger number of steps N and thus
a smaller step size At. A smaller step size decreases additive NR error bound
(the error per step scales as At?, the total bound thus scales as At).

5.4 Error analysis and bounding

In this section, we find analytic upper bounds on the cost of estimating a quantized
Berry phase II¢ on a fixed curve C using Algorithm 5.2. To simplify the treatment
regularization and back-tracking are not considered: instead, we require each
estimate éj At at the j-th step to be within the region of quadratic convergence of
the cost function at the next t-step E((j + 1)At, 8). We prove that this translates
to a guarantee of convergence of the algorithm, under three conditions:

1. At the local minimum 6, where 1(0;) approximates the ground state, the
cost function E(t, 0) is strongly convex [as described in Eq. (5.13)];

2. The number of discretization steps N is sufficiently large;

3. The sampling noise on each of the Hessian and gradient elements (o4 and
og respectively) is sufficiently small.

The first point entails a requirement on the cost function, defined by the family
of Hamiltonians H(R) and the choice of ansatz |¢(8)). This requirement is not
satisfied if the ansatz state is defined with redundant parameters. We contend that,
while strong convexity is a significant assumption, incorporating regularization (or
one of the other techniques suggested in the outlook) can alleviate the necessity for
such an assumption in practical applications. Our proof provides upper bounds on
N and lower bounds on o3 and og, which suffice to grant convergence. However,
these are not to be considered practical prescriptions, as we do not believe them
to be optimal; rather they show which are the relevant factors playing a role in the
convergence of the algorithm. As the sampled gradient and Hessian are random
variables, the guarantee of convergence for bounded error is to be understood in
a probabilistic sense.

We first clarify natural assumptions and notation used in the calculation of the
basin of convergence of Newton’s method. We require the cost function E(¢,0) to
be twice-differentiable by 8, for all ¢, in a region around the true minima ;. We
require the Hessian to be Lipschitz continuous across this region,

[9(t, 0) — H(t,0 + d6)|| < L||d8)|. (5.17)

(Here, the Lipschitz constant L can be considered a bound ||7|| < L on the norm
of the tensor of third derivatives T'(t,0) = VgVoVeE(t,0).) We also require that
the gradient of the t-derivative G = VQ% is bounded by g'max in 2-norm. These
regularity conditions are satisfied for the PQC ansétze we consider in Sec. 5.5, and

in App. 5.B we argue for bounds on L and Gmay. The strong convexity assumption
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described in the previous paragraph entails a constant lower bound myy, on the
smallest eigenvalue of the Hessian (¢, 0;) at the minimizer 6; for all ¢.

5.4.1 Bounding the NR error

We will first calculate a lower bound on At that ensures the error 66, = 6; — o;
is bounded by a constant for all values of t. (as shown in Appendix 5.A, a
bound on ||66: |, is sufficient to ensure II¢ can be accurately resolved.) In this
calculation, we will allow for an additive error og on 8, due to sampling noise; we
will simultaneously calculate an upper bound on og. We sketch the calculation
here and defer details to App. 5.D

Firstly, it can be shown (Theorem 5.1 in Appendix 5.D) that the Newton-
Raphson step Eq. (5.12) with cost function E(t+ At, 0) is guaranteed to converge
quadratically [346] to the minimizer 6], , as long as the initial guess 0, is within
a ball centred in the minimizer of radius “§*. Quadratic convergence means that
the distance of the updated guess from the minimizer will scale as the square of
the distance of the initial guess from the minimizer,

16014 acll <

=0 ™. (5.18)

The right-hand side of this equation can be bounded through the triangle inequality
as
16 — 07| < [106:]| + 1107 — 674 sl (5.19)

We can bound the second term in this equation by taking the total ¢-derivative of
the optimality condition G(t,0;) = 0, yielding
1674 ar — 71| < M Gmax At (5.20)

If at step t we are within the radius given by Theorem 5.1, the NR step will
quadratically converge, suppressing also the error from the previous step, and

. 2
yielding [|06; || < {85

To account for sampling noise effect, we then consider a small additive error og
to 6;. Maximizing this allowed sampling noise at each step (as we will see, this
becomes the bottleneck in our method) then yields the two bounds

_ 2
< ﬁ4 ! mzhr, At < 82% (5.21)

o

When both bounds are satisfied, we are guaranteed single steps of Newton’s
method will maintain convergence around the path C.
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5.4.2 Bounding the sampling noise

We now translate the bound on og to bounds on the variance of estimates of each
element of the gradient and Hessian (O’é and 0'3_[ respectively). This proceeds by
simple propagation of variance through Eq. (5.12). We find

o = Var[doyX,] < | H'IPE[II6G]1%] + (5.22)
HIHTHPE[I5H]2] 1dONR, 1%,

where 0G and dH are the random variables representing the errors on gradient
and Hessian. (a more detailed calculation is given in App. 5.E.) Assuming 6 has
n, elements, each element of the gradient is i.i.d. with variance O’é, we get

E [I6G]*] = n, 0. (5.23)

As dH is a ny, X ny real symmetric matrix, assuming its elements are i.i.d. with
variance 072_‘, we can invoke Wigner’s semicircle law [347] to approximate its norm
by \/np o34, thus

E [I6H/*] = ny 03, (5.24)

Combining these with Eq. (5.22), and requiring the resulting variance to be small
compared to the square allowed additive error 0(2, we obtain the bound

3— 2\/5 mfhr

2 2 NR |12
oG+ U?-LHdat,AtH < 16 n,L®

(5.25)

We can then bound the norm of the NR update as [|d0} R, || < mg1 /|G| Splitting
the error budget in half we obtain.

3—2v2 m?
2 hr
0'g < T?}ﬁ (526)
3-2v2 mb
2 thr
. 5.27
HE T n7G] (520)

Note that these bounds are not tight. For instance, by applying Cauchy-Schwartz
inequality to bound |[H™1-G|| < ||H7H|||G]|, we overlook the fact that the gradient
will change more slowly along a lower-eigenvalue eigenmode of the Hessian. We
believe further work might allow to define tighter bounds.

5.4.3 Scaling of the total cost

To give an estimate on how many measurements we need to sample gradient
and Hessian to sufficient precision, we need to recast the quantities in Eq. (5.27)
(the dominant term of the sampling variance) in terms of parameters of the
problem. If we use an ansatz without redundancies (or if we can get rid of
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redundancies through e.g. regularization), and assuming we approximate the
ground state well enough, the convexity myn, will be larger than the ground
state gap A, as every parameterized rotation in the PQC ansatz will introduce
a state orthogonal to the ground state. The norm of the gradient and the
Lipschitz constant can be bound proportionally to their max norm, as shown in
Appendix 5.B, thus |G]| < /my | H|, |G| < /|l H|| and L < /| H|| (where
||H|| is the spectral norm of the Hamiltonian). The number of measurements to
sample the Hessian to precision Eq. (5.27) are proportional to the inverse of the
bound, with proportionality constant My, indicating the number of shots required
to sample a single element of the Hessian to unit variance (this depends on details
such as the decomposition taken to measure the Hamiltonian, and the specifics of
the derivative estimation method). Multiplying this by the number of steps é
[Eq. (5.21)] gives us the total number of shots required for convergence

1p L[| G|* Gimax

Moy = 10° AT My, (5.28)
n2 || H||"||H
< 1037”” A”8” ”MH. (5.29)

5.5 Adapting to an orbital-optimized PQC ansatz

To achieve a good representation of the ground state character while minimizing
depth and number of evaluations of quantum circuits, we employ a hybrid ansatz
composed of classical orbital rotations and a parameterized quantum circuit
(PQC) to represent correlations within an active space. The concept of an orbital-
optimized variational quantum eigensolver (OO-VQE) is explored in [30, 348] In
this section, we introduce the construction of the OO-PQC ansatz and discuss
its specific use in our algorithm, where the orbitals need to continuously track a
changing active space depending on the nuclear geometry.

5.5.1 An OO-PQC ansatz with geometric continuity

To represent the electronic structure state, we start by choosing an atomic orbital
basis, i.e. a discretization of space defined by a set of N non-orthogonal atomic
orbitals x, (R, ) (functions of the electronic coordinate & € R3, where we make
explicit the parametric dependence on the nuclear coordinates R); these orbitals
define the overlap matrix

S (R) =(xu(R)[xv(R)) (5.30)
= /R3 X, (R, z)x. (R, z) . (5.31)
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The atomic orbitals (AOs), along with the overlap matrix, depend on the geom-
etry of the molecule specified by the nuclear coordinates R. (For the sake of
simplicity, we limit to considering real AOs.) From these, we could define a set of
parameterized orthonormal molecular orbitals (MO)

¢p(R,CA0) = Z Xu(R)CAO (5.32)

mp

which would allow for the definition of a parameterized active space. The downside
of this parametrization is that, to ensure MO orthonormality, we need CA° to
satisfy the constraint

CAOTS(R)CAC =1, (5.33)

which depends nontrivially from R. This implies that we cannot trivially use the
same CAC for different geometries R.

In order to address this problem, we have opted to use orthonormalized atomic
orbitals (OAO) that are derived from the AOs through symmetric Léwdin orthog-
onalization [153] as reference in the definition of parameterized MOs. The OAOs

are defined as ¢SAO( ) =2, xuR)S _1/2(R). Building on these, we can define

the MOs as
qu R)S,/2(R)Chyg, (5.34)

where C' = S'/2(R) - C*©. The orthonormality constraint Eq. (5.33) then reduces
to requiring C' to be orthogonal, and it is independent on R. In summary,
Eq. (5.34) defines a set of orthonormal molecular orbitals parameterized by C,
well-defined and continuous for changing R.

To start up our algorithm, the matrix CA° can be initialized by a Hartree-Fock
(or any other molecular coefficient matrix, e.g. coming from a small CASSCF
calculation) at some initial geometry R(0). From this we recover C' = S'/2(R(0))-
C"9, which is then treated as a variational parameter of the ansatz. Using the
parameterized MO Eq. (5.34) we construct the electronic structure Hamiltonian
H(R,C) in the (parameterized) molecular basis.

Based on the initial Hartree-Fock orbital energies, we split the N orbitals into
a core set with No doubly-occupied orbitals, an active set with N orbitals, and
a virtual set with Ny empty orbitals. Although the split of the orbital indices
remains constant throughout the algorithm, the orbitals themselves continuously
change through their dependence on R and C'. The correlations are treated only
within an active space of 1 electrons in Ny orbitals. Tracing out the core and
virtual orbitals yields the active-space Hamiltonian Hx (R, C).

The correlated active-space state [1)(0)) is represented on a quantum device,
using a PQC ansatz of the form Eq. (5.10). The cost function then becomes

E(R,C,0) = (¥(6)| Ha(R, C) [1:(8)) , (5.35)
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and it can be evaluated by sampling the 1- and 2-electron reduced density matrix
(RDM) of the state [61]. (Other efficient sampling schemes, e.g. based on double
factorization [11, 59], can be used.)

5.5.2 Measuring boundary terms with the OO-PQC ansatz

When evaluating the final overlap [Eq. (5.16)] with an orbital-optimized ansatz,
we have to consider that the states [1)(0y)) and |¢(601)) are defined on different
active space orbitals, determined by the MO matrices Cy and C; respectively.
The transformation between the two sets of orbitals, ¢(R,C1) = ¢p(R, Cp) - Co1,
is represented by the orthogonal matrix

Cosr = ClCy. (5.36)

If the algorithms successfully tracked the lowest-energy active space state of the
system, the Hilbert spaces spanned by the active orbitals defined by Cy and C;
should match. (The same is true for the core space and the virtual space.) This
implies the matrix Cy_,; will have block structure, with [Co_1]pq 7 0 only if p, ¢
are both in the same set of orbitals (core, active or virtual). The orbital rotations
within the core (virtual) subspace will not generate any phase on the state of
the system, as all orbitals are doubly-occupied (doubly-unoccupied). The orbital
rotation within the active space can then be translated to a unitary transformation
on the state by a Bogoliubov transformation

Gosr=exp{ 3 [og(Coo)lpealay }, (5.37)
{p,qa}€AS

with a;g, ap fermionic creation and annihilation operators on the p orbital. The

final overlap

Re [(0|UT(80)Go1U(61) |0)] =: we (5.38)

can then be sampled with a Hadamard test, given an quantum circuit implementing
the (eventually controlled) operation Gg_1. Under Jordan-Wigner encoding, a
quantum circuit for Gg_,; can be implemented as a fabric of parameterized
fermionic swap gates of depth N following a QR decomposition of the orbital
rotation generator [log(Co_1)]pq, also known as a givens rotation fabric [349].
These gates preserve the zero-electrons reference state, allowing to employ the
ancilla-free echo verification technique mentioned in section 5.3.4 to measure the
final overlap.

