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Chapter 1

Introduction

Mesoscopic physics is the branch of physics dedicated to the investigation of 
the novel phenomena that arise in small electronic devices. Pushed by the in­
dustry’s ever increasing effort to miniaturize and integrate electronic circuits, 
this branch has grown in the last decade from a very promising niche to a 
substantial part of solid-state physics. The mesoscopic world is situated in 
between the microscopic world of atoms and molecules and the macroscopic 
world of our day-to-day experience. Here, the laws of classical mechanics can 
no longer fully describe the phenomena observed. However, a complete quan­
tum mechanical theory, extrapolated from the microscopic world, becomes 
impractical because of the relatively large numbers of particles. For a success­
ful description the physicist is required to combine concepts from quantum 
mechanics, statistical physics, and electronics. It is this interdisciplinary as­
pect that has made this new field so attractive to many. The intense scientific 
activity in this area has forced a reconsideration of established concepts and 
has provided deeper insights in many physical phenomena occurring in macro­
scopic systems. For an overview of the field we refer the reader to the many 
reviews that have appeared, e.g. Refs. [1—4].

The theoretical investigations described in this thesis concern electrical 
conduction in mesoscopic systems, with an emphasis on the current fluctua­
tions known as “shot noise.” The first Section of this introductory Chapter 
provides some background on shot noise in mesoscopic systems. The second 
Section continues with an overview of the topics treated in this thesis.

1



2 Chapter 1

1.1 Shot noise in mesoscopic conductors

1.1.1 Current fluctuations

Even under constant operation conditions the current I(t) through a conduc­
tor may fluctuate in time. The noise, i.e. the deviations AI(t) = I(t) — I from 
the average J, is usually characterized by its power spectrum P at frequency 
lj. This is defined as the Fourier transform of the current correlation function 
[5,6]

oo
P(w) = 2 I dt e'“t(AI(t + t0)A/(<0)) , (1.1)

where (• • •) denotes an ensemble average (or equivalently an average over the 
initial time to)- Basically, we can distinguish between equilibrium and non- 
equilibrium fluctuations.

Equilibrium fluctuations are present even in the absence of an applied 
voltage. The first type is thermal or Johnson-Nyquist noise [7] due to the 
random motion of the charge carriers. It has a white (cj-independent) noise 
spectrum and its intensity is proportional to the conductance G,

P = 4kBTG, (1.2)

where T is the temperature. Equation (1.2) is an example of the fluctuation- 
dissipation theorem [8]. For very high frequencies, hu > kBT, Eq. (1.2) 
no longer applies, because zero-point fluctuations should be included. For 
arbitrary frequency the spectrum is given by [8]

P(u) = 4 G 1 h^ W + exp(tiw/kBT) — 1 (1.3)

Thermal noise does not give any information about the conductor, beyond 
that contained in the conductance.

The second type of equilibrium fluctuations is due to time-dependent fluc­
tuations in the resistance. The current I fluctuates proportionally to these 
resistance fluctuations, so that P oc I2. The noise spectrum depends on the 
physical processes which underlie the resistance fluctuations. In many cases 
P cc u)~l over a wide frequency range. (For a recent review on this so called 
1 /f noise, see Ref. [9].) Often, these physical processes are thermally acti­
vated, so that the intensity of the resistance fluctuations becomes smaller at 
decreasing temperatures.

Shot noise is a non-equilibrium fluctuation, which is generated rather than 
probed by the current. It is caused by the discreteness of the charge of the 
carriers. Thus, the current is not a continuous flow, but consists of discrete
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Figure 1.1: Schematic drawing of a thermionic vacuum diode. At 
a high enough applied voltage electrons will jump from cathode to 
anode.

charge pulses in time. Shot noise has a white spectrum and is linearly propor­
tional to the magnitude of the current. The time-dependent fluctuations are 
maximal if the current pulses are independent, as in a Poisson process. Then 
the shot-noise power takes it full value

P = 2e\I\ = Ppoisson • (1.4)

Full shot noise is present in, for example, Schottky barrier diodes and p-n 
junctions [5j.

1.1.2 Classical shot noise

Already in 1918 Schottky [10] found out that in ideal vacuum tubes in which 
all spurious noise sources had been eliminated, one would still encounter two 
types of noise described by him as the “Warmeeffekt” and the “Schroteffekt.” 
Below, we briefly discuss the latter, shot noise in a thermionic vacuum diode. 
If the applied voltage between the electrodes inside a vacuum tube is high 
enough, electrons will jump from the heated cathode to the anode, see Fig. 1.1. 
In a temperature-limited diode, the magnitude of the current is completely 
determined by the cathode temperature. The applied voltage is high enough 
to eliminate accumulation of space charge between the electrodes. In this case 
the electrons are emitted independently and at random, so that the statistics 
of the emission times can be described by a Poisson distribution. Let us see 
how Eq. (1.4) can be derived, which is an elementary exercise in statistics.

The total current through the diode is written as the sum of individual 
current pulses, identical in shape and shifted in time

k
Ht) = (1.5)
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where j(t) is the current pulse associated with the transfer of one electron at 
t = 0, and tk is the emission time of the k-th electron. Let us now define 
pj(£i,...tn) as the probability density that in the time interval [-0/2,0/2] 
exactly n electrons are transmitted at the times £i,... tn. (The width of the 
time interval 0 is much larger than the width of a one-electron current pulse 
r.) Since the electron-transmission times are Poisson distributed we have [11]

Pe(t\y...tn) = tt£0 n , (1.6a)

(A0)n exp(—A0) 
*9 =-------- ----------- (1.6b)

where A denotes the average number of electrons emitted per unit time. The 
time-averaged current is thus I = eA.

Knowing the distribution of the current pulses from Eq. (1.6) we can de­
termine the ensemble-averaged current at a time t 6 [—0/2 + r, 0/2 — t]

e/2
W)> = ^2 ( dti •• dtnp^(tu...tn)'Y^j{t-tk) 

n=<U/2

dt'j(t — t') = eA , (1.7)

where we have used £nn7r? = A0. As expected, / = (/($)).
We now determine the shot-noise power. The current-correlation function 

is given by

oo
<A/(t)A/(0)> = £ / dt1---dtnpS(t1,...tn]

Ufc=l L/=i

n=0

6/2

-e/2

n(n — l)e2 2ne2A 2\2
02 0

+ ezA'
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e/2

= A J dt'j(t - t')j(-t') (1.8)

-e/2

using X]nn(n - 1 )7rJ = (A0)2. This result confirms that each current pulse 
is only correlated with itself, which was our starting assumption. From Eqs. 
(1.1) and (1.8) we obtain the shot-noise power

P(u) = 2A| JM|2 ,

with the Fourier transform of a single pulse

(1.9)

«= /= / dteiwtj(t). (1.10)

(We may replace 0/2 by oo because 0 » r and j{t) = 0 if |£| > r.) Indeed, for 
frequencies cj < r-1 we find J(u) = e, so that Eq. (1.9) reduces to the Poisson 
noise Eq. (1.4). For higher frequencies (cj > r-1) the shot noise vanishes.

1.1.3 Quantum transport

In his 1957 paper [12] Landauer discussed the problem of electrical conduc­
tion as a scattering problem. This has become a crucial concept in mesoscopic 
physics [1,2]. The conductor is modeled as a scattering region which is con­
nected to electron reservoirs. The electrons inside each reservoir are assumed 
to be in equilibrium. Incoming states, occupied according to the distribution 
function of a reservoir, are scattered into outgoing states. The conductance 
is then fully determined by the transmission matrix of electrons at the Fermi 
level. The two-terminal Landauer formula [1,13] and its multi-terminal gen­
eralization [14-17] constitute a general framework, known as the Landauer- 
Biittiker formalism, for the calculation of the conductance of a phase-coherent 
sample. A scattering theory of the noise properties of mesoscopic conductors 
was derived in Refs. [18-23]. The basic result is a relationship between the 
shot-noise power and the transmissiQn matrix at the Fermi level, analogous 
to the Landauer formula for the conductance. Here we present the derivation 
of this result, following closely Biittiker’s work [22].

We consider the two-terminal geometry of Fig. 1.2. The perfect leads act as 
wave guides which transport the non-interacting electrons ballistically between 
the reservoirs and the arbitrary scattering region. Inside lead a (= 1,2) the 
electron flux at energy e is carried by modes, indexed m = 1,... Na,

^m(r.e) =
,±ik.

VQam
Xam(y) j (1.11)



6 Chapter 1

Figure 1.2: The conductor consists of a scattering region (shaded) 
connected by perfect leads to two electron reservoirs. A cross section
in lead 1 and its coordinates are indicated.

where r = (x,y) with x the coordinate along and y the coordinate perpen­
dicular to lead a. The mode is thus decomposed into a transverse (x) and a
longitudinal wave function (etkx). The factor 1 /VOam ensures that all modes
are normalized to carry unit flux. For example, for a 2-dimensional hard-wall
lead of width W in the absence of a magnetic field one would have

Xm(y) = \/2/W sin T^- , (1.12a)

(1.12b)

Mft (1.12c)771 -

where M is the effective electron mass. The form of the modes becomes more 
complex in the presence of a magnetic field and for other types of lateral 
confinement in the leads. The scattering formulation is generally applicable, 
for arbitrary confinement and magnetic field.