5.5.3 Newton-Raphson updates of the OO-PQC ansatz

The proposed OO ansatz has two sets of parameters, C' and 6. As the MO
matrix C is subject to the constraint Eq. (5.33), its elements cannot be freely
updated with NR. Instead, for each NR update with initial MO matrix C, we
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reparametrize the MOs with a unitary transformation: C' < Ce™", where « is any

antisymmetric matrix. The derivatives of the energy with respect to any element
Kpg can be evaluated analytically (see Appendix 5.C). Furthermore, under this
parametrization it can be shown that k,, where p, g are both core indices or both
virtual indices are redundant [21] in the definition of the active space orbitals;
these N% + N\2, parameters are set to zero without reducing the expressivity of
the ansatz. We call the unraveled set of remaining parameters k. To implement
the Newton-Raphson step, the gradient and Hessian with respect to the combined
set of parameters (0, k) is computed. In this manner the gradient splits into two
components, and the Hessian into three components

Vio.x)E = (VoE,V4E) (5.39)

ViE  V.VeE

(VoVoE)T V2E (5.40)

ViewE =

The PQC parameter derivatives Vo E and Vi E can be evaluated through parameter-
shift rule [66, 350] or finite difference, by sampling on the quantum device. The
derivatives with respect to the OO parameters V, E and V2 E are linear functions
of the 2-electron RDM, whose coefficients can be computed analytically [21]. The
remaining component, the mixed Hessian V,VgFE can be similarly evaluated as a
linear function of O-derivatives of the RDM; for this, we can use the same data
sampled from the quantum device to evaluate Vg E. We detail the procedure of
estimating these Hessian components in App. 5.C. Thus, evaluating the deriva-
tives with respect to the OO parameters does not require extra sampling on the
quantum device.

5.6 Numerical results

In this section, we demonstrate the application of our method to a small model
system: the formaldimine molecule HoC=NH, an established model in the context
of quantum algorithms for excited states in [30, 348, 351]. This molecule is known
to have a conical intersection between the singlet ground state and first excited
state potential energy surfaces [352]. This CI plays an important role in the
photoisomerization process of formaldimine, which in turn can be considered a
minimal model for the photoisomerization of the rhodopsin protonated Schiff-base
(a key step in the visual cycle process [287, 288]). We consider geometries obtained
from the equilibrium configuration by varying the direction of the N—H bond,
defined by the bending angle o and the dihedral angle ¢ (see Fig. 5.1d). Varying
these angles defines the considered plane in nuclear configuration space R. First,
we consider a minimal model of formaldimine (within the minimal basis and a
small active space), on which we can test the properties of the algorithm 5.2. Then,
we investigate the effects of sampling noise on these results. Finally, we study
a more complex model of the same molecule (with a larger basis set and active
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space), and show that we can achieve similar results by employing regularization
and backtracking to deal with the degeneracies of the ansatz manifold.

5.6.1 Numerical simulation details

For our simulations, we use the PennyLane [353] package with the PyTorch
backend to construct the hybrid quantum-classical cost function of Eq. (5.35)
supporting automatic differentiation (AD) with respect to the PQC parameters.
To achieve this, we implement the transformation of the one- and two-body AO
basis integrals to the parameterized MO basis [Eq. (5.34)] with AD support. The
transformed integrals are projected onto the active space and contracted with the
active space one- and two-electron RDM. The RDM elements and their derivatives
with respect to the PQC parameters are obtained using PennyLane and its built-in
AD scheme based on the parameter shift rule. In summary, gradients and Hessians
of the cost function with respect to the PQC parameters are obtained using AD,
the orbital gradient and Hessian components are estimated analytically (see
Appendix 5.C), and the off-diagonal block of the composite Hessian [Eq. (5.40)]
is retrieved by automatic differentiation of the analytical orbital gradient. We
use PySCF [222] to generate the molecular integrals (i.e. the full space one- and
two-electron integrals and overlap matrices) in the atomic orbital basis.

The core code developed for this project is made available as a python package
in the GitHub repository [333]. This code provides a flexible implementation of
the orbital-optimized PQC ansatz, which can find many applications in VQAs for
chemistry. A tutorial Jupyter notebook showcasing a calculation of Berry phase
in the minimal model of Formaldimine is provided in the examples folder in the
repository.

5.6.2 Minimal model with an degeneracy-free ansatz

We first demonstrate the application of our algorithm to a minimal model of
formaldimine, for which we can approximate the ground state with a simple
ansatz with no degeneracies. The molecule is described in a minimal STO-3G
basis-set, and we select an active space of 1y = 2 electrons in Ny = 2 spatial
orbitals [i.e. CAS(2,2)]. As the orbital optimization already allows (spin-adapted)
single excitations within the active space, the only parameterized gate we can
include in our PQC ansatz is the double-excitation U(6) = eflajajazas—ajafaoar),
this corresponds to the unitary coupled-cluster doubles [UCC(S)D] ansatz, where
the singles (S) are not explicitly included because they would be redundant with
the orbital optimization. This is enough to describe exactly any active space state
compatible with the symmetries of the model, without over-parametrizing the
ansatz state.

In Fig. 5.1 we demonstrate the application of our algorithm to this model. The
minimal basis set is small enough that we can run a full configuration interaction
(FCI) calculation to exactly resolve the ground and first excited state energies
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Figure 5.1: (a) Three loops in the nuclear configuration space of formaldimine; Cy
(green), Cx (red) and Cz (blue). Cx encircles a CI, resulting in a non-trivial Berry
phase. In this representation, the loops are discretized by N = 25 points. The color plot
indicates the energy gap at the full configuration interaction (FCI) level. (b) Energy
and (c) change in PQC parameter around the three loops, with the same color coding as
in (a) and the same N = 25. These results refer to a (2,2) active space, and a minimal
(STO-3G) basis set description of Formaldimine, with a OO-UCCD ansatz that has a
single 0 parametrizing the only double excitation. The continuous lines show the true
optimum 67 and the relative energy (obtained by full optimization), while the markers
show the progress of the estimate ; from Algorithm 5.2, in absence of sampling noise.
The Hessian stays positive throughout the path, no regularization is needed. (e) Final
overlap computed by Algorithm 5.2 for the red loop containing a CI, for a varying
number of total discretization points N. For N < 9, the Hessian is not always positive
and regularization is needed to invert the Hessian, but no backtracking is used. (d)
Schematic representation of Formaldimine, indicating the parameters used to define the
nuclear geometries in this work.

Ep(R) and E1(R). Observing the gap E1(R) — Ep(R) (portrayed in Fig. 5.1a),
we can determine the location of the conical intersection ¢* = 90°, a* ~ 132°.
We then define three loops in the configuration space R, one loop C« containing
the CI and two “trivial” loops C1, Co. These loops are centered around ¢ = 90°
and a = 110° (C1), o = 130° (Cx) and o = 150° (Cz), and all have a radius of
10°. Fig. 5.1c shows the progress of the estimate 6, (shifted by 50) of the optimal
PQC parameter 6; throughout the N = 25 single-NR-update t-steps. Note that,
while we only plot the single PQC parameter relative to the parameterized double
excitation, the algorithm updates the MO coefficients C; as well. We observe
that 6; = 6, for the trivial loops Cy,Cs, while 0, #+ 0, for the loop Cx containing
the CI. This is an indication of the effect of the Berry phase, but not the result
of the algorithm yet; measuring the overlap Eq. (5.38) yields the correct Berry
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Figure 5.2: Energies throughout the loops in Fig. 5.1 (discretized by N = 25 steps), in
the presence of sampling noise. Each element of the composite gradient Eq. (5.39) and
Hessian Eq. (5.40) are perturbed by random gaussian noise with variance ¢ = 5 x 1076,
In this instance the Hessian stays positive around the path, so no regularization is
needed. The full lines, like in Fig. 5.1b, indicate the true optimum E(¢,0;) obtained by
full optimization.

phase II¢ = arglwe]. The estimated energy E(t,6,) and the optimal E(t,87)
(obtained by full local optimization) are shown in Fig. 5.1b. We can observe a
small deviation from the optimal energy in the region where the character of the
state changes faster (along the line ¢ = ¢*, a < a*), but this does not disrupt the
tracking of the minimum. Finally, Fig. 5.1e shows that a number of discretization
points N > 9 is needed to correctly resolve Ilo, = 7, through the evaluation of
the overlap [Eq. (5.38)] we, = —1.

5.6.3 Sampling noise

In this section, we explore the robustness of our algorithm with respect to the
sampling noise characteristic of VQAs. To avoid defining a specific sampling
strategy and keep our results general, we directly add a proxy of sampling noise 7
to each element of the gradient and Hessian. Each 7 is an independent Gaussian
random variable with variance o?; a different 7 is added to each element of the
gradient of (5.39) and Hessian of Eq. (5.40) to get the noisy estimates G and
#. In Fig. 5.2 we show the energy profile of the three loops whose geometry is
represented in Fig. 5.1a, for one such random realisation of the sampling noise.
(The plotted energy expectation is evaluated exactly, noise is only added to the
gradient and Hessian used in the NR updates.) These three loops yield the same
Berry phase results as the noiseless case.

The probability Psyccess of Algorithm 5.2 correctly resolving the Berry phase
Ilc, on the nontrivial loop Cy is reported in Fig. 5.3, as a function of the number
of discretization steps N and of the variance of the added noise on each sampled
quantity o2. The expected final overlap Eq. (5.38) is —1 for this case, as the loop
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Figure 5.3: Success probability Psucces Of the algorithm as a function of the number of
discretization points N and the sampling noise variance ¢ for the loop Cx containing
a CIL. The details of the model and geometry of the loop Cx match Fig. 5.1 (red loop).
Success is defined by resolving a final overlap <w(éo) ’¢(51)> < 0, which returns Il¢,, = 7.
The success probability is computed over 100 simulated runs. A Psuccess = 50% indicates
the algorithm returns random outcomes. Regularization by Hessian augmentation is
enabled in these calculations, while no back-tracking is used.

contains a CI. For each value of N and o2, we simulate 100 noisy runs of the
algorithm and we declare as successful the ones that yield a negative final overlap
(implying IIc, = 7). Finally we average these outcomes to retrieve the succes
probabilities Psycces-

From these simulations we conclude that sampling noise reduces the accuracy
of tracking the ground state and thus increases the probability of obtaining
inaccurate energies. Nevertheless, for a moderate amount of sampling noise our
algorithm still resolves the Berry phase correctly. We observe that an error
on each gradient and Hessian element with variance of 02 = 1075 (or smaller)
does not compromise the resolution of the Berry phase, as long as the number
of discretization points is sufficiently high (N > 10, very close to the noiseless
case portrayed in Fig. 5.1e). On the other hand, a large enough sampling error
(0% > 5 x 107°) produces essentially random results (Piyccess = 50%).

5.6.4 Larger basis and active space

To test convergence for a more realistic case where the cost function is not always
strongly convex at its minima, we simulate the algorithm on a more challenging
model of formaldimine. The model is constructed employing the cc-pVDZ basis
set (43 atomic orbitals), and an active space of four electrons in four spatial
orbitals [CAS(4,4)]. As a PQC ansatz for the active space state, we use the
number-preserving fabric (NPF) ansatz introduced in [64], consisting of a fabric
of spin-adapted orbital rotations and double excitations on sets of two spatial
orbitals (four spin-orbitals). Four layers of this ansatz are enough to recover the
exact CASCI ground state energy inside the active space of 4 orbitals, resulting in
20 PQC parameters. This is an overparameterization of the ground state, implying
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Figure 5.4: Energies throughout two loops, for a more challenging model of
Formaldimine, described in the cc-pVDZ basis set and with a (4,4) active space. The (red)
blue loop indicates a (non-)trivial Berry phase, centered around (o = 113°) o = 145°
and ¢ = 90° (both), with a radius of 15°, and discretized by N = 50 points (note these
loops are different from Fig. 5.1). The basis set is too large to run a FCI calculation
to locate the CI, and using another approximate method (e.g. state-average CASSCF)
might bias the CI location. Instead, we manually choose larger loop geometries and use
Algorithm 5.2 to find the value of Il¢.

a global redundancy in the ansatz and resulting in a singular hessian at every
point. The goal of this numerical demonstration is to show that Algorithm 5.2 can
still recover the Berry phase, in this case using regularization and backtracking.

In Fig. 5.4 the energies throughout two loops are shown. The location of the
conical intersection (a*,¢™) in the larger basis set moves compared the case
shown in Fig. 5.1 (this is to be expected, as the cc-pVDZ and STO-3G models
are effectively different); the basis is now too large to attempt an FCI calculation
that would resolve the gap exactly. One could instead resort to a State-Averaged
CASSCEF calculation to resolve the location of the CI, however, the state-average
approach might bias the location of the CI. For this demonstration, we manually
select two loops with a slightly larger radius of 15°, centered around o = 113° (Cy,
red line) and around a = 145° (Cy, blue line). These values are chosen based on
the location of the CI at the level of theory of large state-average CAS(14,14)SCF
calculation, which returns o™ ~ 113°. We choose ¢ = 90°, as the CI is forced to
lie on the ¢* = 90 hyperplane due to the Cs reflection point-group symmetry.
Indeed, we can resolve the correct Berry phase with only N = 50 discretiation
points, accumulating a small error around the loop which has a minor effect on
the final overlap [Eq. (5.38)] of we, = —0.9994 (loop containing the CI), and
we, = 0.99998 (trivial loop).
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5.7 Conclusion and outlook

In this work, we introduced a hybrid algorithm to resolve conical intersections
through the Berry phase they induce. This is achieved by tracking the ground state
with a variational quantum ansatz, along a closed path C in nuclear configuration
space. This algorithm only requires approximating the ground state (in contrast
to e.g. the state-average VQE [30]) for one nuclear geometry R at a time, reducing
the expressivity requirements of the ansatz. The key requirement of the algorithm
is that the ansatz parameters are changed smoothly, tracking a local minimum of
the cost function (5.8) and ensuring the U(1)-gauge (global phase) of the ansatz
state remains well-defined.

As the output is quantized (II¢ € {0,7}), the result only needs to be estimated
to a constant precision, and the algorithm is robust to some amount of error; we
considered optimization error (the error on estimates of a variational parameter,
due to the approximate minimizer) and sampling noise on the quantities measured
on the quantum device. We showed that one can update the variational parameters
with a single newton step for each geometry in a discretization of the loop C. We
proved analytically that the algorithm is ensured to converge for a large enough
number of discretization steps NN, and small enough additive error, under the
assumption that the cost function is strongly convex at its minimum. (We consider
sampling noise explicitly, but the robustness results extends to any additive noise,
including hardware noise.) We argue this result practically extends to cases where
the strong convexity assumption is not satisfied, as long as some regularization
technique is employed.

This reasoning is corroborated by numerical demonstrations of CI resolution on
a small example system — the formaldimine molecule. Using a minimal description
of formaldimine [STO-3G basis, a CAS(2,2), UCCD ansatz], for which we have a
strongly convex cost function, we show convergence of Algorithm 5.2 without using
regularization for a sufficiently large N > 11, as we expect from our analytical
results. We also demonstrate the effect of sampling noise in this setting, showing
that our algorithm is robust to a sizable amount of noise, achieving convergence
for N comparable to the noiseless case. Finally, we demonstrate the application
of Algorithm 5.2 with regularization on a more complicated and realistic model
of formaldimine [cc-pVDZ basis, CAS(4,4), NPF ansatz]. This case shows that,
even with a cost function that is never convex, we can employ regularization to
resolve the Berry phase correctly.

5.7.1 Paths towards improving convergence

The key step in our algorithm, where most of the cost in terms of quantum resources
is concentrated, is the evaluation of the (NR) parameter update. Ensuring the
parameter estimates remain within the basin of convergence of the cost function
is crucial, and it is the bottleneck in terms of the cost of our algorithm. As shown
in Section 5.4, the size of the basin of convergence depends on the convexity
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of the cost function at the minimum (5.13). Overparametrizations (local or
global) of the cost function are especially disrupting, as they produce singular
Hessians (m = 0) even at optimal points. In this work, we proposed to use
regularization by Hessian augmentation and back-tracking to solve this problem;
this technique is practical and, as shown numerically in Section 5.6.4, it can
produce convergent results for systems with overparametrized cost functions.
However, the success of these techniques may depend on the choice of their
hyperparameters (a, 3, i1, p in Algorithm 5.1), and their application makes the
analytical study of the algorithm convergence harder. In this section, we suggest
alternative approaches to regularization and resource allocation for the algorithm,
which would require further study.

Quantum natural gradients — Quantum natural gradient (QNG) descent is
a recently-proposed parameter update technique [354, 355], which takes into
account the geometry of the ground state manifold. Natural gradient techniques,
already long in use in classical machine learning [356], are invariant with respect
to reparametrizations of the cost function; more importantly for our case, they
nullify the effect of overparametrizations [357]. The idea of QNG is to transform
gradients with respect to the ansatz parameters into gradients with respect to
Quantum Information Geometry. This reparametrization is achieved through the
Fubini-Study metric tensor g(8;) (to be evaluated at each update). A gradient
descent step would then become:

Orini =0, — gt (0,)G(t + AL, 6,), (5.41)

where 7 is the learning rate and g*(ét) is the pseudo-inverse of the metric tensor.
Here G(t+ At, ét) is just the usual gradient of the energy as in Algorithm 5.2. The
resulting QNG step updates the ansatz by a fixed amount in the norm induced by
the distance between quantum states, instead of a parameter-space norm, solving
the issues connected to overparametrization. Another option would be to use
classical natural gradients (NG) [356] defined on the 1- and 2-RDM manifold,
which rely on the classical Fisher information matrix.

Adaptive step selection — Choosing a sufficient number of steps N to discretize
C is key to the success of our algorithm, as proven in Section 5.4 and shown in
Fig. 5.1 (bottom right). This is because the minimum 6}, along with its basin of
convergence, changes between subsequent steps by an amount proportional to the
step size At = 1/N. In Algorithm 5.2, we propose to linearly discretize a given
parametrization of C for the sake of simplicity. An adaptive choice of At could
greatly reduce the cost of the algorithm, letting the steps be larger in the regions
where the ground state changes the least, while concentrating more points in the
regions where the ground state character sharply shifts. An adaptive step selection
technique that preserves the provable convergence could be easily implemented if
the gradient and Hessian of the cost function are measured through the 1- and
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2-electron RDM. In fact, the cost function can then be written as

E(t,0) = D(0)ch(t)e, (5.42)
3

where £ = pq, pgrs € [Na] are the one- and two-body active-space orbital indices,
D(0)¢ are the RDM elements and h(t)¢ are the one- and two-electron integrals.
The derivatives with respect to 8 are then calculated by chain rule from the
derivatives of the RDMs, at the current parameter value of @ = 6,. This allows
to compute energy E(t',0y), gradient G(t',0,) and Hessian H(t', ;) for any value
t', without further evaluations of the PQC. The step size can be then chosen as
the maximum At such that the Hessian convexity m(t + At, 0~t) remains above
some positive threshold value. Further research could quantify the improvement
that adaptive step selection would bring to our algorithm, and identify a method
to implement this for optimized energy derivatives sampling techniques, such as
those using double factorization [358].

5.7.2 Potential applications

The algorithm we propose resolves the Berry phase along a given path C; the
description of the loop is an input of the algorithm. This loop construction will
depend on the details of the considered application, and might involve chemical
intuition and the consideration symmetries of the molecule where present. In
realistic applications, we conceive our algorithm as a tool that can help to (1)
certify Cls proposed by other methods, (2) determine whether a CI plays a role
in a certain reaction, and/or (3) locate a point of the CI manifold in parameter
space. In either case, an initial proposal of a path C that might contain the CI is
necessary.

The case 1 is the most direct application of our algorithm. The loop C is
chosen to surround a quasi-degeneracy previously identified by an approximate
classical method. The result of our algorithm could then confirm or disprove the
presence of the CI. In case 2, given a photochemical reaction whose geometry is
approximately known, we can use our algorithm on a set of loops to understand
wether a CI plays a role in the reaction. These loops can be constructed by
variations of the reaction path along perpendicular coordinates, focusing on the
modes that influence the orbitals involved in the reaction, thus greatly reducing
the search space for the CI. Finally, to locate the CI (case 3) various search
approaches can be considered. For example, starting from a large loop C that
is known to contain the CI, binary-search can be used to iteratively shrink the
loop and locate the CI to the desired precision. The considered loops could be
defined on a plane, if there is heuristic information about the direction along
which the potential energy surfaces split. In alternative, a mesh of orthogonal
loops in a subspace of the nuclear configuration space R can be tested. This, in
combination with the data about the ground state energy collected by running the
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optimization in our algorithm, could also be used to determine the approximate
location of the minimal energy crossing point [i.e. the point Rygcp on the CI
manifold with minimum Ey(Rygecp) = E1(Ruecp)]. Further work is needed to
explore these problems, develop procedures to solve them and define and test
practical application cases in the three categories.

5.7.3 Outlook

The bounds presented in Section 5.4 have been calculated to provide a guarantee of
convergence for our method, which is an atypical feature for variational quantum
algorithms. These are not supposed to be tight bounds or resource estimates
for a realistic application of our algorithm. Further research is needed to define
better bounds. This, along with the choice of a specific method to extract the
energy and its derivatives (e.g. RDM sampling and parameter shift rule) could
allow estimating the cost of a practical application of this algorithm. Furthermore,
a study of the errors due to the ansatz not perfectly reproducing the ground
state, and those induced by circuit noise, could help to understand the practical
limitations of the algorithm.

The computation of Berry phases is also central when characterizing topological
phases of matter [359]. For the specific case of non-interacting Hamiltonians with
chiral or inversion symmetry, the winding number is analytically computed through
the Zak phase [360], which is related to the Berry phase that is accumulated after
a closed loop through the Brillouin Zone. For interacting systems, in which one
cannot access momentum space, there is a mechanism in which one introduces
an external periodic perturbation to the Hamiltonian [361, 362]. As long as the
perturbation does not close the gap and respects the symmetries of the system,
the Berry phase can be computed by considering a closed loop in parameter space,
similar to what is proposed in this work. As an outlook, one could consider
extending the VQE approach to detect topological phases of matter through the
computation of the Zak phase. Furthermore, VQA approaches to other topological
invariants, such as the Chern number [363] could be considered (possibly inspired
by methods related to their experimental detection, such as Thouless pumping

Finally, classical algorithms to resolve conical intersections from Berry phases
inspired by this approach could be designed. If the approximate ground state is
represented by a variational classical ansatz that fixes the U(1) gauge, a simple
extension of our method could be achievable. For example, this could be achieved
with an extension of CASSCF (essentially a CASCI solver on top of an orbital
optimization) that implements continuous local optimization of the SCF matrix,
to allow enforcing the smoothness constrains that are crucial to keep the gauge of
the state fixed.
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5.A Bounding overlaps by change in ansatz
parameters

The variational Berry phase for a real ansatz state (as introduced in section 5.3.1)
is resolved as the argument of the boundary term arg[<7,/1(0~(0))|w(0~(1))>]. To
obtain a nontrivial Berry phase, the initial and final parameters 6(0) and (1)
need to be far enough to allow <w(é(0)){¢(0~(1))> = —1. This implies that the
optimal parameters need to change enough along the parametrization of the path
(for t going from 0 to 1). In this appendix, we translate this into a lower bound
on the one-norm-distance between initial and final parameters ||@(1) — 8(0)]|;. As
a consequence, we also find a lower bound on how much error can be allowed
without on the final parameter é(l) compromising the Berry phase measurement.
We first state a lemma which will be useful in the proof:

Lemma 1
Given two unitary operators U, U’, each decomposed as a product of N > 2 unitary
operators U = Un—1...UrUp, there holds the bound [|[U = U'|| <3 .o ;i IU; = U

We prove this by induction. For N = 2, the proof is by the triangle inequality

|U1Uy — UrUs|| = |UT (U — Up) + (U = Up)Uo| (5.43)
< NUI(Ug = Uo)l + 1(Uy = Ul U] (5.44)
= [[(Uy = Vo) + (U7 = U)|l. (5.45)

The proof for NV + 1 can be similarly be reduced to the proof for N:

UGy U — UnUn—1..Us|| < [|U% = Un || + |U Ul — Un—1...Uo-
(5.46)

Let us consider the case of real Ansatz Eq. (5.10). We remind U; = e#i% for
antisymmetric real A;. We can then bound the overlap between ansatz states
using Lemma 1,

1= (0(0)[(6") = 1 — (o UT(O)U(8") [vo0) (5.47)
= (ol UT(O)[U(0) — U (6)] [t00) (5.48)
<|U(e) - U] (5.49)
< > Ui0;) = U 9))] (5.50)
JE[N]
= > [let — et (5.51)
JEIN]
=2 )" |lsin [’éj(ej - 93)} H < > 406 - 05 (5.52)

JE[N] JE[N]
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The difference of parametrers |0; — 0’| is always rescaled by the respective || A;][;
we can interpret this by considering ¢; and A; as dimensionful quantities, with
inverse dimension to each other. We can always redefine units rescaling 6; and
A; — without loss of generality we choose units for which ||4,]| = 1 (the only
assumption being the boundedness of A;). Under this choice,

(V(6(0))[(6(1))) = ~1 = [6(0) —O(1)[1 > 2 (5.53)

Thus the parameters need to change (in 1-norm) by at least 2 along the path to
achieve the same state and nontivial Berry phase. By the same reasoning, an
error on the final parameters 66(1) bounded by ||66(1)||; < 1 will not change the
argument (i.e. the sign) of the overlap, thus allowing to resolve the correct Berry
phase.