The two perfect leads are connected to the scattering region. We assume 
only elastic scattering so that energy is conserved. We consider a complete 
set of scattering states, each consisting of an incoming mode 0+ in one lead 
and several reflected or transmitted outgoing modes,

(1.13)

The indices a = (a,m) and /3 = (b,n) denote lead (a, b = 1,2) as well as 
mode (to, n = 1... N) number. (For simplicity the number N of modes at 
energy e is taken to be equal for lead 1 and 2.) The reflection and transmission 
amplitudes are elements of the 2N x 2N scattering matrix S(e), which has the 
block form

(1.14)
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Figure 1.3: Schematic representation of the transport through the 
conductor. Incoming states (I) are scattered into outgoing states (O).

where the N x N matrix sba contains the amplitudes from incoming modes in 
lead a to outgoing modes in lead b. The scattering matrix thus connects the 
incoming modes with the outgoing modes

(1.15)

where /i, 0i, h, 02 are the TV-component vectors denoting the amplitudes of 
the incoming (/) and outgoing (0) modes in lead 1 and lead 2, see Fig. 1.3. 
Because of flux conservation S is a unitary matrix,

SSf = SfS = 1. (1.16)

Let us now study the current in lead 1. The current operator is given by
00 00

m = lJ2fdeJde', (1.17)

<*,0 o 0

where (e) [d0(e)] is the creation [annihilation] operator of scattering state 
ipa(e). The matrix element IQp(e,e') gives the value of the current at cross 
section Si in lead 1 (see Fig. 1.2) between the states ipa(e) and ippie1) accord­
ing to

Iap(e,e') = J dy {il)a[T,e)[dxi)p{rye')]* - [di^a(r,E)]V£(r,e')} .
Si

(1.18)

Here, dx = d/dx — ieAx(r)/h, with A the vector potential in the lead. From 
the definition of the scattering states (1.13) and the fact that the modes are 
flux normalized one can evaluate Eq. (1.18) for equal energies,

N

Ia7n,bn(,£j^) — ^al^ab^mn ~ ^lp,ci7n (e)s'lpM(e). (1.19)
p=l

This relation is easily checked for the case that the modes are given by Eq. 
(1.12), but it is generally valid [22].
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The average current is given by the expectation value of Eq. (1.17). We 
thus need to know the expectation value of the creation and annihilation 
operators. Since the scattering state is fed from reservoir a, we have

(“a(e)M£')> = 6«PS(e - e')fa(e) , (1-20)

where fa is the distribution function in reservoir a. At an applied voltage V 
it is given by

/i(e) = /(£ ~ EF - eV), (1.21a)
/2(e) = f{e - Ef) , (1.21b)

with the Fermi-Dirac distribution function f(x) = [1 + exp(:r/A;£T)]-1. As a 
consequence we find

(Ht)) = l defa(e)Ioa(e,e) (1.22)

a 0
oo

= | Jde{fi(e)Tr[l — sli(e)sll(e)] — /2(e) TrsJ2(e)s12(e)} ,

0

where we have substituted Eq. (1.19) in the last line. From the unitarity of 
the scattering matrix (1.16) it is easy to show that both traces in Eq. (1.22) 
are equal to Trttt. For the linear-response conductance, G = \imv->o{I)/V, 
we find using Eq. (1.21)

G = \ Jde Xrt(e)t+(e) . (1.23)

0

The zero-temperature conductance is thus given by the Landauer formula 

G = J »tt* = £f;rn, (1.24)

n=l

where t is taken at EF and Tn is an eigenvalue of ttt. It follows from flux 
conservation (1.16) that Tn € [0,1]. The conductance is thus fully determined 
by the transmission eigenvalues. Knowledge of the (sometimes) complicated 
transmission eigenstates, each of which is a complicated superposition of in­
coming modes, is not required.

In order to evaluate the shot-noise power we substitute the current opera­
tors (1.17) into Eq. (1.1) and then determine the expectation value. We need 
to know the covariance of two pairs of a creation and an annihilation operator.
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This is easily derived from the fermion commutation relations and from Eq. 
(1.20) (For brevity we use 1,2,3,4 instead of a,/?,7,<5 and e,e',e",£".) The 
result is

A1234 = {a\a2a\aA) - (a{a2)(aja4) = <5i4<Wi(1 - h) , (1-25)

where e.g. 612 stands for 6ap6(e — e'). In the evaluation (1.25) we have not 
included the situation where all arguments of the four operators are equal. 
Since there is a continuum of states the measure of the resulting term is 
negligible in comparison to the result of Eq. (1.25) [22]. Equation (1.25) 
shows that there are cross correlations between different scattering states. 
Although this bears no effect on the average current, it is essential for the 
current fluctuations. For the shot-noise power we thus have

00 00 00 00 00
PH = 2^ I dtj ^ J / *" j

a,0,7,6 -00 0 0 0 0
x IaP(e% OAtt/w(e,e',e",e'"). (1.26)

Substitution of Eq. (1.25) then yields
00

PH = 2^E / *
a>0 n

x IQp(e,e + hcj)Ipa{£ + fuj,£)fa{e)[ 1 - fb(e + hcj)] (1.27)

The noise power in the low-frequency limit P is found by substitution of Eq. 
(1.19) (for brevity we suppress the e dependence of / and s):

P = 2^ J <fe {[/j(l — f?) + /2(1 — /1)] Trs{2sI1Sj1s12 
0

+ /i(l — /1) Tr(l — s}1s11)(l — s}1s11) 4- ^2(1 — /h) Trsj2S12s|2Si2^

OO

= 2 j jde {[/i(l - /a) + /2( 1 - /i)]Trttt(l -tt»)

0
+ [/i(l-/i) + /2(l-/2)]Trtttttt} . (1.28)

We have used the unitarity of S in the last step.
Equation (1.28) allows us to evaluate the noise for various cases. Below 

we will assume that eV and kp T are small enough to neglect the energy 
dependence of the transmission matrix, so that we can take t at the Fermi
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energy Ef• Let us first determine the noise in equilibrium, i.e. for V = 0. 
Using the relation /(I - /) = -kBTdf/de we find

2 2 hi
P = 4kBrT?-Titt' =4fcJ5T^ry"Tn. (1.29)

n n
n=l

Which is indeed the Johnson-Nyquist formula (1.2). For the shot-noise power 
at zero temperature we obtain

2 2 N
P = 2e|V|^TVttt(l-ttt) = 2e|V'|^- Tn(l - Tn) ■ (1.30)

n=l

Equation (1.30), due to Biittiker [22], is the multi-channel generalization of 
the single-channel formulas found earlier [18,20,21]. One notes, that P is 
again only a function of the transmission eigenvalues. From the Landauer 
formula for the conductance (1.24), we find that P = Pp0iS9on if all transmis­
sion eigenvalues are small (Tn < 1, for all n). However, if the eigenvalues are 
distributed otherwise, the shot noise is suppressed below Pp0isson- It is clear 
from Eq. (1.30) that a transmission eigenstate for which Tn = 1 does not con­
tribute to the shot noise. This is easily understood: At zero temperature there 
is a non-fluctuating incoming electron stream. If there is complete transmis­
sion, the transmitted electron stream will be noise free, too. Essentially, the 
non-fluctuating occupation number of the incoming states is a consequence of 
the electrons being fermions. In this sense, the suppression below the Pois­
son noise is due to the Pauli principle. On the other hand, one must realize 
that the noise suppression is not an exclusive property of fermions. It occurs 
for any incoming beam with a non-fluctuating occupation number, for exam­
ple a photon number state [24]. Levitov and Lesovik have shown [25] that 
Eq. (1.30) follows from the fact that the electrons in each separate scattering 
channel are transmitted in time according to a binomial (Bernoulli) distribu­
tion. The Poisson noise is then the limiting distribution for small Tn. In the 
following Subsections we will discuss on the basis of Eq. (1.30) the shot noise 
in two mesoscopic systems, a quantum point-contact and a metallic, diffusive 
conductor.

The generalization of Eq. (1.30) to the non-zero voltage, non-zero temper­
ature case is [18,26]

2 N
P = [2fcBTTn + rn(l - Tn)e\V\ coth(e|V|/2fcflT)] . (1.31)

71= 1

The crossover from the thermal noise (1.29) to the shot noise (1.30) depends 
sensitively on the transmission eigenvalues. Only if Tn < 1, for all n, one
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recovers the universal crossover as known for tunnel junctions
P = 2e|/| coth(e|F|/2/cBT) . (1.32)

As a final remark, we mention that in the above derivations we have as­
sumed the absence of spin and valley degeneracy for notational convenience. 
It can be easily included. For a two-fold spin degeneracy this results in the 
replacement of the e2/h prefactors [such as in Eqs. (1.24) and (1.30)] by 2e2/h.

1.1.4 Shot noise in a quantum point-contact

A point contact is a small constriction between two pieces of conductor. If 
the width of the constriction is much smaller than the mean free path of the 
bulk material, but much greater than the Fermi wave length, the conductance 
is given by the Sharvin conductance [27]. This is a classical point contact. 
In a quantum point-contact the size of the constriction becomes comparable 
to the Fermi wavelength. Experimentally, a quantum point-contact can be 
formed in a two-dimensional electron gas in a (Al,Ga)As heterostructure [2]. 
The constriction is defined by means of metallic gates on top of the structure. 
By applying a negative voltage on these gates, the electron gas underneath 
them is depleted. By changing the gate voltage the width of the point contact 
can be varied. The conductance of such a quantum point-contact displays a 
stepwise increase in units of 2e2/h as a function of gate voltage [28,29]. This 
is caused by the discrete number of modes at the Fermi energy which fit into 
the constriction width. As a result a number of transmission eigenvalues is 1, 
the others 0. Indeed, one then finds indeed a quantized conductance from the 
Landauer formula (1.24).

It has been noted by Lesovik, that the shot noise should be absent in such a 
device [20]. This property follows from the shot-noise formula Eq. (1.30). Only 
in between the plateaus, when the conductance increases by 2e2//i, there is a 
transmission eigenvalues which is neither 0 nor 1, so that the shot noise should 
be non-vanishing. Here, we illustrate this property, using Biittiker’s model of 
a saddle-point constriction [30]. The potential of this two-dimensional system 
is given by

V(x,y) = Vb - \mu2xx2 + \rmj)2yy2 , (1.33)

where Vo is the potential at the saddle point, and ux and uy determine the 
curvatures. The transmission eigenvalues at the Fermi energy are [30]

Tn = [1 + exp(—27ren//iu;x)]”1 , n = l,2,..., (1.34)

where en = Ef - V0 - (n - \)huy Results for the conductance and the 
shot-noise power using Eqs. (1.24) and (1.30), respectively, are displayed in 
Fig. 1.4. Indeed, we observe that at the conductance plateaus the shot noise 
is completely absent.
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Figure 1.4: Conductance G (full line) and shot-noise power P (dot­
ted line) versus Fermi energy of a two-dimensional quantum point- 
contact, according to the saddle-point model [30], with u>v = 3wx.

1.1.5 Shot noise in a diffusive conductor

We now turn to transport through a diffusive conductor of length L much 
greater than the mean free path i, in the metallic regime (L < localization 
length). To compute the ensemble averages (• • •) of Eqs. (1.24) and (1.30) we 
need the density of transmission eigenvalues p(T) = (%2n 6(T — Tn)). The first 
moment of p{T) determines the conductance,

l
(G) = Go j dT p(T) T, (1.35)

0

with Go = 2e2//i, whereas the shot-noise power contains also the second 
moment

l
(P) =P0f dTp{T)T( 1 - T), (1.36)

0

with Pq = 2e|V|Go. In the metallic regime, Ohm’s law for the conductance 
holds to a good approximation, which implies that (G) a 1/L, up to small 
corrections of order e2/h (due to weak localization). The Drude formula gives

(G) = Go
Ni
L

(1.37)
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T

Figure 1.5: The bimodal distribution of transmission eigenvalues 
according to Eq. (1.39). The cutoff for T < 4exp(—2L/t) is not 
shown.

where i equals the mean free path t times a numerical coefficient

i=ade. (1.38)

The precise coefficient ad depends on the dimensionality d of the Fermi surface 
and on the specific kind of scattering. For isotropic impurity scattering with 
mean free path t one has a,2 = 7t/2 in 2D (Fermi circle) and = 4/3 in 3D 
(Fermi sphere).