5.B Bounding the norm of energy derivatives

Suppose we have a variational state parameterized by 6

np—1

[4(8)) =U(0)10) = T Un(6x)V[0) (5.54)

k=0

on a n,-dimensional manifold (within a larger Hilbert space), where the product
is assumed to be taken in unitary composition order (right to left). Assume each
Uy is generated by anti-hermitian operators ¢4y with unit norm

Up(0) = &40 A = Al ||A]] = 1. (5.55)

Given H is an observable of known norm ||H]||, define

E(60) = (¥(0)| H [4(6)) . (5.56)
Define the tensors of derivatives,

0
G;(6) = - E(0) (5.57)

J

82
H;rx(0) = ME(G) (5.58)
83

Tix1(0) = WE(G) (5.59)
(5.60)

our goal is to bound their (vector-induced) 2-norms ||G||, |H|], || T]|-
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We first notice that

ny—1

j—1
53 U©) = | [] Ur(0x)Vi | i4; <H Uk(Hk)Vk> = iA;U(6) (5.61)
k=j k=0

where ||4,]| = ||4;]| = 1, as conjugation by a unitary preserves norm. Using this,
we can get expressions for the tensors of derivatives in terms of commutators of
Hermitian operators of known norm

g;(8) = i(¥(0)|[H, ]\ () (5.62)
H;x(0) = —((0)|[[H, ] ]I (9)) (5.63)
Tiw(8) = —i(w(O)I[[[H, A;), Ax], Ail|v(0)) (5.64)

A trivial bound on this involves bounding each commutator by its norm, e.g.

np+1

IG(6)]* = ZII 0)|[H, A;][4(0)) 1 < 4ny || H]||. (5.65)

It is an open question wether we can improve on this bound.

We can get a similar result for the derivatives with respect to the orbital
rotations, considering the reparametrization described in Sec. 5.5.3. We call |))
the PQC ansatz state in the full (active + core + virtual) space, padded with
virtual (core) registers of qubits in the state |0) (|1)). We drop explicit dependence
on C' and 0, and we make explicit the differential rotation parameters k. The
cost function is then

B(k) = (1] eXopn "rsv0 o= 22, mre e

¥) (5.66)

where E,, is the generator of a spin-adapted orbital rotation. Its derivatives at
k = 0 [note that the index pairs (pq) are collected in one index for the purpose of
rotating higher order derivatives| are easily calculated to be

Gipa) (k= 0) = (V| [H, Epgl [¥) (5.67)

H(pq),(rs)("{‘ = O) = <’(/)| HH7 qu]’ ETS] |w> ) (568)

T(pa),(rs),(tw) (£ = 0) = (W[ [[H, Epg, Ers], Evu] [¢) - (5.69)

Observing that ||Epq|| = 2 we obtain the same result as above (up to constant

factors 2, 4, 8 respectively, coming from this norm).
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5.C Analytical orbital gradient and Hessian

In this section, we expand on the estimation of analytic orbital gradient [right
block of the vector in Eq. (5.39)] and orbital-orbital and orbital-circuit Hessian
[bottom right and top right blocks of the matrix in Eq. (5.40), respectively]. We
show how after the reparametrization C' +— C' - e™", the k-derivatives of the
cost function E(C - e™*,0) can be expressed as a linear function of the 1- and
2-electron RDM, and the mixed Hessian V,VgFE(C - e™",0) can be expressed in
terms of @-derivatives of the same RDM.

We first define the 1- and 2-electron reduced density matrix (RDM) in the
spin-restricted formalism

Vpq(0) = ((6)] Epg [1(8)) (5.70)
Lpars(0) = (¥(0)] epgrs [¥(0)) (5.71)

Here, p, g, r, s are meant to be general indices (either occupied, active or virtual),
where the state [1)(0)) is to be intended as padded by two registers of qubits in
the |0)®*YV (]1)®2N0) state for the virtual (occupied) orbitals. In the molecular
orbital basis defined by C' [orbitals in Eq. (5.34)], we can write the Hamiltonian
as

1
H = Z thEPq + 5 Z 9pqrsCpqrs (572)
prq

pgrs

where h,q and gpqrs are the one- and two-electron integrals (with spatial orbital
indices p, g, r, s ordered according to the chemists’ convention), and they implicitly
depend on C through the MOs. The expectation value of the Hamiltonian can
then be written as a contraction of the integrals with the RDM,

B(C,0) = (O H(C) [6(8)) = SOt + 5 S [0 pareTpars (573)

pq qrs

where we made explicit the dependence on C.

To derive analytical orbital rotation derivatives, we closely follow Ref. [21].
We start by separating the dependence on k of the reparametrized cost function
E(C-e™",0), by using the equivalent state transformation formalism provided
by Thouless theorem [28]

E(C-e,0) = ($(O)| H(C - e) [0(8)) = ((8)| *H(C)e ¥ [0(8))  (5.74)

where & = qu KpqE,, is the operator that generates a unitary on the Hilbert
state space equivalent to the orbital rotation. We know that the rotations where
p,q are both virtual indices form a redundant subgroup, so we can freeze the
corresponding x,q = 0; the same is true for p, ¢ both core space indices. In other
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terms, kpq = 0if p,g € V or p,q € O, with V' and O the sets of virtual and core
indices. The remaining elements of xp, satisfy k,q; = —kqp. We define a vector of
unique non-redundant orbital rotation parameters

K= {kpg, VpEOUANge AUV : q > p}, (5.75)
and we redefine the cost function with respect to this vector,
E(C,k,0)=E(C-e7",0). (5.76)

We are interested in the derivative with respect to this vector; we can always switch
from the matrix s to the unraveled vector of unique non-redundant parameters ,
and vice versa. By comparing the Taylor series in x with the Baker-Campbell-
Hausdorff expansion:

E(0,k) = (Y(0)[ H [¢(9)) + (¥(0)| [7, H] [1:(8)) + % (W(O)[[~, %, H]] [(0)) + ...

(5.77)

One can readily verify that the analytical orbital derivatives at x,, = 0 are given
by:

Vg = ZEORN )| 15, 1) i0) (5.78)
Prq k=0

V2 Elyare = GO (14 Bg) (040)] By (B, H 6) (579
Pq TS k=0

where Py, s permutes the pair of indices pg with rs. The calculation of the
commutators in Eq. (5.78) and (5.79) can be found in common quantum chemistry
textbooks [21], and they all one- or two-body operators; thus their expectation
value can be written as a linear form in the RDM (v, I'). The gradient evaluates
to

[VRE]IMI = 2(qu(9) - qu(e)) (5'80)

where F' is the generalized Fock matrix,

Fpq(0) = Z'Ypm(g)hqm + Z Lpmnk (0)ggmnk (5.81)

mnk

The Hessian evaluates to

[ViE]pqrs =(1- qu)(l — P) [Z’Yprhqs - (Fpr + Frp)(sqs + 2qurs] ;o (5.82)
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where we introduced

qu?"9 = Z Fpmrngqnzns Jr Fpmnrgqmns Jr Fprmngqsmn (5'83)

mn

and dropped the explicit dependence on 6. For the composite Hessian, we simply
take the gradient of Eq. (5.80) with respect to 0, by using the chain rule

?E(0, k) (aF (6) OF (0))
Ve VeE],y = ——=~ =92 P4 _ Z—ap (5.84)
[ViVoEly Dripgd0 |, _, 00 00
where
S0 = ; o ham + 7;@ T G (5.85)

Thus, once we have the derivatives of the 1- and 2-RDM to sufficient precision,
we can evaluate the orbital gradient, Hessian and composite Hessian analytically,
recovering all terms in Eq. (5.39) and Eq. (5.40) without any additional quantum
cost.

5.D Bounding the cumulative error due to
Newton-Raphson updates

In this section, we prove that using a single Newton-Raphson (NR) parameter
update per At-step is sufficient to achieve an error on the estimate of the minimizer
scaling as O(At?) after any number of At-steps, as long as the cost function is
strongly-convex at the minimum and At is small enough. First, we recall sufficient
conditions for quadratic convergence of the Newton-Raphson step. We then use
these to bound the error of a single NR-step when the cost function is changed
from E(¢t,0) — E(t + At, 6). We translate this into an upper bound on At which
guarantees the error stays bounded throughout the optimization path. Finally, we
show that we can allow a sufficiently small additive error on the Newton-Raphson
update and retain the bounded error throughout the path.

Quadratic convergence of NR — Consider a cost function E(0) with gradient
G = 5 and Hessian Hj, = 5775, and an initial guess of a minimizer ().
The Newton-Raphson step prescribes the update () — ONF = 9(0) 4 JNR
with dON® = H=1(0(0)G(0®). Theorem 3.5 from Nocedal and Wright [346]
gives sufficient conditions under which quadratic convergence of the NR update is
guaranteed. We simplify these conditions, and obtain the following

Theorem 5.1
Consider a cost function E(0) with Lipschitz-continuous Hessian |H(0) — H (0 +
50)|| < L||66|| and a local minimizer @* with positive converity m = ||H=1(8*)|~! >
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0. Given an initial guess °) which is close enough to the minimum, i.e.

" m
16 — 6| < A (5.86)

the NR update will converge quadratically towards the minimum with

L
|67 — 67| < — [0 — 6" (5.87)

To prove this, we only need to show that a strong convexity condition is satisfied
within a r-ball centered in 8* including all close-enough possible initial guesses

(r=4f), ie
[0 +56)| <2m~, o0 < L. (5.89)

To prove this we expand H~1(8* + §0) using Taylor’s theorem,
OH!

J<s<1: H YO +60) = 7—[‘1(0*) +66- —5 (0" + 500) (5.89)
25 =" ae CLYS (5.90)

170" +60)|| < [H™H(O")] + [H™ (0" + 506)[>L||d6] (5.91)

<m U4 |HNO + 559)”2%, (5.92)

where we used the Lipschitz constant L as a bound on the derivative of the
Hessian. This last condition holds if

[H1(0" + 560)| < 2m™". (5.93)

As we can choose s < 1 and the result is clearly true at 60 = 0, the result holds
recursively.

Single NR update with a changing cost function — We now consider a family
of cost functions E(t,0) continuously parameterized by ¢t. Suppose we have an
approximation @, of the minimizer 0; of E(t, #), with error ||§; —;||. In each step
of our method (Algorithm 5.2), we shift the cost function E(t,0) — E(t + At, 0)
by At and we use the current minimizer estimate ; as initial guess for the next
step; 0£+At = 0,. We can bound the error of this initial guess by the triangle
inequality,

163, — 07, arll < 100 — 0711 + 167 a0 — 671 (5.94)

While the first term is the (given) error on the estimate, the second can be
obtained by taking the total ¢-derivative of the minimum condition G(¢, 8*(¢)) = 0,
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and applying Taylor’s theorem

dae;
dt

At = |1 (7,05)G(7, 07)|| At
(5.95)

Sreltran: 07 -0l = |G| _ |
with G = V2 E(0,1).

We now assume that the convexity at the minimum is bounded from below
throughout the whole ¢-path by a constant m > 0,

m(t,07) == |[H (07| >m Vteo,1], (5.96)

and that the gradient of the change is never larger than Guay. (while the first
assumption imposes the nontrivial condition of strong convexity at the minimum,
the second is always granted for cost functions from a continuous family of bounded
Hamiltonians). We can then write
0 * 5 —16

107 a0 = 071 aell < 100 = 07 ]|+ m ™ Grnax At (5.97)
To ensure this initial guess is within the quadratic convergence region of the NR
step, we require

~ * _ . m
16 — 67| + m ™' GrmaxAt < 1T (5.98)
choosing an «, 8 € (0, 1] this condition can be written as
m2
At = —af3, (5.99)
4Lgmax
16 - 671 = (1— )5~ (5.100)
e AL '

This allows to apply Theorem 5.1, and bound the error after a single NR, step,

- L [pBm 2 m
0 —-0; <= B2 =p2—. 5.101
[Burar = 0ol < 2 | T2] = o0 (5.101)
Multiple steps — We want to ensure the error on the minimizer estimate

remains bounded for ¢ taking subsequent values is [0, At, 2 At, ..., 1], while taking
a single NR step at a time. We can do this by imposing the error after each step
[Eq. (5.101)] is not larger than the error on the previous step estimate,

B2

m

This is granted for any S € (0,1] by choosing « = 1 — % The maximum

At = % 1 L’SQ is achieved by picking 8 = 1, and yields an error bounded by the
nr@nax

16L °

constant
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Allowing an additive error — To account for sampling noise, it is useful to
consider an additive error of magnitude og on the estimate 8; of the minimizer
07 at each t-point, modifying Eq. (5.100) into

~ * m
16: — 07| = (1 — @) B— + 0. (5.103)
4L
This yields the condition

L 2
= [i? + 0'9:| <(1- a)ﬂ%. (5.104)
28m

If we define v by 0g = 17+, we can write

m m
1 < (1-a)b— 1
(1497 =B < (1= )7 (5.105)
which is saturated by 5 = 4(11;7%2. We then get
2
1 —
At= - oll=a) (5.106)

" LGumax (1 +7)2

which is maximised (while keeping 3 < 1) by v = max[$,1— %] The allowed
additive noise is then

¥ m ym . .1 1
— Z(1l—a)= 1= - — 5.107
o (1+’Y)2L( a) 5T m1n[2,(1+7)2]7 ( )
maximised for the choice ¥ = /2 — 1 yielding
2-1 2
o= V2T A o (5.108)

. O At=—
4 L 8Lgmax

5.E Bounding the sampling cost

We call aé and o3, the variances of each element of the gradient and Hessian
respectively, due to sampling noise. To compute the error on the parameter
updates, we propagate these variances through the definition of the NR update
Eq. (5.12). The first-order differential change (here denoted with §) of the NR
update dONR with respect to changes in the gradient and Hessian is

S[dONR] = H™! . [-6G + 0H - dONR], (5.109)

where we use the ordered matrix-product notation, with vectors in boldface. When
0G and 0H are the random variables representing the errors on the gradient and
Hessian, the expected mean square error on the NR update defining the norm of
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the covariance matrix

| Var[dONF]|| := E [||5[dO~R)I?] = E[|H " - 6G|°] +E[|[H " - 6H - dOVF|?],
(5.110)
where we used the zero-average property of 0G and dH to drop the expectation
values of mixed terms. This can further be bounded as

Var[d™] < [H7HPE [[16G]7] + 177 17E [16H]*] 467, (5.111)

Assuming the same variance og on each of the n, elements G; of the gradient, we
get
E [16G|1*] = n,og. (5.112)

As the Hessian is a random real symmetric matrix with i.i.d. elements, each with
a variance oy, we can invoke Wigner’s semicircle law [347] to bound the spectral
norm as

E [16%]12] < (i o)”. (5.113)

Combining these with the strong convexity bound ||H || < m™!, we get

Var[dO™F] < m™? [n, 0 + n, 03, dONT|?] (5.114)

The calculations in Appendix 5.D conclude that, for each At-step, we can
afford an additive error on the NR update of at most o9 < 77 with v = V2 —1.
Comparing this result to the variance just calculated, we can formulate the

requirement on the variance

2 2 2 NR,||2 v* m?
m~*ny, [0d + 07, [|dO~|1?] < 61 (5.115)

This gives conditions on the elementary sampling variances

2 4
2 7mom
7 5.116
76 < 16 I°n, (5.116)
) 72 m4 ,YQ mﬁ

0oL = < — - 5.117
16 L2, [d0NR P16 L2, G P AP (417

To recast this bound in terms of variables of the problem, we use the following
relations derived in Appendix 5.B: L = max||T || < n2/2 [|H|| (the norm of the third
derivative tensor 7 is bounded by nf,/ ? times by its infinity norm), |Gmax || At <
\/TTPH%HAt ~ \/Np|/H|| (same infinity norm bound). Furthermore, we assume
the convexity is larger than the ground state gap, m > A; this holds if the ansatz
approximates the ground state well enough, and changes in any ansatz parameter
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0 introduce a different excited state. Substituting these relations we obtain

4
2
ok < 0'01|\H||2ng’ (5.118)
9 6

The number of total required shots to sample the Hessian (gradient) for all the N
2
m
8LGmax’
and considering only the dominant term (relative to sampling the Hessian) we

can write

steps will thus scale as 07> At~? (a&ZAt’l). Picking the maximal At =

HI||7 |22
H NG (5.120)

#shots o n,, AS
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CHAPTER O

Machine Learning Density Functionals from Noisy Quantum
Data

6.1 Introduction

Following the rapid development of quantum hardware, the last decade saw an
explosion in the research on quantum algorithms for noisy intermediate-scale
quantum (NISQ) devices [53]. An important goal of this research is identifying
avenues towards achieving useful quantum advantage: the application of quantum
devices to relevant, classically-intractable problems. A prominent example is the
electronic structure problem, which is central to chemistry and material science,
and has been a major focus for quantum algorithms due to its inherent quantum
nature and significant scientific and commercial importance [7-9]. Much of the
recent research on quantum algorithms for this problem has centered on the
variational quantum eigensolver (VQE), a NISQ-tailored algorithm designed to
approximate ground states by optimizing a heuristic quantum ansatz [54, 92].
However, several significant challenges hinder the achievement of practical solutions
to the electronic structure problem. Accurately estimating energies and other
properties from a state prepared on a quantum computer is made prohibitively
expensive by sampling costs [63]. This is exacerbated by the necessity of applying
error mitigation techniques to reduce bias due to circuit noise, which increases
the sampling overhead [365]. Additionally, VQE introduces errors intrinsic to the
algorithm, related to the expressibility of the ansatz and the complexity of the
optimization landscape. In practical electronic structure calculations, it is often
necessary to solve for multiple system configurations, which increases the overall
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Generate random
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Figure 6.1: Overview: Workflow for machine learning a DFT functional from noisy
quantum data. The process begins with generating instances of the Hubbard model FAI,L
from random local potentials ptrain. For each of these instances, estimates of the ground
state density p and the potential-interaction energy F' are obtained using one of three
different methods: ED, EVE or VQE. The data extracted from EVE and VQE are noisy,
representing two distinct types of errors — handled separately in this study — that are
characteristic of NISQ quantum algorithms: sampling noise for EVE and expressibility
and optimization errors for VQE. The pairs (p, F ), split in training and validation sets
using 5-fold cross validation, are used to train a machine learning model to learn the
universal functional F. This, in turn can be used to predict the ground state energy
Ecs = Flpcs] + 1 - p, and to perform density optimization for new potentials (in a
Kohn-Sham-like scheme). The ML models are benchmarked on a test set of new problem
instances defined by random potentials pest and solved with exact diagonalization. The
trained models are benchmarked on both of these tasks using a separate test set from
ED to investigate the robustness to errors.

cost.

Density Functional Theory (DFT) is the workhorse of modern quantum chem-
istry and material science, used to investigate the electronic structure of many-body
systems at a low computational cost [366]. Central to DFT is the definition of
a universal functional, which maps the ground state electronic density to the
corresponding kinetic and interaction energy for a given problem family [15, 18].
Although exact universal functionals theoretically exist, their general explicit
form is unknown, and their evaluation would necessarily be computationally
intractable [16]. Instead, DFT practitioners rely on a vast array of approximate
functionals, developed over the decades through mathematical assumptions and
physical intuition. Recently, machine learning (ML) approaches have emerged
as powerful tools for designing new DFT functionals [367, 368]. In particular,
deep-learning-based functionals have demonstrated remarkable performance on
benchmark problems in chemistry [369-371]. These models can be trained on
mixed datasets generated through various approaches, including DFT based, on
other functionals, expensive first-principles methods like coupled-cluster, and
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experimental data [372, 373]. The synergies between DFT and quantum algo-
rithms have been explored in the context of learning functionals on fault-tolerant
quantum computers [374], and in using quantum algorithms to supplement results
from approximate DFT functionals [375].

As quantum hardware continues to improve, the prospect of using quantum
devices to generate training data that is inaccessible to classical methods is
becoming increasingly realistic. Such data, derived from the quantum simula-
tion of complex systems, could significantly enhance the capabilities of classical
ML models [376-378]. In turn, these models could generalize from the limited,
expensive-to-generate quantum data. Moreover, by leveraging the underlying
structure, physically-motivated ML models could combine information from all
the training data points, filtering out noise and leading to predictions that are
more accurate than any individual training point. While not much research has
focused on practically training classical models with quantum-generated data,
related concepts exist in the literature. In quantum science, ML is often applied
to learning properties of a system from measurement outcomes, in tasks like phase
classification [379]. Classical shadow tomography [243] constructs classical models
that can predict many properties of a given quantum state from a limited set of
measurements. Similarly, recent work demonstrates a technique to extract of clas-
sical surrogates from QML models trained on quantum devices [380]. Moreover,
classical ML models have been employed for noise mitigation in quantum systems
[381].

In this work, we explore the application of NISQ devices to generate noisy
training data aimed at learning DFT functionals for the Fermi-Hubbard model,
with the goal of generalizing and enhancing these datasets. We focus on limited,
noisy datasets of 1,000 data points, which, though small from a machine learning
perspective, can already be expensive to generate on a quantum device. We
separately examine the effects of sampling noise typical of NISQ algorithms
and the algorithmic errors associated with VQE, analyzing how these factors
impact the learned functionals. The models are benchmarked on both an energy
prediction task and a Kohn-Sham-like density optimization task.

The remainder chapter is structured as follows: Sec. 6.2 summarizes the nec-
essary background on DFT, the physical system and the learning task. Sec. 6.3
discusses the dataset generation process, including details on the considered quan-
tum algorithms. Sec. 6.4 describes the machine learning model, training process,
and compares various ML regression methods. Sec. 6.5 presents the benchmarking
results of the trained ML models. Finally, Sec. 6.6 discusses the findings and
provides an outlook for future research.
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6.2 Background

6.2.1 Density Functional Theory

Central to DFT are the Hohenberg—Kohn theorems [15], which assert two fun-
damental principles: (1) the many-body ground state of a system of interacting
electrons in an external potential is uniquely determined by its electron density,
and (2) the ground state energy can be obtained variationally by minimizing a
functional of the electronic density.

To formalize this and set the notation, consider a family of electronic Hamilto-
nians

H=U+T+V (6.1)

where U represents a fixed electron-electron interaction, T is a fixed kinetic energy

term, and V is a free external potential term. The expectation value of the

A~

potential (V') is defined as a linear functional of the electronic density p.