From Eqs. (1.35) and (1.37) one might surmise that for a diffusive conduc­
tor all the transmission eigenvalues are of order l/L, and hence much smaller 
than 1. This would imply the shot-noise power P = Ppo.sson of a Poisson 
process. However, the surmise Tn « l/L for all n is completely incorrect for 
a metallic, diffusive conductor. This was first pointed out by Dorokhov [31], 
and later by Imry [32] and by Pendry et al. [33]. In reality, a fraction t/L 
of the transmission eigenvalues is of order unity (open channels), the others 
being exponentially small (closed channels). The full distribution function is 
[31]

( Ni i
p(T) = { 2L TVl-T ’

0,

if 4e-2i^’ < T < 1, 

otherwise.
(1.39)

The cutoff at T < 4e 21 ^ < 1 is such that f* dT p(T) = N and is irrelevant 
for the computation of (G) and (P). One easily checks that Eq. (1.39) leads
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to the Drude conductance (1.37). The function p(T) is plotted in Fig. 1.5. 
It is bimodal with peaks near unit and zero transmission. The distribution
(1.39) follows from a scaling equation, which describes the evolution of p{T) 
on increasing L [34,35]. A microscopic derivation of Eq. (1.39) has recently 
been given by Nazarov [36].

The bimodal distribution (1.39) implies for the shot-noise power (1.36) the 
unexpected result [36-40]

(1.40)’oisson •

This suppression of the shot noise by a factor one-third is universal, in the 
sense that it does not depend on the specific geometry nor on any intrinsic 
material parameter (such as i). The one-third suppression has been first found 
by Beenakker and Biittiker [37] in the way described above, and subsequently 
by others using different methods [36,38-40]. Nagaev’s derivation [38] of 
Eq. (1.40) is based on a semiclassical calculation, where the electron motion 
is treated classically, but the Pauli principle is accounted for. One might 
therefore infer that there should also be a semiclassical explanation for the 
bimodal distribution of transmission eigenvalues, which is the key ingredient 
of the quantum mechanical derivation. Such a derivation is given below [41].

Let us first introduce the transfer matrix M [42]. Whereas the scattering 
matrix S connects the incoming states with the outgoing states, see Eq. (1.15), 
the 2N x 2N transfer matrix gives the relation between the states on the left 
side and the right side of the conductor (see Fig. 1.3)

(1.41)

The eigenvalues Tn of tt* are related to the eigenvalues exp(±2anL) of MM*
by

(1-42)

which relates the eigenvalues Tn of t tt to the eigenvalues exp(±2anL) of 
MM*. The eigenvalues of MM* come in inverse pairs as a result of current 
conservation. The length 1 /an is the channel-dependent localization length 
[31]. Scattering channels are open or closed depending on whether l/an is 
larger or smaller than L. The bimodal distribution (1.39) of the transmission 
eigenvalues is equivalent to a uniform and L-independent distribution of the 
inverse localization lengths,

if 0 < olI < 1, 
otherwise,

(1.43)
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m i m2 m,_i m,- m,+j m^-i

Figure 1.6: A diffusive wire can be constructed from a large number 
(Nl) of individual slices in series. The transfer matrix M of the wire 
is the product of the transfer matrices m,- of the individual slices.

where p(a) = (]Cn6(a: — a„)). We will argue that these two properties, L- 
independence and uniformity, of p(a) follow from a law of classical physics, 
Ohm’s law, and a mathematical theorem on eigenvalues, Oseledec’s theorem 
[43].

We recall [42] that the transfer matrix has the multiplicative property that 
if two pieces of wire with transfer matrices Mi and M2 are connected in series, 
the transfer matrix of the combined system is the product Mi M2. In this way 
the transfer matrix of a disordered wire can be constructed from the product 
of Nl individual transfer matrices m* (see Fig. 1.6),

Nl
M = IT mt 1 (1.44)

i= 1

where Nl — L/A is a large number proportional to L. The rrij’s are assumed 
to be independently and identically distributed random matrices, each repre­
senting transport through a slice of conductor of length A. In the theory of 
random matrix products [44], the limit lim£,_>0oQ'n is known as a Lyapunov 
exponent. Oseledec’s theorem [43] is the statement that this limit exists. Nu­
merical simulations [42] indicate that the large-L limit is essentially reached 
for L i, and does not require L Ni. This explains the L-independence 
of the distribution of the inverse localization lengths in the metallic, diffusive 
regime (£ <£ L <C Ni).

Oseledec’s theorem tells us that p(a) is independent of L, but it does not 
tell us how it depends on a. To deduce the uniformity of p(a) we invoke 
Ohm’s law, (G) oc 1/L. This requires

safer c'
00

0
(1.45)
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where C is independent of L. Equation (1.45) implies the uniform distribu­
tion p(a) = C. A cutoff at large a is allowed, since l/cosh2(aL) vanishes 
anyway for qL 1. From Drude’s formula (1.36) we deduce C = NC, and 
normalization then implies a cutoff at a 1/1, in accordance with Eq. (1.43).

1.1.6 Experimental results

The number of experimental papers on shot noise is remarkably smaller than 
the number of theoretical papers. Noise experiments are notoriously difficult. 
In particular, the combination of high frequencies (high enough to eliminate 
the 1//-noise) and cryogenic temperatures is problematic, since the radiation 
of the measuring leads tends to heat up the device.

Li et dl. have reported on low-frequency noise experiments in quantum 
point-contacts [45]. They observe an increase in the noise power at the con­
ductance steps. However, an interpretation in terms of suppressed shot noise is 
still under debate, because it is known [46] that resistance fluctuations can also 
be quite sensitive to changes in the number of quantized modes in the point 
contact. Recently, the shot-noise suppression at the conductance plateaus has 
been measured at much higher frequencies by Reznikov et dl. [47].

Shot noise in double-barrier resonant tunneling devices has been measured 
by Li et al. [48] and by Liu et al. [49]. The applied voltages are much larger 
than the width of the resonance. The observed noise depends on the symmetry 
of the device. Full shot noise is observed for asymmetric structures, where one 
tunnel barrier is much more opaque than the other. For symmetric structures, 
a suppression by one half is observed. This effect has been explained both from 
a quantum mechanical [50] as well as from a semiclassical [51] treatment. For 
the asymmetric structure, tunneling through the highest barrier dominates 
the current fluctuations, so that the noise is Poissonian. In less asymmetric 
devices, the tunneling through both barriers becomes correlated, so that the 
shot noise gets suppressed. The Coulomb interaction may have a strong effect 
on the noise in conductors with a small capacitance, such as single-electron­
tunneling devices [52]. Theories which take the Coulomb blockade into account 
[53] predict a shot-noise suppression which is periodic in the applied voltage. 
This effect has recently been observed for a nanoparticle between a surface 
and the tip of a scanning tunneling microscope [54].

An experimental observation of suppressed shot noise in a diffusive wire 
has been presented by Liefrink et al. [55]. The system under investigation is 
a wire inside the two-dimensional electron gas of a (Al,Ga)As heterostructure 
defined by means of electrostatic gates on top of the structure. The wire has 
a lithographic length L = 16.7 /mi and width W = 0.5 /mi. Upon application 
of a gate voltage the width becomes smaller than the lithographic width. 
Inside the wire the mean free path is estimated to be i ~ 1.4 /mi, so that the
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Figure 1.7: The noise in a (Al,Ga)As gate-defined wire of litho­
graphic length L — 16.7 /xm and width W = 0.5 /xm at temperature 
T= 4.2 K. Results are shown for gate voltages Vg = —0.38 V, —0.48 V, 
and —0.62 V, where the resistance is 8.6 kft, 13 kf2, and 26 kQ, and 
where the number of transverse modes is N ~ 12, 9, and 5, respec­
tively. Top: Typical frequency spectrum of the excess noise Si for gate 
voltage Vg = —0.38 V (closed circles) and Vg = —0.62 V (open circles). 
Solid curves represent fits to the data by the sum of a l/f and a 
white-noise contribution. The latter is separately indicated by dashed 
lines. Bottom: Current dependence of the excess noise Si (outside 
the l/f range) for different gate voltages. Solid lines represent linear 
fits to the data. The dashed line shows the current dependence of Si 
as expected for full shot noise. Taken from Liefrink et a! [55].
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transport is in the diffusive regime. In Fig. 1.7 both the excess-noise spectrum 
and its dependence on the current are depicted. The excess noise Si is the 
difference between the measured noise at current / and at zero current. We 
note that the dependence of the excess noise at higher frequencies on the 
current I is quite well described by a linear function. The slope of this line 
is well below that of Poisson noise (where it would be 2e), clearly indicating 
the occurrence of suppressed shot noise. Nevertheless, the exact dependence 
does not correspond to the theoretical prediction, Eq. (1.40). Rather than 
one-third, it is found that the suppression depends on the gate voltage, and 
varies between 0.2 and 0.4. The origin of these values is still under debate.

We mention that the experimental conditions do not coincide with the as­
sumptions of the quantum mechanical theory as described in Subsection 1.1.5. 
There it is assumed that the number of modes N 1 and that the resistance

h/2e2 ~ 13 kfi. More importantly, due to the high current densities inside 
the wire, the electron-electron scattering rate is expected to be high, thus com­
pletely destroying phase coherence. Therefore, the semiclassical theory [38] 
probably provides a better description of the experiment, although electron- 
electron interactions are not included. Recently, Steinbach, Martinis, and 
Devoret have measured the noise in thin silver wires using a SQUID amplifier 
[56]. They observe a suppressed shot noise, which is above the theoretical 
value of l-Ppoisson- This effect is ascribed to the presence of electron-electron 
scattering, and we will return to this issue in Chapter 6.

1.2 This thesis

Chapter 2 Mesoscopic fluctuations in the shot-noise power of metals

As shown in Subsection 1.1.5 the shot-noise power of a metallic, diffusive 
conductor (P) = |Pp0isson- This value is the average over an ensemble of 
macroscopically identical samples, with different impurity configurations. It 
is well known from experiments [57] and from theory [58,59] that the sample- 
to-sample or mesoscopic fluctuations of the conductance of metallic, diffusive 
conductors have a universal magnitude of e2//i. These “universal conduc­
tance fluctuations” (UCF) are independent of specific material and sample 
properties and are characteristic for phase-coherent transport in mesoscopic 
systems. The problem addressed in Chapter 2 concerns the sample-to-sample 
fluctuations in the shot-noise power. It will be shown that these fluctuations 
have the universal magnitude e3\V\/h.

Our method is based on the scaling equation which describes the evolution
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with increasing L of the distribution of transmission eigenvalues [34,35],

dw({ A,},L) 
dL

N

0N+ 2-0
n=l

_ ft ^2 d\ +Xn)Jx\ J1dA, w (1.46)

where J = line™ and An = (1 — Tn)/Tn. The symmetry parameter
0 denotes whether there is time-reversal symmetry (0 = 1) or not (0 = 
2). Time-reversal symmetry can be broken by applying a small magnetic 
field. The initial condition of the distribution function is that of ballistic 
transmission,

w({A*},0) = *(Ai )tf(A2) • • • 6{\n) . (1.47)

Following the method of Mello and Stone [60], we derive from Eq. (1.46) an 
infinite hierarchy of equations for moments of the transmission eigenvalues. 
The hierarchy can be closed by expanding the moments in powers of 1 /N and 
neglecting terms of order l/N and smaller. The approach is restricted to a 
wire geometry, since the scaling equation (1.46) does not hold for a square or 
cube geometry.

As a result we recover the one-third suppression and find a weak-locali- 
zation correction to the shot-noise power P. It is shown that the variance 
of P is universal in the same sense as UCF, and the precise numerical value 
is determined. We also study the effect of inelastic scattering by dividing 
the wire in phase-coherent segments which are connected through current- 
conserving, but phase and momentum randomizing reservoirs [37]. The weak- 
localization effect and the mesoscopic fluctuations vanish more rapidly as a 
function of length than the average shot-noise power.

Chapter 2 contains the research which the author performed as an under­
graduate, and is included to make this thesis self-contained.

Chapter 3 Doubled shot noise in normal-metal-superconductor junctions

At low voltages electrical transport through a normal-metal-superconductor 
(NS) junction requires the conversion of the normal, dissipative current in 
the metal into the dissipationless supercurrent in the superconductor. The 
process by which this conversion occurs is known as Andreev reflection [61]: 
An electron excitation above the Fermi level in the normal metal is reflected 
at the NS interface into a hole excitation below the Fermi level, whereas the 
excess charge is carried away as a Cooper pair in the superconductor. We 
study the shot noise in an NS junction with an arbitrary scattering region in 
the normal metal.

The quasiparticle excitations in the NS system are eigenstates the Bogo- 
liubov-de Gennes equation [62], which is a 2 x 2 matrix Schrodinger equation.
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N S

Figure 1.8: Schematic overview of the NS junction. Incoming elec­
tron and hole excitations in the normal metal are scattered by an 
arbitrary normal-metal scattering region in series with a supercon­
ductor. At excitation energies below the superconducting gap energy 
the electron and hole excitations are confined to the normal metal, so 
that all the incoming states (/) are reflected into outgoing states (O).

The calculation of the shot noise proceeds analogous to the normal-metal case 
described in Subsection 1.1.4. We assume low temperatures and an applied 
voltage e\V\ smaller than the excitation-gap energy A, so that the excitations 
are confined to the normal metal. The scattering of the incoming excitations 
into outgoing excitations is described by the 2N x 2N reflection matrix R (see
Fig. 1.8)

(1.48)

where Je, 7^, Oc, Oh are the iV-component vectors denoting the amplitudes of 
the incoming (7) and outgoing (O) electron (e) and hole (h) modes. The 
reflection matrix can be decomposed according to

(1.49)

where e.g. the N x N submatrix The contains the reflection amplitudes from 
incoming electrons to reflected holes.

Within the scattering formalism we calculate the linear-response conduc­
tance of the NS junction [63,64]

Gns = 2G0Trrher[e. (1.50)

The interpretation of Eq. (1.50) is that for each reflection of an electron into 
a hole there is a double contribution to the current, because the electrons 
and holes move in opposite direction with opposite charge. For the shot-noise 
power we obtain

(1.51)
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On the basis of Eq. (1.51) we derive a formula which depends on the transmis­
sion eigenvalues of the normal region only. We then calculate the shot noise 
for an NS junction which contains a planar tunnel barrier, recovering previous 
results by Khlus [18]. For a high barrier P = 2Pp0iSson> due to uncorrelated 
transport in units of 2e. Subsequently, a disordered junction is considered, 
for which we find that P = |Pp0>sson, as a consequence of noiseless open scat­
tering channels. Finally, we treat a disordered region in series with a tunnel 
barrier.

Chapter 4 Andreev re£ection in ferromagnet-superconductor junctions

In a conventional (spin-singlet) superconductor a Cooper pair consists of a 
spin-up and a spin-down electron. Therefore, in the Andreev-reflection process 
[61], the reflected quasiparticle must occupy the opposite spin band to that 
of the incoming quasiparticle. This change of spin band can be observed if 
the normal metal has a partial spin polarization as in a ferromagnet. The 
conductance and shot noise of ferromagnet-superconductor (FS) junctions are 
the subject of Chapter 4.

The first system that is considered is a ballistic FS point contact, where 
a ferromagnet is contacted through a small area with a superconductor. It 
is well known that in an ideal NS point contact, the conductance is twice 
the Sharvin conductance of the same point contact with the superconductor 
in the normal state. This is because all the scattering channels (transverse 
modes in the point contact at the Fermi level) which would be transmitted in 
the normal contact, are Andreev reflected in the NS contact, thereby giving 
a double contribution to the conductance. For the FS point contact the sit­
uation is different. Because of the exchange interaction the density of states 
at the Fermi level differs for both spins bands. Let TVf (A^) be the number of 
up(down)-spin channels in the point contact, with > Afj. At zero temper­
ature, the spin channels do not mix and the conductance Gfn — where the 
superconductor is in the normal state — is given by

GFN = J (Nl + Nr). (1.52)

In the superconducting state, the spin-down electrons of all the Ni channels 
are Andreev reflected into spin-up holes. However, only a fraction A/j/ATj of 
the N-\ channels can be Andreev reflected, because the density of states in the 
spin-down band is smaller than in the spin-up band. Therefore, the resulting 
conductance is

o"=?(w‘+s$"')-4£w‘- (1.53)
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Comparison of Eqs. (1.52) and (1.53) shows that Gfs may be either larger or 
smaller than Gfn depending on the ratio N^/N^ and hence on the magnitude 
of the exchange interaction.

The above argument is substantiated by applying the Stoner model [65] for 
the electrons inside the ferromagnet, which treats the exchange interaction on 
a mean field-level, and then determining the scattering states in this system by 
solving the Bogoliubov-de Gennes equation [62]. It is found that the Andreev 
reflection probability depends on the magnitude of the exchange interaction in 
the ferromagnet. The intuitive result Eq. (1.53), although not exact, is quite 
accurate. Subsequently, we consider the shot-noise power in the FS point 
contact, which is a sensitive probe for the Andreev-reflection probability at 
the FS interface.

In an NS junction the Andreev-reflected states close to the Fermi level are 
the phase-conjugates of the incoming states times a phase factor. One of the 
consequences is that the linear-response conductance Gnins of an NINS junc­
tion with an insulating tunnel barrier (I) in the normal metal is independent 
of the length L between the barrier and the NS interface [63]. In the last part 
of Chapter 4 we study how this effect is modified in an FIFS junction. Due 
to the differences in wave vector between the spin-up (fcf) and spin-down (fcj) 
band, quasi-bound states are formed if the resonance condition

2L(fcT — k[) = (2n + l)7r, n = 0,l,2,... , (1.54)

is fulfilled. As a consequence we find large resonances as a function of L in 
Gfifs • These resonances are distinct from the Tomasch oscillations known to 
occur in the non-linear differential conductance of NINS junctions [66]. The 
Tomasch oscillations are due to the dispersion of electron and hole wave vectors 
at energies away from the Fermi level, and thus vanish in linear response. The 
oscillations in an FIFS junction are due to the change in spin band upon 
Andreev reflection. As a consequence, they do not vanish in linear response, 
but do disappear when the exchange interaction is zero, as in a normal metal.

Chapter 5 Transition from Sharvin to Drude resistance in high-mobility wires

The problems of Chapters 2-4 are solved in a fully quantum mechanical frame­
work; the next three Chapters of this thesis contain semiclassical calculations. 
In Chapter 5 we study the resistance of a wire of length L for arbitrary ratio 
between L and the elastic mean free path t. The two limiting cases are well 
known. In the ballistic regime t » L the conductance is given by the Sharvin 
conductance [27]

Gs =G0N , (1.55)
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where N is the number of transverse modes in the wire. For a two-dimensional 
wire of width W we have N = kpW/it and for a three-dimensional wire, of 
cross-sectional area S, TV = k2FS/47t, with fc/r the Fermi wave number. In the 
diffusive regime L £ the conductance is given by the Drude result

l
Gd = Go N — , (1.56)

with the normalized mean free path £ proportional to £ [see Eq. (1.38)]. The 
aim of Chapter 5 is to derive a formula which describes the crossover from (?$ 
to Gd when £ ~ L.

Our starting point is the semiclassical Landauer formula, which for two 
dimensions is given by

W w/2

G = G0nJ0 j ^cos9T(0,W). (1.57)
0 -tt/2

The transmission probability T(0, y, ip) is the probability for transmission into 
lead 2 (x = L) of an electron which starts in lead 1 at (s, y) = (0, y) with veloc­
ity v = vF(cosip,smip) (where vf is the Fermi velocity). We assume specular 
boundary scattering, so that the transverse ^/-coordinate becomes irrelevant. 
For elastic and isotropic impurity scattering the transmission probabilities 
satisfy the integro-differential equation

^ C0S ^ = T(X' ^ ~ J 2* T^X' ^ ’ C1*58)
0

with the boundary conditions

T(0,(/?) = 0, if (p € [§7r, §7r] , (1.59a)
T(L,ip) = 1, if (p e [0, ^7r] D [§7r,27r]. (1.59b)

Equation (1.58) is valid both for two and three dimensions and can be obtained 
from the Boltzmann transport equation.

To determine the conductance for arbitrary ratio £/L Eqs. (1.58) and (1.59) 
are transformed into an integral equation, which can be solved numerically. 
The result can be written as

G = GaN (l+iL/iy1 , (1.60)

where 7 is a number close to 1, which depends on the dimensionality and 
weakly on the ratio £/L. Quite surprisingly, we find that the naive procedure
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of simply adding the Sharvin and Drude resistances — according to G~l = 
Gg 1 +GJ1, which is equivalent to setting 7 = 1 in Eq. (1.60) — is just within 
a few percent from the exact solution.

Finally, we apply the result (1.60) to an experiment by Tarucha et al. [67], 
in which the resistances of wires, of different lengths, defined in a high-mobility 
two-dimensional electron gas are measured. Good agreement is obtained.