The first Hohenberg-Kohn theorem ensures the existence of the universal
functional

F:pas = F = (Yas| (U +1T) [pas) (6.2)

which maps the electron density pgs of the ground state |¢gs) of any H to
the respective expectation value of the kinetic and interaction energy F. The
functional is termed universal because it is independent of the external potential
acting on the system. The total ground state energy E = (¢as| H [as) can be
reconstructed from the ground state density as

E = &[pas] == Flpas) + (Yas| V [bas) (6.3)

where (Ygg| 1% |thgs) is a linear functional of pgs by definition. The second
Hohenberg-Kohn theorem states that, for a given V', the ground state energy and
density of the corresponding H can be obtained by minimizing this functional:

E =min€[p], pgs = argminé[p]. (6.4)
P P

While DFT approaches have been developed to investigate a wide variety of
many-body systems, here we focus on a particular lattice model. In lattice models,
electrons occupy discrete, localized sites, and the electron density p is represented
as a vector where each component p; denotes the occupation of the j-th site.
The functional F|[p] is the reformulated as a function of this vector, simplifying
the computational treatment of the system and making it more amenable to a
machine learning scheme.
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6.2.2 The Fermi-Hubbard model

In this work, we focus on the Fermi-Hubbard model, a paradigmatic lattice spin-%
Fermion model with on-site interaction. We take this model on a one-dimensional
ring of L sites. The Hamiltonian of this model,

H,=T+U+V,, (6.5)

comprises a kinetic energy term T', ab interaction term U, and a potential term
‘7 All of these can be expressed in terms of fermionic creation and annihilation
operators, d;, and aj . From here on, j € {1,...,L} denotes the site index,
and o = {1, ]} represents the electron spin. The number operator is defined as
Ajo = a;r-yga],g. The kinetic term describes the hopping of electrons between
adjacent sites and is given by:

=t Z Z a;, an+1 ot a]+1 o’aj 0) (66)

J ooe{ni}

where t is the hopping parameter. We choose without loss of generality ¢t = 1,
thereby fixing the units of all energies. We consider periodic boundary conditions,
meaning (Gr41,0 = @1,0). The interaction term accounts for the on-site repulsion
between electrons of opposite spins and is expressed as:

L
—uy fyahy, (6.7)
i

where u is the interaction strength. The potential Vu defines a specific instance
of the Hubbard model within the broader family of models characterized by the
chain length L and the interaction strength w/¢. The local chemical potential
@ = (Ko, ..., pr,) introduces an additional term at each site to the Hamiltonian:

L

Vi =pomi=> (g + ). (6.8)
J

Each choice of p defines a unique instance H p Within the model family, with
ground state |¢gs), and the corresponding ground state energy E. The elements
of the electronic density vector pgs are the expected number of particle at each
site, summed over the two spin species:

pi = (Yasl(fjr + 1y )[Yas) - (6.9)

The universal fu{mtiopal F is then a function mapping the vector pgs to the
scalar F = (Yas| (U +T') [Yas); we call this the Hubbard functional. Note that
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the Hubbard functional depends on the value of the interaction strength /¢, the
number of sites L and the geometry of the system.

In our numerical study, we focus on a periodic Hubbard chain of L = 8 sites; this
system is small enough to allow effective exact diagonalization benchmarks. We
choose an interaction strength of u/t = 4, corresponding to the most challenging
regime to simulate when scaling to larger systems [382]. Furthermore, we restrict
all solutions to the quarter-filling (L/4 = 2 particles of each spin species) and total-
spin singlet subspace, based on the symmetries of the Hubbard model. A more
general functional can in principle be obtained by stitching together functionals
defined on different symmetry sectors.

6.2.3 The learning task

In recent years, data-driven approaches for learning approximate DFT functionals
have emerged, where a machine learning model is trained to map electron densities
to energies [367]. For the Hubbard model, Nelson et al. [86] demonstrated a
method for training a model to learn the functional F using 105,000 density-ground
state energy pairs obtained via exact diagonalization. However, the reliance on
exact diagonalization limits the feasible system size due to its high computational
demands. In this work, we consider the task of learning an approximation FM&
of the same functional, but from noisy data generated by a quantum algorithm.
Generating such data is expensive, with the cost rising with both the size of the
dataset and the desired accuracy. By training a model on a limited dataset, we
aim to enable generalization and reduce noise, potentially leading to predictions
with greater accuracy than any individual data point.

Our overall approach to learning a DFT functional from noisy quantum data is
illustrated in Fig. 6.1: The process begins by initializing the Hubbard model with
random values of p drawn from a specified distribution (Sec. 6.3). The ground
state problem is then solved for 1000 potentials to obtain a dataset of noisy
density-energy pairs (px, Fx), where X indicates the method used to generate
the data. To represent the noise typical of NISQ algorithms, we consider and
simulate two methods: expectation value estimation (EVE), which isolates the
effect of sampling noise, and the variational quantum eigensolver (VQE), which
isolates expressibility and optimization errors. Exact diagonalization results are
used for benchmarking, while the noisy data are employed to train a neural
network-based regression model. This approach allows us to explore how the
inherent noise characteristic of quantum data from current near-term devices
impacts the training of a machine-learned DFT functional.

6.3 The dataset

Training and testing data sets are constructed by solving configurations of the
Hubbard problem with a random on-site potential u. The same configurations
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are solved with each of the considered methods: exact diagonalization (ED),
expectation value estimation (EVE), and variational quantum eigensolver (VQE).
The training set and the test set are generated using 1000 independent random
potentials each, the training set will be further split to implement 5-fold cross-
validation. Note that this number of configurations is smaller compared to the
105,000 potentials used in [86]. We focused on this small-data regime due to
the anticipated computational expense of generating data points with quantum
algorithms.

To sample the random potential u we follow a modified version of the approach
in [86]. For each data point, we first sample a strength parameter W € [0.005t, 2.5t
uniformly at random. We then sample g uniformly at random and calculate

its standard deviation o(p) = \/ZJ (5 — (32, 15)?. If the standard deviation

o(p) < 0.4t we accept the potential and add it to our dataset, otherwise we
reject and repeat the sampling procedure from the beginning. This procedure
produces a representative distribution of potential of varied strengths avoiding too
large energy fluctuations, without requiring the solution of the Hubbard problem
instance at this stage.

We construct an exact dataset to act as a baseline, solving all the problem
instances (training and test set) with exact diagonalization. For every problem
instance H u, We construct the Hamiltonian matrix block corresponding to quarter
filling and spin-singlet. We diagonalize it, obtaining the ground state |1)gs(u)) and
the energy E(u). From the state we calculate the expected particle density vector
pas(p). We then compute the kinetic-interaction energy F(p) = E(u)—p-pcs(p).
Thus, from each random configuration p, we obtain a pair (pgs, F') representing
the input and output of the exact Hubbard functional F.

6.3.1 Expectation value estimation

Assuming the exact ground state |thgs) of the Fermi-Hubbard Hamiltonian
Eq. (6.5) can be prepared on a quantum device, measuring F and pgg will
still incur an error called sampling noise. To reproduce this effect we simulate
expectation value estimation, by drawing samples from the measurement outcomes
distribution defined by the Born rule on the ground state vector |1)gg) produced
by exact diagonalization.

To define the measurements for expectation value estimation, we note that
all the terms we want to measure are diagonal either in real space (density and
Coulomb energy) or in Fourier space (kinetic energy) [63]. For estimating the
real-space-diagonal terms, we can sample all the number operators 7 , at the
same time. Averaging M samples we obtain estimates of each (7, ), and thus
reconstruct an estimate p; for the density p; = (72, 1) + (72;,;). The expectation
value of the Coulomb energy (U) = u)_;(fijrrj ) can be estimated from the
same samples by averaging the on-site correlators f;+7; . The kinetic energy
operator T is diagonalized by expressing it in terms of the Fourier-space fermionic
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. N—1 i .
operators ay , = 1/N ijo e”kzﬂ/Najyg,

T—Qti cos( 7Y 5 (6.10)
= . N k,o .

where i, = &Lgdk,c,. The operators 7, can be sampled at the same time;
another M samples are taken and averaged to obtain (7 ), and their results
combined to estimate <T) The estimate FEVE of F' is finally calculated by
summing the kinetic and Coulomb contributions. For the central limit theorem the
estimate of F is unbiased and asymptotically normal, with variance proportional
to 1/M.

Assuming we have a qubit-based quantum device and Jordan-Wigner Fermion-to-
qubit encoding [55, 124], the real-space samples are simply obtained by measuring
all qubits in the computational basis as #t;, = (1 — Z; ,)/2 (where Z; , is the
Pauli Z-operator on the qubit that encodes the spin-orbital j, o). In order to
sample the plane wave number operators 7, ,, we need to perform a basis rotation
circuit implementing the fast fermionic Fourier transform [383]: a circuit of depth
O(N) acting on the two spin sectors independently.

6.3.2 Variational quantum eigensolver

The VQE is a hybrid quantum-classical method that combines a quantum sub-
routine with a classical optimizer, aiming to estimate the ground state energy
of a Hamiltonian [54]. The quantum subroutine prepares on a quantum device
an ansatz state |¢(0)) = U(0) [vgs) dependent on a set of classical parameters
0; and measures its expected energy E(6) = (y(0)|H|¢(0)) through EVE. This
energy is then minimized over the parameters 8 using a classical optimizer which
calls the quantum subroutine.

The VQE is a heuristic method, which means that convergence to the true
ground state energy is not guaranteed [384]. The manifold of states ¢)(6) that
can be represented by the chosen ansatz is, in general, much smaller than the
Hilbert space of the problem. This is a feature of VQE: restricting the number of
parameters is the only way to make the problem feasible for the classical optimizer.
The minimum energy ansatz state will thus only approximate the ground state,
with its energy ming E(0) guaranteed to be larger than the ground state energy
by the variational principle. The quality of the results depends on the choice
of ansatz, the performance of the classical optimizer, and is further affected by
hardware noise and sampling noise. In this work, we focus on isolating the effect
of the errors intrinsic to the VQE due to ansatz expressibility and optimization.
We use a classical state-vector simulator to extract expectation values without
sampling noise, which is studied separately through EVE. Both the energy and
the electronic density of the optimal state are affected by the VQE errors.

Variational ansatz families fall into two main categories: hardware-efficient and
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physically inspired. Physically inspired ansétze, like the Unitary Coupled Cluster
(UCC) [54, 62] consider essential system properties but often require high circuit
depths, making their implementation challenging for near-term quantum devices.
Hardware-efficient ansétze instead maximize the number of parameters per circuit
layer, but may still require many layers to approximate the ground state and do
not take into consideration the problem symmetries. We will consider two ansétze
in this work: the well-known Variational Hamiltonian Ansatz (VHA) [63] and the
Number Preserving Fabric (NPF) [64] ansatz, which combine the advantages of
both categories.

The VHA is one of the earliest proposed ansédtze for VQE study of the Fermi-
Hubbard model [63, 323], and has found success in hardware experiments [385, 386].
This ansatz is inspired by the adiabatic algorithm [387, 388] and formally equivalent
to the quantum alternating operator ansatz (QAOA) [389, 390]. It distinguishes
itself from the usual VQE ansédtze by incorporating the values of p defining the
problem instance into the ansatz definition. The circuit structure for the Hubbard
model, for parameters 6 = {0; ;}, is

946053 = J[ e T 0me TotnemMutiemO0s ), (6.11)

=1

thus able to represent a first order trotter decomposition in p slices of the adiabatic
evolution to H from H°, commonly taken as the non-interacting Hamiltonian of
which |) is the ground state. In Eq. (6.11), T, (T,) are all hopping terms on
even (odd) sites in Eq. (6.6).

The NPF ansatz takes another strategy which is, in contrast to VHA, indepen-
dent of the problem. It composes the two fundamental interactions contained in
a spin-preserving two-body Hamiltonian; a spatial orbital rotation and a double
excitation. The parameterized composition of these operations we call Q(6, ¢), and
they are arranged in a brick-wall pattern to maximize the gate density, resulting
an expressive ansatz with only local gates. For the exact form of the ansatz, see
Ref. [64].

While both the VHA and NPF ansatz are physically inspired and preserve
key symmetries like total spin and number of particles, we highlight here some
differences between the two. The number of parameters in the VHA equals
4 per layer by inspection of Eq. (6.11). The NPF ansatz has two parameters
per @-block, of which there are % — 1 per layer. In our case N; = 2N = 16,
resulting 14 parameters per layer. Although the NPF ansatz has more parameters
per layer, its higher gate density means it does not necessarily result in deeper
circuits. VQE cost functions are often highly irregular and non-convex, with
numerous local minima. Hence, the choice of classical optimizer is crucial [68]. The
VHA, being a more structured ansatz, may have a more irregular cost landscape,
making it prone to getting stuck in local minima. To address this, we use the
gradient-free Constrained Optimization by Linear Approximation (COBYLA)
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optimizer. For the NPF, the abundance of parameters offers more flexibility but
less structure, and empirically, following the gradient in this cost landscape tends
to work better. Therefore, we employ the Sequential Least Squares Programming
(SLSQP) optimizer for the NPF ansatz.