Chapter 6 Semiclassical theory of shot-noise suppression

The original derivation of the one-third suppression of the shot-noise power 
in a metallic, diffusive conductor [37] was quantum mechanical, based on the 
bimodal distribution of transmission eigenvalues. We have seen in Subsec­
tion 1.1.5 that the bimodal distribution can be obtained from a semiclassical 
argument. This suggests that it should be possible to derive the one-third sup­
pression in the framework of a semiclassical transport theory. Nagaev [38] has 
presented such a derivation, in which the Pauli principle is taken into account, 
but the motion of the electrons is treated classically. Nagaev’s approach does 
not yield a formula with the same generality as Biittiker’s formula (1.30), but 
is only applicable for diffusive transport. In Chapter 6 we use the semiclassical 
approach to evaluate the shot noise in a wider class of mesoscopic conductors 
and we compare the outcomes of our theory with the quantum mechanical 
calculations.

Our starting point is the Boltzmann-Langevin equation [68,69] for the fluc­
tuating distribution function /(r,k, £), which denotes the occupation number 
of electrons at position r, with wave vector k, at time t. The average over 
time-dependent fluctuations (/) = / satisfies the Boltzmann equation

(l+5)/(r’M) = 0’

d d d d— = h V   h fF •   .
dt dt dr hd k

(1.61a)

(1.61b)

The derivative (1.61b) (with v = /ik/m) describes the classical, deterministic 
motion in the force field ^(r) and the term Sf accounts for the stochastic 
effects of scattering. In the Boltzmann equation the scattering occurs into 
all wave vectors k with some probability distribution. However, at a certain 
instant in time an electron is only scattered into one particular k. Thus 
the stochastic nature of the scattering leads to time-dependent fluctuations 
6f = / — /in the distribution function. The time-dependent fluctuations obey 
the Boltzmann-Langevin equation [68,69]

(clt+s) gf(r,k’t) =j(r’k’t) ■ (1.62)
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The fluctuating source term j represents the stochastic fluctuations induced 
by each scattering event. The flux j has zero average, (j) = 0, and covariance

0(r, k, t)j{t\ k', t')) = (2n)d6(r - r')6{t - t') J(r, k, k') . (1.63)

The delta functions ensure that fluxes are only correlated if they are induced 
by the same scattering process. The correlator J depends on the type of 
scattering and on /, but not on 6f.

On the basis of Eqs. (1.61)—(1.63) we can relate the shot-noise power P to 
classical transmission probabilities at the Fermi level. In the diffusive regime, 
we recover the one-third suppression of the shot-noise power [38]. It is shown, 
that this suppression does neither depend on the details of the scattering, nor 
on the dimensionality of the conductor. Furthermore, we calculate how the 
shot noise crosses over from complete suppression in the ballistic regime to 
one-third of the Poisson noise in the diffusive regime, complementing the study 
for the crossover of the conductance in Chapter 5. We also apply our theory 
to tunneling through n planar barriers in series (tunnel probability T). For 
n = 2 and T < 1 we recover the results for a double-barrier junction of Refs. 
[50,51]. Our calculation shows how the shot-noise suppression by one half 
which occurs in a symmetric double-barrier junction [48,50,51] crosses over 
to the one-third suppression as n —► oo. In addition, our method is applied to 
determine the shot noise in a conductor consisting of a disordered region in 
series with a tunnel barrier. Our results fully agree with quantum mechanical 
calculations in the literature, establishing that phase coherence is not required 
for the occurrence of suppressed shot noise in mesoscopic systems.

In the last part of Chapter 6, we calculate the effects of electron-electron 
and inelastic scattering on the shot noise. In an experiment, these types of 
scattering may be enhanced due to the high currents, which are often required 
for noise measurements. Analogous to the work of Beenakker and Biittiker 
[37], this scattering is modeled by putting charge-conserving electron reservoirs 
between phase-coherent segments of the conductor. This allows us to model 
the effects of quasi-elastic scattering, electron heating, and inelastic scattering 
within the same theoretical framework.

Chapter 7 Hydrodynamic electron Bow in high-mobility wires

In classical diffusive transport, the effects of electron-electron scattering on the 
resistivity are difficult to observe. The reason is that normal electron-electron 
(e-e) scattering does not change the total momentum of the electron distri­
bution, while resistive umklapp processes are rare in bulk simple metals [70]. 
However, it has been pointed out [71-73] that normal e-e scattering should in­
fluence the resistance of narrow wires with non-specular boundary scattering, 
provided that the bulk mean free path lb exceeds the wire width W. At low
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electron temperatures, normal e-e scattering causes electrons whose original 
trajectory is along the wire axis, to be deflected towards the boundaries, where 
their momentum can be dissipated. This process, the electronic analog of the 
Knudsen effect in gas-flow dynamics, increases the resistivity [72]. At higher 
electron temperatures, the electron collision-rate increases strongly, causing 
an increase in the time needed for the electrons to reach the boundary of the 
wire. In this regime, where the mean free path lee between normal e-e scatter­
ing events drops below W, the resistivity actually decreases with increasing 
electron temperature, a situation known as the Gurzhi effect [71]. This is the 
electronic analog of the Poiseuille gas-flow regime.

The last Chapter of this thesis contains a theoretical study of Knudsen 
and Gurzhi flow phenomena, based on a series of experiments carried out by 
L. W. Molenkamp at Philips Research Laboratories, Eindhoven. These flow 
phenomena occur in electrostatically defined two-dimensional wires, fabricated 
from high-mobility (Al,Ga)As heterostructures. Using these semiconductor 
devices to study hydrodynamic electron flow offers several advantages over 
metal wires: First, due to the high purity of the material and the resolution of 
electron-beam lithography one can easily reach the condition h > W. Second, 
umklapp electron-electron scattering is completely absent, because of the low 
electron density and the perfectly circular Fermi surface. Third, the electron- 
acoustic phonon coupling is weak . This makes it possible to investigate 
the influence of e-e scattering not by changing the temperature T of the full 
sample, but by selectively changing the temperature Te of the electrons inside 
the wire by passing a dc current I through the device. The wires are equipped 
with opposing pairs of quantum point-contacts in their boundaries, so that 
one can determine Te in the wire as a function of I from a thermovoltage 
measurement [74]. In the experiments, the non-linear differential resistance 
of the wires is observed to first increase and then decrease with increasing I. 
This is identified as the Knudsen and Gurzhi effect, respectively.

We model the experiments by a Boltzmann theory, taking into account 
impurity, e-e, and boundary scattering. We write the distribution function 
/(r, k) for electrons at position r = (x, y) (with x along and y perpendicular 
to the wire axis) and with wave vector k = fc(cosv?,sin<^) in the form

(1.64)

where fo(e) is the Fermi-Dirac distribution function at energy e. We have 
dropped the x-coordinate since there is translational invariance along the x- 
axis. The stationary Boltzmann transport equation, linearized with respect
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to the applied electric field E = (E, 0) reads

—eEvF cos ip + vp sin <p dx(y,*p)
dy

dx(y,<p)
dt (1.65)

The r. h. s. of Eq. (1.65) takes into account both impurity and e-e scattering. 
The impurity scattering is assumed to be elastic and isotropic. For the e-e 
scattering we use a model due to Callaway [75], which is the simplest possible 
scattering term with the requirement of conservation of total momentum,

dx(y,<p)
dt

x(y^)
2ir f

h j + 2cos(<p- tp')] , (1.66)

with ree(= lee/vF) the e-e scattering time. The scattering with the wire 
boundaries is described by a specularity coefficient p(v?), denoting the frac­
tion of electrons which is scattered specularly, the remainder being scattered 
diffusely. The coefficient p is a function of the angle of incidence <p, such that 
p —> 1 for grazing incidence (</? —► 0 or <p —► 7r) [76].

We have developed a scheme to determine the solution of Eq. (1.65) for 
arbitrary /&, lee, W, and p(<p). By calculating the flow profiles inside the wire, 
we show how normal flow evolves into Poiseuille flow. Good agreement is 
obtained between experiment and theory.
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Chapter 2

Mesoscopic fluctuations in the 
shot-noise power of metals

2.1 Introduction

Recently, the classical problem of shot noise has been reinvestigated for quan­
tum systems [1]. Shot noise is the time-dependent fluctuation in the electrical 
current due to the discreteness of the charge of the carriers. It has been 
found that the shot-noise power P is suppressed below the classical value of 
a Poisson process [2] (Ppoisson = 2e|/|, with I the time-averaged current) as a 
consequence of noiseless open quantum channels. In particular, it was shown 
by Beenakker and Biittiker [3] that the average noise power (P) in the diffusive 
transport regime is one third of the Poisson value. The “average” here refers 
to an average over an ensemble of impurity configurations. It is well known 
in mesoscopic physics that transport properties may have large fluctuations 
around the average from sample to sample [4]. Such “mesoscopic fluctuations” 
in the conductance were shown [5,6] to have the root-mean-square value e2/h 
times a coefficient of order unity, independent of the size of the sample and 
the degree of disorder. Hence the name “universal conductance fluctuations” 
(UCF). In Ref. [3] it was argued on general grounds that the shot-noise power 
has mesoscopic fluctuations of order (e2/h)e\V\t with V the applied voltage. 
The purpose of this Chapter is to give an explicit calculation of the root-mean- 
square value of the shot-noise power, rms P, of disordered conductors, much 
longer than wide, but shorter than the localization length. It will be shown 
that, in the case of phase-coherent transport, these fluctuations are universal 
in the same sense as UCF and the precise numerical value will be calculated.

Starting point is the shot-noise formula derived by Biittiker [7]. It ex­
presses the zero-temperature, zero-frequency shot-noise power P of a spin-
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degenerate two-probe conductor over which a small voltage V is applied, en­
tirely in terms of transmission matrices t at the Fermi energy:

N
p = p0Trtt*(i -«*) = Po £rn(i - r„), (2.1)

n=l

where Tn denotes an eigenvalue of tt*, N is the number of channels, and 
Po = 2e|F|Go, with Go = 2e2//i the unit of conductance. Equation (2.1) is 
the multi-channel generalization of the single-channel formulas found earlier 
[8-10]. Using the Landauer formula

N
G = G0Trtt* =G0J2Tn

n=1
(2.2)

for the conductance G = I/V, one finds from Eq. (2.1) that P = Pp0isson if 
all transmission eigenvalues are small (Tn C 1, for all n). In a phase-coherent 
conductor, however, the Tn’s are either exponentially small (closed channels) 
or of order unity (open channels) [11]. This leads to sub-Poissonian shot noise 
when the ensemble average is taken [3].