6.4 Learning the functional

In this section we present the chosen machine learning models and the details of
the training procedure. Alongside the main neural-network model, for which we
provide a detailed result analysis in Sec. 6.5, we present a comparative study of a
set of out-of-the box models in Sec. 6.4.2.

6.4.1 Method

The main ML model we consider is an adaptation of the convolutional neural
network (CNN) model proposed by Nelson et al. [86]. The model consists of a
sequence of one 1-dimensional periodic convolutional layer with 8 local features
and kernel size 3, two dense layers with 128 features each, and a final dense layer
with a single output.

Before being processed by the CNN, the inputs px are normalized. Each
element p; of the density p is normalized using the mean p and standard deviation
0, of the whole training set:

pj = (pj — p)/o, =: input, (6.12)

(where we dropped the method index X for convenience of notation). Conversely,
the output of the model is rescaled by the standard deviation of the training
energies o and shifted by their mean F"

output + o - output + F := F[p]. (6.13)

In potential real-world application of our method to noisy data from systems
too large for exact benchmarking, the training data becomes the sole source
of information for model evaluation. Thus, model selection, hyperparameter
optimization and validation must be conducted exclusively using the available
(noisy) dataset. To address this, we use 5-fold cross-validation [391]. This
involves partitioning the noisy training dataset into five equally sized subsets
(folds). During each iteration, one fold is set aside as the validation set, while
the remaining four folds are used to train the model. The performance metrics
obtained from each fold are then averaged to provide a comprehensive evaluation
of the model performance.

The target functional F|[p] is invariant under translations, mirror symmetry, and
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their combination. This means that F|[p] does not change under the transformation
Py HP(ij-ﬁ-k)modN» Vk € {077N7 1} (614)

We exploit this to augment the training dataset: from each pair (px, Fx) we
construct 16 data points, applying the N = 8 shifts and N = 8 mirror-and-shifts
to the density and copying the energy [86]. This data augmentation is performed
after the cross-validation split, on the training and validation splits separately.
The data points within the training split are then scrambled before dividing in
batches for training.

The model is trained with the Adam optimizer [392]. To avoid overfitting, we
implement an early stopping strategy which monitors the validation loss during
training, halting when this loss stops decreasing. The model and its training are
implemented using the TensorFlow-Keras library [393, 394].

6.4.2 Alternative model selection

Given the changes in the underlying statistical structure of the data in this work
compared to Ref. [86], we evaluate the suitability of the CNN model by comparing
its performance with other machine learning models known for their robust
regression capabilities and ability to handle noise and outliers. The objective of
this section is to determine if any of these alternative models can enhance the
learning task with our noisy data. Our findings indicate that the CNN model is
the best performing model. Nonetheless, we present our comparative study for
completeness.

The ensemble of models to be evaluated comprises 11 regression models, in-
cluding the convolutional neural network (CNN) model from Ref. [86], three
linear regression-based approaches known for their outlier robustness (Huber
regression [395], Theil-Sen regression (TS) [396], and random sample consensus
(RANSAC) regression [397, 398]), five decision tree models (AdaBoost (AB) [399],
random forest (RF) [400], gradient boosting (GB) [401]), support vector regression
(SVR) [402], nearest neighbor regression (KNN) [403], and XGBoost (XGB) [404].
For the CNN model, we adopted the hyperparameters from Nelson et al. [86],
while for the other models, we used standard baseline hyperparameters.

To evaluate model performance, we present results for models trained on data
generated from both the VQE (using an NPF ansatz with depth d = 5) and EVE
(M = 2000 shots) methods. These two instances are chosen to represent the typical
characteristics of VQE and EVE datasets, and we focus exclusively on them for
clarity and readability. For benchmarking purposes, we also include performance
metrics for models trained on exact data. In scenarios where our method is
applied to noisy data from systems that are too large for exact benchmarking, the
cross-validation of training data will be the only resources available. Consequently,
model selection and hyperparameter optimization must be based solely on these
datasets: For this, we employ 5-fold cross-validation, as introduced in Sec. 6.4.1.

173




6 Machine Learning Density Functionals from Noisy Quantum Data

Cross-Val
— T R

MSE Exact

O x 8 84 & %2 8z 2 199 =z
SEFigEriziBEL
< < s 9 g
~ = 39 ) CNN
) st
o) = exact
A 3 4.9e-06

Figure 6.2: Model Selection: Comparison of the performance of various regression
models, trained and validated using a variational quantum eigensolver (VQE) (NPF
ansatz with depth d = 5), expectation value estimation (EVE) with M = 2000 shots,
and exact data. The top panel displays the performance based on 5-fold cross validation
MSE, computed by comparing the predictions made by models trained on individual
folds against the (noisy) data across their respective validation sets. The bottom panel
benchmarks the model performance by evaluation on exact densities from a test dataset
and comparing them with the corresponding exact energies. Dashed lines indicate the
baseline MSE of the noisy datasets used for training and validation against the exact
data. Based on the cross-validation scores in the top panel, the CNN model from Ref.
[86], separated by the black dashed line, outperforms all the out-of-the-box regression
models we tested for the learning task at hand.

The comparative performance of the models is illustrated by the mean and
standard deviation of their cross-validation scores, as shown in the top panel
of Fig. 6.2. Additionally, both panels display the baseline mean-squared error
(MSE) of the noisy data used for training and validation, indicated by dashed
lines. The bottom panel of Fig. 6.2 illustrates the models’ performance compared
to the exact benchmark on a separate test set, generated with a distinct set of
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potentials not used during training. While this information is not directly used
in the model selection process, it provides insights into the models’ ability to
generalize to noiseless data.

The cross-validation scores for models trained on EVE data never fall below the
baseline error of the training data. This is because the validation dataset is also
noisy, and with EVE’s noise being randomly distributed with a zero mean, the
model cannot effectively learn or predict the noise pattern. Among the models
tested, those achieving the lowest validation scores on this dataset, aside from the
optimized CNN model, are Support Vector Regression (SVR), Gradient Boosting
(GB), Random Forest, and XGBoost (XGB). These models also perform the best
in predicting noiseless data. We observe the characteristic performance that a
cross-validation score close to the baseline of unbiased noise indicates that the
underlying model has learned patterns that extrapolate to some extent to noiseless
data.

The performance of models trained on VQE data differs noticeably when tested
against exact data. As discussed in Section 6.3.2, the optimization error inherent
in our VQE data can lead to an overestimation of the ground state energy for a
given model instance. This results in biased noise that affects the training process.
Consequently, the model inadvertently learns to fit this biased noise, which does
not exist in the exact data, leading to a worse performance when testing the
generalizability. When the MSE between the VQE-generated energies and the
exact energies (indicated by the dashed blue line) is less than or equal to the
predicted MSE from cross-validation, it suggests that the model has absorbed the
bias present in the VQE data. Specifically, for models 7-13 trained on VQE data,
the validation MSE is smaller than the baseline error of the training data. This
observation implies that (1) there is an (expected) bias in the error of VQE and
(2) these models learn to predict this bias.

Based on the cross validation data, the CNN model from Ref. [86] performs
best on all datasets. While gradient boosting performs slightly better on the
presented VQE dataset (NPF ansatz with d = 5), general performance across
VQE datasets is at best comparable to the CNN model. We thus continue further
analysis with the CNN model only.

6.5 Results

In this section, we benchmark the CNN model trained on noisy datasets, analyzing
its performance as a function of both the type and magnitude of noise in the
training data. We test the models on two tasks: energy prediction, discussed in
Sec. 6.5.1, and density optimization, discussed in Sec. 6.5.2. All benchmarks are
conducted using the same test set, consisting of 1,000 new problem instances with
random potentials peiest. These are solved with exact diagonalization obtaining a
set of exact test densities pieg; and energies Fiegt.
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Figure 6.3: Noisy data and model predictions: Comparison of exact ground
state kinetic-interaction energies F' with training data and model predictions across
four different methods for generating density-energy pairs. (a) Illustrates the model’s
ability to learn a functional from exact data, accurately capturing the relationship
between density and ground state energies obtained from exact diagonalization. (b-d)
Demonstrates the model’s capacity to learn a functional which generalizes to the exact
data, resulting in predictions that are on average closer to the ground truth than the
raw data. These panels include: expectation value estimation (EVE) with M = 1000
shots and variational quantum eigensolver (VQE) with Variational Hamiltonian (VHA)
/ Number-Preserving Fabric (NPF) Ansatz of depth d = 6.

6.5.1 Emnergy prediction

In the energy prediction task, we assess the model’s accuracy by comparing its
predictions on the exact densities, F ML[ptcst], against the exact energies Fiegt-
Figure 6.3 summarizes this comparison for four models, each trained on datasets
constructed with a different method: exact diagonalization, EVE (M = 1000),
VHA-VQE (d = 6), and NPF-VQE (d = 6). The figure also reports the noisy
training energies F', compared to the respective exact value. The model trained
on exact data serves as a benchmark, representing an upper limit of performance.
Models trained on the same amount of noisy data points are expected to perform
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less accurately.

The EVE data are spread uniformly around the diagonal line, as sampling
noise is unbiased. The model trained on this data demonstrates improved energy
predictions, which cluster closer to the diagonal line compared to the noisy training
data.

Conversely, the VQE data suffer from a positive bias due to the limited expressive
power of the ansatz. Variational methods always approximate the ground state
energy from above, EVQE > E. As a consequence, FVQE typically (albeit not
always) overestimates F. We observe this bias is larger for smaller values of F,
particularly for the d = 6 NPF ansatz. This effect is likely due to the variation
in the strength of u, which influences the efficiency of VQE — larger potentials
cause stronger localization, thereby increasing kinetic and interaction energy as
electrons are more confined. Localization also reduces ground state correlations,
which can enhance the performance of limited-depth VQEs. The predictions of
the models trained on VQE data are distributed similarly to their respective
training data, indicating that the model learns the inherent bias.

To systematically compare models trained on datasets with a varying noise
strengths, we summarize the results of the energy prediction task with the mean
squared error (MSE)

1

MSE =
T test size

Z |‘FML[ptcst] - Ftcst|2~ (615)

test set

This is compared to the raw MSE of the method used to generate the training
data, calculated directly from the training set as

1 - 2
MSEx = ——— Z |Fx — F|2. (6.16)
train set

Figure 6.4 shows the performance of the model trained on EVE data as a
function of the number of samples M. The squared error in the training data
decreases proportionally to 1/M, consistent with the standard sampling limit.
(The factor 4 arises from the average ground-state variance of the two operators
T and U , which are sampled separately as discussed in Sec. 6.3.1.) The model’s
predictions improve on this MSE by up to factor 20 in the case of large sampling
noise. As the sampling noise decreases, the model’s performance saturates to
that of the model trained on exact data. It is important to note that the total
number of samples needed to generate the training dataset is 1000 M, uniformly
distributed over the 1000 different problem instances. The improvement is due to
the model’s ability to synthesize the information from all these training instances,
distilling the underlying trend while filtering out the unbiased noise.

Figure 6.5 presents the same performance benchmark for the model trained
on VQE data. The MSE of the VQE, for both ansdtze considered, decreases
exponentially with the depth of the ansatz. Here, the depth d represents the
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Figure 6.4: Learning improvement for sampling noise: Scaling of the Mean
Squared Error (MSE) on F as a function of M, the number of sampling shots used
in the data generation for the training set. The errors are evaluated against exact
diagonalization data. The orange circles represent the MSE of the raw EVE data,
demonstrating how the estimate variance decreases proportionally to 1/M. The top
dotted black line indicate this scaling, the others indicate a MSE reduction by one
and two orders of magnitude. The dashed green line marks the baseline of the model
trained and evaluated on exact data, providing a reference point for assessing the
relative performance of the models. Blue markers show the MSE of the CNN model
trained with EVE data, evaluated on exact densities from a test set and compared to
the corresponding energies. The error bars indicate the standard deviation over the 5
cross-validation folds. The model predictions improve on the raw EVE error by more
than an order of magnitude in the high-noise region, flattening to the baseline provided
by the model trained on noiseless data when the noise becomes small enough.

number of repeated layers in the ansatz, while the upper-axis labels indicate the
number of parameters. For depths larger than d = 6 the optimization of the
VHA becomes significantly harder, thus we explore the larger-parameter-number
regime with the less-structured NPF ansatz. The learned functional generalizes
the training dataset successfully, showing a MSE comparable to the respective
training data for all depths and both ansétze. Unlike the models trained on EVE,
those trained on VQE data do not manage to learn the underlying functional
while filtering out noise. This limitation is due to the bias intrinsic to the VQE
errors, which is learned by the model. Although there is some quasi-stochastic
error in the VQE results, caused by the optimization converging to different local
minima of the energy, the dominant factor appears to be the biased error due to
the limited expressibility of the ansatz.
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Figure 6.5: Models learn the bias from VQE data: Scaling of the Mean Squared
Error (MSE) for different models evaluated against exact data as a function of d, the
depth of the circuit used in the data generation for the training set, and the type of Ansatz
VHA/NPF. The orange line represent the MSE of the raw VQE data, demonstrating how
the error decreases as d increases. Red markers show the mean of 5-fold cross-validation
performance (black bars represent the individual model performance) of machine learning
models trained to predict VQE data and evaluated against exact data, highlighting some
improvements against the raw data.