To determine the fluctuations in P around (P) one can, in principle, use 
a diagrammatic Green’s function method, as in the original theories of UCF 
[5,6]. In this paper, however, the equivalent random-matrix method [11-17] 
will be used, as it makes contact naturally with Eq. (2.1), where the shot- 
noise power is expressed as a function of random transmission matrices. The 
central quantity in the random-matrix theory of quantum transport is the dis­
tribution w({Ai, A2,• • •, Aw}) of eigenparameters An € [0,00), related to the 
transmission eigenvalues by Tn = (1 + An)_1. The so-called local approach, 
which is based on the properties of small segments of the conductor, leads 
to a diffusion equation for the evolution of this distribution with length L 
[13-16]. The diffusion equation depends on the symmetry properties of the 
random-matrix ensemble. It can be written in a unified way using the sym­
metry parameter (3, where /? = 1 in the presence and /3 = 2 in the absence 
of time-reversal symmetry. For a sample with N channels, a length L and an 
elastic mean free path C, with the definition s = L/C, the diffusion equation is 
given by [13,14,16]

N
pN + 2-pibd\n

Tl— 1

A„(l + An)J),({Ai})
a ^({Aj)

aA„ ^({A;})
X (2.3)
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where •//?({ A;}) = nn<m I An - Am|0. The initial condition is that of perfect 
transmission,

= «(Ai)tf(Aj) ■ • -6(\n) . (2.4)

The diffusion equation (2.3) is based on (a) the difference in symmetry 
properties of the ensemble of scattering matrices in the presence or absence 
of time-reversal symmetry; (b) an isotropy assumption, which implies that 
flux incident in one channel is, on average, equally distributed among all out­
going channels; and (c) a maximum-entropy assumption for the distribution 
w^({Ai}) for a small segment of the conductor. Assumption (b) requires a 
conductor much longer than wide, i.e. the quasi-one-dimensional limit. As­
sumption (c) has been justified by a “central-limit theorem” [17]. Calculations 
for the conductance starting from Eq. (2.3) [15,16] have indeed produced the 
same ohmic conductance and quantum-interference effects (weak localization 
and UCF) as obtained earlier by Green’s function techniques in the quasi-one- 
dimensional limit.

The outline of this Chapter is as follows. In Section 2.2 the diffusion 
equation (2.3) is used to determine the mesoscopic fluctuations in the shot- 
noise power. Furthermore, a weak-localization effect and the earlier found 
suppression by one third are obtained for the ensemble-averaged shot-noise 
power. The calculation is straightforward, but lengthy. The key intermediate 
steps are given in Appendix 2A. Finally, the effect of inelastic scattering on 
the shot-noise power of conductors longer than the phase-coherence length is 
discussed in Section 2.3.

2.2 Average and variance of the shot-noise power
The regime of interest is the metallic, diffusive regime: The sample must 
be much longer than the mean free path, but much shorter than the ID 
localization length f ~ Ni, requiring

l«s«iV. (2.5)

With the definition of the moment

V
N

n= 1

N

1 (l+An)*
(2.6)

and the convention Tp = T1P, Tq = Tq, and T = 7^, one finds from Eq. (2.1) 
for the average and the variance of the shot-noise power the expressions

(P) = -Po «T) - (T2)) , (2.7)
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varP = P02 [<T2> - (T>2 - 2 ((TT2> - <T)(T2)) + (T22> - (T2)2] . (2.8)

The brackets denote the ensemble average,
oo oo oo

(F) = JdXi J<tt2 • ■ • Jd\N ^)({Ai}) P({A;}). (2.9)

0 0 0

From the diffusion equation (2.3) one can derive the evolution of the different 
moments. For example, the evolution equation for (Tp) is given by [16]

(0N + 2 - /?)^<T”) = (- 0pTp+1 - (2 - 0)pTp~1T2

+ 2p(p-l)TP-2(T2-r3)) . (2.10)

Obviously, this single evolution equation is not solvable because of the ap­
pearance of new moments. In Refs. [15,16] it is shown that the hierarchy 
of evolution equations can be closed by an expansion in powers of N~1. The 
resulting set of coupled differential equations needed for the evaluation of Eqs. 
(2.7) and (2.8), and their solutions, are given in Appendix 2A. Here, only the 
results are presented.

For the average shot-noise power we find

(P) = Po
Ni 
3 L

^■ + 0(—.) 
45 ''Nt (2.11)

Combining this with the result for the average conductance from Ref. [16],

(G) = Go ™ &L + 0(4)
L 3 K Ni

one can write

<P> = iPpc + 6/\vL ,

(2.12)

(2.13)

where Pp0isson = 2e|V'] {G) and <5i\vL = -Po4<5^i/45. The suppression by a 
factor one third of the ensemble-averaged Poisson noise is in agreement with 
Ref. [3], where the alternative global approach to random-matrix theory was 
used. In the second term of Eq. (2.11) one recognizes a weak-localization cor­
rection for the shot noise, analogous to that in Eq. (2.12) for the conductance 
[16]. As it is caused by the interference between time-reversed pairs of tra­
jectories, it disappears when time-reversal symmetry is broken (/? = 2), i.e. 
in the presence of a magnetic field. The decrease in the conductance due to 
weak localization can be incorporated in the Poisson value. The remaining
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correction <5P\vl is positive, indicating that weak localization suppresses the 
conductance more than the shot noise.

Next the variance of the shot-noise power is determined. We find that the 
first two terms in the expansion of the right-hand-side of Eq. (2.8) — of order 
N2 and N respectively — vanish exactly. The remaining term is

, 1 46 L .
^(7-^) = - —+ 0(-.). <2'14>

Thus, the root-mean-square fluctuations in the shot-noise power are given by

rms P = PqC(3 , (2.15)

independent of the length L, the number of channels N, and the elastic mean 
free path t. By analogy with the conductance, one could speak of “universal 
noise fluctuations.” The numerical coefficient is C\ — ^/46/2835 ~ 0.127 in 
the presence of time-reversal symmetry and C2 = \/23/2835 ~ 0.090 in its 
absence.

2.3 Effect of inelastic scattering

The theory presented is valid at zero temperature, when shot noise is the 
only source of current fluctuations and when all scattering is elastic. At finite 
temperatures the theory should be modified to include thermal noise (im­
portant when kT > eV), the effects of thermal averaging (important when 
L > It = (hD/kTJ1/2, with D the diffusion constant), and inelastic scat­
tering (important when L is greater than the inelastic-scattering length /*„). 
If kT < eV and lin < /t the effect of inelastic scattering dominates. Its 
effect on the shot noise can be estimated by considering a model in which 
the conductor is divided into M\n ~ L/ixn phase-coherent segments of length 
/in, separated by phase and momentum randomizing reservoirs [3]. Quasi-one- 
dimensionality now requires that the width of the conductor is much smaller 
than /,n. Furthermore, phase-coherent diffusive transport requires i /in. In 
Ref. [3] the following sum rule was derived

Min
R2P = J2Ri2pi,

t=l

where Ri and Pi are the resistance and the shot-noise power of an individual 
segment, and R = an^ P are the resistance and the shot-noise power
of the whole conductor. Using Eqs. (2.1) and (2.2), Ri and Pi can be expressed 
in terms of the moments T(i) and "^(z) of the transmission eigenvalues of the

(2.16)
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i-th segment. Since a fraction R*/R of the total applied voltage V drops over 
the i-th segment, one has from Eq. (2.16)

P = Po
e £r ni)-3[m - w) \

(2.17)

Each moment in Eq. (2.17) can be written as the ensemble average plus a de­
viation, T(i) = (T)jn + 6T(i) and T2(i) = (7^)jn + 6T2(i). The brackets (• • ■),„ 
denote the ensemble average for a phase-coherent conductor of length lin. (All 
segments are assumed to have the same average properties.) Now, Eq. (2.17) is 
expanded in powers of ST(i) and 6T2(i), and the fact that moments of different 
segments are statistically independent (e.g. (6T(i)6T(j)) = (6T(i))(6T(j)), 
if i ^ j) is used.

The ensemble-averaged shot-noise power becomes

(P) = P0 Mr2 (T)in - (T2)in

, , Min- 1 ((STSTa)in _ ((ST)2);n(T2)in\
Min V COin (T)l J+"\ (2.18)

To determine the ensemble averages over a phase-coherent segment the results 
of Section 2.2 can be used (with L substituted by lin). One has (T)jn, {T2)in = 
0(Ni/lin), while ((<5T)2)jn, {6T6T2)\n = 0(1). It follows that the terms (T)\n 
and (72>in in Eq. (2.18) are two orders of magnitude in (Nl/lin) higher than 
the terms containing the fluctuations 6T and 6T2, so that it is consistent to 
neglect these latter terms while retaining the weak-localization corrections to 
(T)in and ('T2)in. Equation (2.11) then implies

<^>=^o
N[ (lin) _ 6pi (lin\2
3L\L ) 45 \LJ (2.19)

Comparison with Eq. (2.11) shows that, while the leading term in the average 
shot-noise power is reduced by a factor (lxn/L) because of inelastic scattering 
[3], the weak-localization correction is suppressed more strongly, by a factor
(lin/L)2.

Now, for the effect of inelastic scattering on the mesoscopic fluctuations of 
the shot-noise power. The variance (P2) - (P)2 is determined by substitution 
of the expression for P given in Eq. (2.17), then an expansion in powers of 6T 
and 6T2y and finally taking the ensemble average. The result is

varP = PgMr* [{(ST)2)in - 2(STST2)in + ((<5T2)2)in + ••■]. (2.20)
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The three terms between square brackets are, in fact, equal to the variance, 
var(T - 7^), of a phase-coherent segment of length With Eqs. (2.14) and 
(2.15) one finds

rmsP = PqC(3 (2.21)

The root-mean-square value of the mesoscopic fluctuations of the shot-noise 
power is suppressed by a factor (lm/L)5/2 due to inelastic scattering. Hence, at 
the breakdown of phase-coherent transport the mesoscopic fluctuations cease 
being universal and become dependent on the length of the conductor.

The division of the conductor in phase-coherent segments separated by 
phase and momentum randomizing reservoirs is a simplified model of inelastic 
scattering, which occurs throughout the conductor. A more realistic treatment 
is expected to leave the parametric dependence on the ratio (lm/L) unaffected. 
It is interesting to compare the above results with the corresponding results 
for the conductance [18],

6Gwl = constant x Go ?)■ (2.22a)

rms G = constant x Go f-irf ■
(2.22b)

One notes for the shot-noise power that the value of the exponent of (lm/L) 
occurring in the expressions for the average, for the weak-localization effect, 
and for the root-mean-square value of the mesoscopic fluctuations, is equal to 
the exponent in the corresponding expressions for the conductance plus one.

Appendix 2A Moment expansion and solution
Consider a compound moment

mn V: s
1=1

r* iv 1
rl r nV 1

(l + An)*1
(2.23)

where qi ± qj if i ^ j. From Eqs. (2.4) and (2.9) the initial condition of the 
ensemble average is

» i=l
(2.24)
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The evolution of a compound moment can be derived from the diffusion equa­
tion (2.3). This leads to the general evolution equation

m + 2-0)-{Y[T;-) =

(ET-+>r«—»- ET»+‘7'«-n') nv
•n=0 n=0 / j^i

+(2 - /?) E ( - 1W - *V7?-%+1]

+ E (Vnfa -1 - ra„+1) n

*<J

+ E ( 4?<9yriri^-17^-1(7;j+,i - T,i+,j+1) J] ^ ) , (2.25)
k^i,j

where 2n=a = 0 if a > 6. Equation (2.10) is a special case of Eq. (2.25). The 
moments required for the average and the variance of the shot-noise power are 
(T), (7^), (T2), (T72>, and (7j), as can be seen from Eqs. (2.7) and (2.8). 
However, their evolution equations are not exactly solvable, because these 
cannot be written in a closed form. Mello and Stone [15,16] have developed 
a method of solution by expanding the moments in descending powers of N. 
Here, their general method is applied to the moments listed above. For this 
purpose the following expansions are necessary:

<T”) = Npfp,0(s) + Np~'fPM + Np~2 fp,2(s) + • • • , 
(T”T2) = N”+1gp+1,0(S) + Npgp+1M

(2.26a)

+ Np~1 (?p+1,2(5) H-----, (2.26b)
(TPT3) = jV** Vh.oM + NFhp+i'i(s) + ■■■ , (2.26c)
(TPT4) = Np+1ip+1_0{s) + ■ ■ ■ , (2.26(1)
(TpTs) = Np+1jp+1<0(s) +••• ,
{TPT?) = Np+2lp+2,0(s) + Np+1lp+2'i(s)

(2.26e)

+ NPlp+2,2 (5) H-----, (2.26f)
(TPT2T3) = Np+2mp+2,0(s) + N^mp+^is) + • • ■ , (2.26g)
(TPT2T<) = Np+2np+2,0(s) + ■ ■ ■ , (2.26h)

(Tp-I?) = Np+2op+2, o(s) + ■■■, (2.26i)
(TpT2) = Np+3tp+3,0(s) + Np+2tp+3,1 W + • ■ • , (2.26j)
(TpT*) = Np+iup+i,0(s) + • • • , (2.26k)
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(T*T?T3) = N”+3vp+<fi(s) + ■■■ . (2.261)

The dependence of the coefficients of the powers of N on the symmetry pa­
rameter fl is not explicitly mentioned. In this notation the expressions for the 
average (2.7) and the variance (2.8) of the shot noise can be obtained from

(T - Ta) = [/,,„(«) - 9i,o(*W + l/w W - «l.i (•)]
+ [/i,2($) — 9i,2(s)\N~l + • • • , (2.27a)

(T2) - (T)2 = [/2.0(a) - fi,o(s)2]N2
+ [/a.iW-2/li0W/liiW]^
+ [/2,2(5) — 2fi,o(s)fit2(s) — fi,i(s)2] H-----, (2.27b)

(TT2) - (T)(T2) = [02,0(5) - /1,0(5)01,0(5)]^
+ [^2,1(5) - /l,o(«s)Sl,l(s) - /lll(5)pi,o(5)]iV 
+ [02,2(5) - /1,0(5)01,2(5) - fi,i(s)gi,i(s)

-fi, 2(5)01,0(5)] + • • • , (2.27c)
(^22)-<^2>2 = [/2,o(5)-01,o(5)2]7V2

+ [*2,1(5) - 201,0(5)01,1 (s)]A^
+ [*2,2(5) — 201,0(5)01,2(5) — 0i,i(5)2] H---- . (2.27d)

In order to determine the functions of s listed above, the evolution equa­
tions of the moments of interest are set up from the generalized evolution 
equation (2.25). One then finds that indeed all the moments of Eqs. (2.26a)- 
(2.261) appear. Filling in the expansions and equating the coefficients of the 
same powers of N leads to a closed hierarchy of recurrent differential equa­
tions:

/p,o(5) + PfP+1,0(5) = 0 , (2.28a)
9p,ois) d- (p “b 3)0p+i,o(5) = 2/p-fi,o(s), (2.28b)
fp,i(s) + p/p+1,1 (5) = -<W/p,oM + PPp.oM], (2.28c)
*;.oW + (p + 6)*p+i,o(5) = 40p+1,o(5) , (2.28d)

Zip,0(5) + (p + 5)/ip+i,0(5) = 60p+i,o(s) - 3*p+i,o(5), (2.28e)
9pti(s) + (p + 3)0p+i,i(5) = 2/p+1,1 (5)

+ <5/31 [~9pt0(5) + 20p,o(5) - 4/ip,0(5) - (p - l)*p,o(5)] , (2.28f)
/p,2W + P/p+1,2(5) = ~^l[/p,l(5) +P0p,l(5)]

+ (<5/31 + l)p(p - l)[0P—1,0(5) - /ip—1,0(5)], (2.28g)
^p,o(5) + (p + 9)tp+i,o(5) = 6*p+i,o(5) , (2.28h)

m'P)0{s) + (p + 8)mp+i,0(s) =
2/tp+i,o(5) + 6*p+i,o(5) — 3tp+i,o(5), (2.28i)
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I'p, i(5) + (P + 6)/p+1,1(5) = 4gp+i'i(s)

+ hi Hp.oM + 4/p,0(s) - 8mp,0(s) - (p - 2)<p,o(5)] , (2.28j)
Wp,o(5) + (p + 12)tip+I,o(5) = 8<p+i,o(s), (2.28k)
*p,o(5) + (P + 7)iP+i,o(s) =

8/ip+i,o(5) 4- 4/p+it0(s) - 8mp+ii0(s), (2.281)
v'P,o(s) + (P+ H)vp+i,o(s) =

4mp+i)0(s) 4- 6<p+i>0(5) — 3up+ito(s), (2.28m)
np,o(5) + (P + 10)7lp+i,0(5) =

2ip+i,o(«s) 4- 8rap+ito(s) 4- 4tp+it0(s) - 8vp+it0(s) , (2.28n)
oJ,t0(5) + (P + 10)Op+i,o(s) = 12mp+i,0(s) - 6vp+i,o(s) , (2.28o)
jp, o(5) + (P + 9)jp+i,o(s) = 10ip+i,o(5)

4- 10mp+i,o(5) - 10np+i,0(s) - 5Op+i,0(s), (2.28p)
*p,i(5) + (P + 9)ip+i,i(s) = 6/p+u(s)

+ <5/31 Mp,o(s) + 6<p,o(s) - 12vp,o(s) - (p - 3)up,o(s)] , (2.28q)
hp,i(s) + (P4- 5)/ip+i,i(s) = 6pp+i,i(5) - 3/p^-i,1 (5)

4- <5/31 [—^p.o(-s) + 6/ip,0(s) - 9ipi0(5) - (p - l)mp>o(5)] , (2.28r)
m'P,i(s) + (p4-8)mp+i,!(5) = 2/ip+i,!^) 4-6Zp+i,i(s)

- 3tp+itl(s) 4- 60i[-m'i0(s) 4- 8mPt0(s) - 4op,o(s)

-9np,o(s) - (p - 2)Vp,0(s)], (2.28s)
9p,2(s) + (P + 3)^p+i,2(5) = 2/p+i,2(s)

+ <5/?i[—<7p i(5) 4- 2gPtl(s) - 4hPtl(s) - (p - l)/p,i(s)]
4- (<5/?i 4- l){4(p - l)[/ip_i,0(s) - ip_i,0(s)]

+(P “ !)(P ~ 2)[/p_i,0(-») - mp_1)0(s)]} , (2.28t)
^p,2(5) + (p 4- 6)/p+i,2(s) = 4pp+i,2(s)

+ hi[-lp,i(5) + 4/p,i(5) - 8?7ip,i(s) - (p - 2)ipfi(a)]
4- (5/31 4- l){8[ip_i,o(s) - jp_1,o(a)]

4-8(p - 2)[mp_i,o(s) - rip_i,o(s)]
4-(p - 2)(p - 3)[ip_i|0(5) - Vp—1,0(5)]} . (2.28u)

The equations are written in such order that each one can be solved with the 
solutions of the preceding ones. From Eq. (2.24) the initial conditions are

xp,o(0) = 1, Zp,i(0) = 0, Zp|2(0) = 0, (2.29)

where x stands for each of the functions fygth...v.
The first seven recurrent differential equations (2.28a)-(2.28g) were solved 

by Mello and Stone [16] to determine the variance of the conductance. Guided
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by their results, the following ansatz for the solutions is made

xP,...(s)
7r(s) 4- pa{s) 4 p2p(s) 

(1 + 5)9 (2.30)

where 7r(s), a(s), and p(s) are functions in s not dependent on p. The ansatz 
(2.30) is then verified by substitution. In this way the recurrent differential 
equations (2.28a)-(2.28u) reduce, after an appropriate value for q is chosen, to 
ordinary differential equations in s for the functions 7r(s), <7(5), and p(s) which 
are easily solved. The functions are found to be polynomials in s. Here, only 
the solutions needed for substitution in Eqs. (2.27a)-(2.27d) are presented:

fp, o(5) 

/p.i«

/p,2($)

9p, 0(5) 

9P, 1(5)

9P, 2(5)

1
(14 s)p ’

~6(3lPS3
3(1 4 s)p+2 ’

(2.31a)

(2.31b)
2

= 90(l+V+?{^ll(8P “ 4)S' + (18p + 6)s3

+ (45p + 15)s2 + (60p - 60)5 + 45p - 45]
+ [(3p - 5)s4 + (18p - 30)s3 + (45p - 75)s2 
+ (60p - 90)s + 45p - 45]} ,

_ 2s3 + 6s2 + 6« + 3 
~~ 3(1 + s)p+3

(2.31c)

(2.31d)

-6pis3
45(1 + s)p+5
[(10p + 4)s3 + (30p + 24)s2 + (30p + 60)s + 15p + 75] , (2.31e)

1890(1 + s)p+7
{<5pi[(112p2 + 40p-32)s7

+ (588p2 + 612p - 120)s6
+ (1722p2 + 2574p + 24)s5 + (3654p2 + 4326p + 924)s4 
+ (5418p2 + 2394p + 2772)s3 + (5355p2 + 315p+ 5670)s2 
+ (3150p2 - 630p - 2520)s + 945p2 + 945p - 1890]
+ ](42p2 - 30p - 72)s7 + (378p2 - 270p - 648)s6 
+ (1512p2 - 1080p - 2592)s5 + (3549p2 - 2457p - 5964)/
+ (5418p2 - 3402p - 8568)s3 + (5355p2 - 2835p - 8190)s2 
+ (3150p2 - 1260p - 5670)5 + 945p2 + 945p - 1890]} , (2.31f)