6.5.2 Density optimization

The main application of DFT functionals lie in solving new problem instances
through density optimization. The goal of density optimization is equivalent to
usual Kohn-Sham self-consistent field, but rather than optimizing a set of single-
particle orbitals together with an exchange-correlation functional, we directly
optimize the total energy functional in Eq. (6.3) with respect to the density p
(subject to appropriate constraints). In this section we explore the performance
in this application of the ML functional learned from noisy data using the CNN
model.

For each test set potential fies; and each considered learned functional FME,
we construct the total energy functional

EMp] = FMY[p] + piest - p- (6.17)

We then minimize EMY[p] under the constraints of p; € [0,2] for each site j
(positive and bounded occupation) and ) p; = 4 (fixed total number of particles);
this yields predictions for the ground state density p,q and energy E* = E[p*].
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Figure 6.6: Application of the trained model to density optimization: Results
of Kohn-Sham-like density optimization on a test set of 1000 new instances defined
by random potentials, with the Hubbard functional defined by the CNN trained on
various datasets. The performance is characterized by the density error in ¢*> norm
||Popt — Pexact||2 (top row) and by the absolute error on the kinetic-interaction energy
| flpopt] — Fexact| (bottom row). The scatter plots show the error dependence on the
standard deviation of the potential ||p — f||2, and the histograms summarize the errors.
The histograms show the errors tend to follow a bimodal distribution; the percentage of
points in the higher-error mode of the distribution (shaded area above the dotted line)
is annotated on each plot.

The minimization is performed using the Sequential Least Squares Programming
(SLSQP) method implemented in the SciPy package [173], exploiting automatic
differentiation of the CNN model to obtain analytical gradients of £[p].

Figure 6.6 shows the resulting errors, for a selection of models trained on datasets
constructed with different methods with different accuracy: exact diagonalization,
EVE (M = 1000), NPF-VQE (d = 6), and NPF-VQE (d = 11). For energy, we
consider the absolute deviation |E* — Fyes|, and for density we consider the error
in /?-norm

16° — prescllz = \/Zj 195 — prest 2 (6.18)

In the scatter plots we show these errors for each of the test set instances
versus the strength of the potential u — as the average value of the potential
[t = >_; p; shifts the functional Eq. (6.17) by a constant and does not affect
optimization, the strength of the potential is characterized as its standard deviation
sttdev(p) = ||u — ii]]2. To the right of each scatter plot, the distribution of
the errors in summarized in a histogram. As all histograms display bimodal
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distributions, with two clearly separated lobes at lower- and higher-errors. On
each histogram, we show the line that separates the two modes, and report the
fraction of training data in the higher-error mode.

The results in the left panel of Fig. 6.6 show that, even when using the model
trained on exact data, density optimization does not always converge to the
correct result. In particular, for the largest potential strengths the optimization
yields densities and energies with a large error. We attribute this to the limited
availability of training points near the edges of the potential distribution. In the
region of smaller potential strengths, at the center of the distribution of w, has
more data available; there the model can learn and generalize correctly. Farther
from the center of the distribution, where the potential strength is larger, few
data points are available for a wider area of possible cases to cover. We estimate
16% of the test set potentials are in this edge area; and a similar fraction of
training points are available there. While this unavoidable for a continuous and
unbounded distribution of problem instances, one can mitigate the problem by
training the model on a set of potentials wider than the application range.

Conversely, for the smallest potentials, the density optimization sometimes
yields correct energies and wrong densities. This occurs because, for very small
potentials, the considered Hubbard model can exhibit two quasi-degenerate states
with similar energies but significantly different densities. As a consequence &[p]
has multiple local minima for very distant densities, and the local optimizer we
use sometimes finds a wrong density with a good associated energy.

Both of these effects, for the smallest and largest potential strengths, affect the
results of the models trained using noisy data in a qualitatively similar way. Noisy
training data causes an overall increase of error on the densities and energies, as
well as shrinks the range of potentials on which the results of energy optimization
are reliable. In the case of VQE with lower depth (NPF d = 6), we can see a
concentration of the energies due to the large positive bias of the training data,
which dominates the energy error.

6.6 Discussion and outlook

In this work, we demonstrated the application of machine learning models mo-
tivated by density functional theory to generalize and enhance a set of data
subject to noise characteristic of near-term quantum algorithms. We showed
that meaningful density functionals can be learned from a small amount of noisy
training data and benchmarked the performance of these models in their usual
DFT applications. Comparing the performance of the learned models to the
respective training data, we showed a significant improvement is only achieved
when the noise in the input data is unbiased (Fig. 6.4). This implies that learning
techniques are well-suited to improve results from quantum algorithms that suffer
from sampling noise. However, even when the trained models learn the inherent
dataset bias, the proposed technique could be useful to generalize the dataset to
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new problem instances (Fig. 6.6). In the near future, quantum devices might be
able to generate approximate solutions for quantum simulation problems that are
beyond the reach of classical computation but remain too noisy to be directly
useful. Nonetheless, this data could be valuable for supplementing the training of
classical machine learning models, possibly in combination with other classically-
generated data. In this context, it is important to characterize the effect of noise
in quantum data on the trained models.

Our study focused on analyzing the (biased) VQE error and (unbiased) sampling
noise separately. However, in practical implementations on quantum hardware,
both sampling and optimization noise critically influence the performance and
accuracy of VQE algorithms. Additionally, hardware noise is a significant factor.
Investigating the combined effects of these noise sources presents a promising
direction for future research.

Furthermore, we concentrated on learning from a very limited dataset, com-
prising only 1,000 training and validation instances. To better understand the
trade-offs involved in achieving functionals with useful precision, it would be
relevant to study the performance of learning as a function of both dataset size
and problem size. Additionally, advancing towards realistic applications will
require the development of techniques that enable learning from mixed datasets,
combining results from approximate classical algorithms and quantum data. In
this context, transfer learning might offer valuable insights [405].

In this study, we focused on learning Hohenberg-Kohn density functionals,
a cornerstone of density functional theory with extensive literature support;
however, the choice of learning targets can generally vary depending on the specific
application. In the future, we envision beyond-classical quantum computations
contributing valuable data to further enhance a wider range of existing machine
learning-based functionals. Another potential learning target is the exchange-
correlation functional used in Kohn-Sham density functional theory, which differs
from our functional by a classical estimate of the kinetic energy expectation
value, based on a product state. Alternatively, learning targets could be drawn
from 1-particle reduced density matrix functional theory, where the underlying
compressed representation of the quantum state is its 1-particle reduced density
matrix [406]. Finally, one could consider directly learning the mapping p — F,
also known as the Hohenberg-Kohn mapping [407]. A comparative study could
help determine which of these learning targets is most resilient to noise in the
data, offering better adaptability in real-world scenarios.
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Summary

The field of quantum chemistry models the behavior of atoms and molecules using
quantum mechanical models. At its core is the electronic structure problem, that
focuses on determining the energy and properties of electrons in the molecule.
This problem is known to be exponentially hard to solve exactly for classical
computers. To still simulate the electronic structure, effective models have to
be constructed that contain layers of approximations. For a particular class
of systems, called strongly correlated systems, these approximations can break
down completely. This suggests us to look beyond classical computers to solve
problems in quantum chemistry. Quantum computers present a solution: they can
process quantum information natively, holding the potential to simulate complex
systems beyond the reach of classical methods. These quantum simulations of
complex molecular systems could significantly impact catalysis, materials design,
and photochemistry.

Although quantum hardware has seen impressive advancements recently, build-
ing a quantum computer that can perform practical calculations remains a sig-
nificant challenge. Given the limited quantum resources in near-term devices,
optimizing every step of the pipeline in a quantum computational chemistry
calculation is essential. This thesis advances quantum computation for chemistry
by optimizing quantum resource usage, introducing novel embedding techniques,
and exploring applications beyond ground-state energies.

The introductory chapter 1 establishes the basis of this thesis by covering the
basics of quantum chemistry methods for the electronic structure problem. It
outlines quantum chemistry methods for classical computers like Hartree-Fock
and DFT, and goes into depth on active space methods that are used throughout
the thesis. Additionally, it gives a concise introduction to quantum computing
for chemistry, focused on near-term algorithms. Subsequent chapters introduce
and detail novel methods for quantum simulation, all connected by the focus on
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reducing quantum resource requirements and exploring targets beyond ground-
state energies that are particularly challenging for classical methods.

Chapter 2 prescribes a method to reduce the A-norm of the electronic structure
Hamiltonian. This norm is a crucial measure of quantum resources required
for simulations in both Noisy Intermediate-Scale Quantum (NISQ) devices and
Fault-Tolerant Quantum Computing (FTQC). By transforming molecular orbitals,
the A-norm can be significantly reduced, optimizing both sampling efficiency
in NISQ algorithms and runtime requirements in FTQC. Localized orbitals
are demonstrated to outperform canonical molecular orbitals, and an orbital-
optimization scheme tailored to minimize the A-norm is proposed. Benchmark
results show its effectiveness for diverse systems, including hydrogen chains,
FeMoco, and Ruthenium complexes.

In chapter 3, the FragPT2 framework is developed to address the challenge of
simulating large systems with multiple interacting fragments. By embedding each
fragment within the mean field of the others and applying multi-reference pertur-
bation theory, inter-fragment correlations such as dispersion and charge transfer
are captured efficiently. This one-step embedding approach reduces computational
overhead and enables scalable simulations. Applications to molecular systems
like a No dimer, aromatic dimers, and butadiene demonstrate its robustness and
potential to extend wavefunction-based techniques to larger systems.

In chapter 4, the thesis explores photochemical systems, where multiple elec-
tronic states must be treated on equal footing. Building on the state-averaged
orbital-optimized variational quantum eigensolver (SAOOVQE), analytical en-
ergy gradients and non-adiabatic couplings are derived. These extensions enable
geometry optimizations and simulations of non-adiabatic dynamics on a quantum
computer, as demonstrated by locating the conical intersection in the formaldimine
molecule. These advancements make SAOOVQE a promising tool for studying
photoisomerization and related processes in larger biomolecules.

Building on the subject of photochemistry, chapter 5 explores a potential appli-
cation of near-term quantum computers: the detection of conical intersections in
a molecular model. In these regions, where the Born-Oppenheimer approximation
breaks down, it is crucial to describe these correctly for understanding photochem-
ical processes such as non-radiative relaxation. Conical intersections are marked
by a discrete Berry phase, either 0 or w, which encapsulates their topological
nature. This chapter introduces a robust quantum algorithm to identify these
intersections by extracting the Berry phase as a single bit of information. The
algorithm’s discrete outcome ensures resilience to noise, supported by analytical
proof and numerical validation using a toy molecular model that mimics behaviors
of light-perception biochemistry.

Finally, in chapter 6, the thesis explores machine learning density functionals
using noisy quantum data. While Density Functional Theory (DFT) is compu-
tationally efficient, its accuracy depends on approximated exchange-correlation
functionals. This work proposes a neural network-based approach to learn the
exact functional from quantum data. Training on noisy outputs from NISQ devices
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demonstrates that sampling noise can be mitigated effectively. Applications to the
Fermi-Hubbard model and other systems highlight the potential of this method to
generalize to new potentials and deliver accurate results under noisy conditions.
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