------— (4s6 + 24s5 + 60s4 + 84s3 + 72s2 + 36s + 9),
9(1 + s)p+6 ' '
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(2.31g)
lpAs) = 135(l'5+')P^1(20p+16>6 + (12°P+ 144)s5

+ (300p + 576)s4 + (420p + 1332)s3 + (360p + 1764)s2 
+ (180p + 1260)s + 45p + 450] , (2.31h)

lp^ = 28350(1^+1°* + 1360^ 4)^°

+ (9240p2 + 17160p + 3408)s9 
+ (38220p2 + 91860p + 33864)s®
+ (107520p2 + 273840p + 152480)s7 
+ (224280p2 + 497880p + 413820)s6 
+ (351540p2 + 596340p+ 780120)s5 
+ (409500p2 + 506520p+ 917280)s4 
+ (345870p2 + 334530p+ 517860)s3 
+ (203175p2 + 212625p+ 66150)s2 
+ (75600p2 + 113400p - 151200)s 
+ 14175p2 + 42525p - 28350]
+ [(420p2 + lOOp - 1020)s10 
+ (5040p2 + 1200p - 12240)s9 
+ (27720p2 + 6600p - 67320)s8 
+ (92820p2 + 22260p - 223840)s7 
+ (211680p2 + 51840p — 499860)s6 
+ (345240p2 + 88560p - 795240)s5 
+ (407925p2 + 114345p— 943110)s4 
+ (345870p2 + 134190p - 842940)s3 
+ (203175p2 + 146475p — 538650)s2 
+ (75600p2 + 103950p - 245700)s
+ 14175p2 + 42525p - 28350]} . (2.31i)

The solutions (2.31a)-(2.31e) and (2.31g) have already been found by Mello 
and Stone [16]. We have checked by computer algebra that the complete set 
of solutions indeed satisfies the set of recurrent differential equations (2.28a)- 
(2.28u) and the initial conditions (2.29).
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Using the solutions (2.31a)-(2.31f) one then obtains for Eq. (2.27a)

,rr s(s2 + 3s + 3) <5/3lS3(s3 - 9s2 + • ■ •)
(r-T2>= 3(1 + s)4 N 45(1 + s)6

_ {2Spi — 1)s3(3s6 + 27s5 + ■ • ■) t 
315(1+ s)8

(2.32)

Equation (2.11) follows from Eq. (2.32) by omitting terms of order Ns~2, s-1, 
and sN”1, while retaining terms of order Ns~l and 1. This is a consistent 
approximation if N1/2 s <g. iV, which is a stronger condition then Eq. (2.5). 
As discussed in Ref. [16] this condition implies the quasi-one-dimensionality 
(length » width) of the conductor. The variance can be calculated by filling 
in the solutions (2.31a)-(2.31i) in Eqs. (2.27b)-(2.27d). The terms of order 
N2 and N vanish and the remaining term is

//T. . (1 + <5i£j1)52(23s10 + 276s9 + 1518s8 H-----) ,
Var(T-T2) =------------------2835(l+"s)'2-------------------+ "' (2.33)

Taking the limit of a long system (s » 1) results in Eq. (2.14).
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Chapter 3

Doubled shot noise in disordered
normal-metal-superconductor
junctions

Electrical shot noise is the time-dependent fluctuation of the current around 
the average J, due to the discreteness of the charge carriers. The shot-noise 
power P gives information on the conduction process which is not contained in 
the resistance. A well-known example is a vacuum diode, where P = 2e|/| = 
-Ppoisson- This tells us that the electrons traverse the diode in completely 
uncorrelated fashion, as in a Poisson process. A noise power of Ppoisson is 
the maximum value in the normal state (N). In macroscopic samples shot 
noise is fully suppressed due to inelastic processes. For samples of dimensions 
smaller than the inelastic scattering length shot noise is observable, but may 
be suppressed below Pp0isson due to correlated electron transmission [1]. In 
this Chapter we investigate theoretically the enhancement of shot noise at 
zero temperature in disordered normal-metal-superconductor (NS) junctions. 
Naively, one would expect P = 4e|/| = 2Ppoiason, since the current in the 
superconductor is carried by Cooper pairs in units of 2e. Instead, we find 
P = |Ppois3on5 due to noiseless open scattering channels. We also consider 
the more general case of a disordered region in series with a tunnel barrier. 
In the absence of disorder we recover previous results by Khlus [2]. As far as 
we know, no measurements of shot noise in NS junctions have been reported, 
yet. Independent work on the problem has been carried out by Muzykantskii 
and Khmelnitskii [3]. We furthermore would like to mention recent work on 
shot noise in a normal-metal-superconductor-normal-metal junction [4].

We first review the results for phase-coherent transport in the normal state. 
The conductance at zero temperature and small applied voltage V is given by

47
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the Landauer formula
N

Gn = GoTrttt = Go , (3.1)
71=1

where Go = 2e2/h. The matrix product tt* has eigenvalues Tn, n = 1,2,TV, 
with N the number of scattering channels at the Fermi energy Ep and t the 
transmission matrix. From current conservation it follows that Tn € [0,1]. A 
formula for the zero-frequency shot-noise power has been derived by Biittiker
[5],

N
Pn =PoTHtt(l-tt,) = P0^T"(1-:r")« (3.2)

71=1

with Po = 2e\V\Go. Equation (3.2) is the multi-channel generalization of 
earlier single-channel formulas [2,6]. It is a consequence of the Pauli principle 
that closed (Tn = 0) as well as open (Tn = 1) scattering channels do not 
fluctuate and therefore give no contribution to the shot noise.

In the case of a tunnel barrier, all transmission eigenvalues are small (Tn C 
1, for all n), so that the quadratic terms in Eq. (3.2) can be neglected. Then it 
follows from comparison with Eq. (3.1) that Pn = 2e|V|Gn = 2e|/| = Ppoisson- 
In contrast, for a quantum point-contact Pn Ppoisson- Since on the plateaus 
of quantized conductance all the Tn’s are either 0 or 1, the shot noise is 
expected to be only observable at the steps between the plateaus [6]. This is 
indeed confirmed in an experiment by Li et al. [7]. For a diffusive conductor of 
length L much longer than the elastic mean free path l it has been predicted 
that Pn = ^Ppoisson j as a consequence of noiseless open scattering channels 
[8-11]. Recently, an experimental observation of suppressed shot noise in a 
disordered wire has been reported [12].

Now, let us turn to transport through an NS junction. The conducting 
properties have originally been described by Blonder, Tinkham, and Klapwijk 
[13], and more recently in Refs. [14-16]. If the applied voltage is smaller 
than the superconducting gap (e|Vj < A), the dissipative normal current is 
converted at the NS interface into dissipationless supercurrent, by means of 
Andreev reflection: Electrons in the normal metal are retro-reflected at the NS 
interface into holes, with the transfer of a Cooper pair to the superconducting 
condensate. The scattering geometry is illustrated in the inset to Fig. 3.1. 
Electrons and holes, incident from a reservoir via an ideal (impurity-free) 
lead, are scattered by an arbitrarily disordered, normal region in series with a 
superconductor. The applied voltage is taken to be small, and the temperature 
low, so that transmission of excitations into the superconductor is prohibited. 
All incident quasiparticles are therefore reflected back into the reservoir.
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The calculation of the shot-noise power of the NS junction proceeds along 
the lines of Biittiker’s method for normal-metal conductors [5]. In the present 
case the scattering states are solutions of the Bogoliubov-de Gennes equation 
[13-16], rather than of a single-particle Schrodinger equation. The current 
operator in the lead towards the NS junction is given by

oo oo
I(t) - ^^2 J de J de'Ia0(€,c,)al(e)a0{e')elt(‘€-e')/h , (3.3)

o 0

where a£(e) [da(e)] is the creation (annihilation) operator of scattering state 
■0a(e), and Ia0(e,e') is the matrix element of the current operator between 
states ipa(e) and V'/sCO* The quasiparticle energy e is measured with respect 
to Ef ■ In the lead, the state ij}a consists of one incoming mode and several, 
reflected, outgoing modes (fp,

^a(e) = ■ (3.4)
0

The indices a,/3 denote mode number (m) as well as whether it concerns 
electron [a = (m, e)] or hole [a = (m, h)] propagation. The modes are
normalized to carry unit quasiparticle flux. The reflection amplitudes r0a are 
contained in the unitary 2N x 2N matrix R, which has the block form

where e.g. the N x N submatrix contains the reflection amplitudes from 
incoming electrons to reflected holes. The unitarity of the reflection matrix 
corresponds to conservation of the number of quasiparticles. The conductance 
of the NS junction is given by [15]

Gns = 2G0Trr/ier£e . (3.6)

In the zero-frequency limit we need the current-matrix elements /<*/?(€, c) 
at equal energies. Following Ref. [5], we find

7„0(e,e)=[A-Rt(e)AR(e)]a/J. (3.7)

The difference with Ref. [5] is the inclusion of the 2N x 2N matrix A, defined 
by

*-(?:)■ (3.8)



50 Chapter 3

which accounts for the opposite charges of electrons and holes. The average 
current I can be determined from the expectation value of Eq. (3.3), using

(aiMMO) = <W<5(e - O/afc)» (3.9)

with /a(e) the distribution function in the reservoir. At zero temperature and 
for V <0 one has for the electron (/c) and hole (fh) distribution functions

/«(«) = 0(c|V|-€)f h(e) = 0, (3.10)

with 0(x) the unit-step function. The conductance Gns = \imv—oI/V can 
now easily be determined from Eqs. (3.3), (3.7), (3.9), and (3.10). This indeed 
provides the result Eq. (3.6) of Ref. [15], which serves as a check on the 
formalism.

We are now ready to compute the zero-frequency shot-noise power, defined 
by

oo

Pns = 2 J dt (a/(<)A/(0)) , (3.11)
— OO

with AI(t) = I(t) — I. Substituting Eq. (3.3) and using Eq. (3.9) we find
oo

Pns = 2^ [deJ2lc,p^e)IPc,(e,e)fa(e)[l-fp(e)] . (3.12)

o Q’0

Equation (3.12) can be evaluated through Eqs. (3.7) and (3.10). In the zero- 
temperature, zero-voltage limit we find, making use of the unitarity of R,

N
Pns = 4P0Tr rAer],e(l - rher*e) = 4P0 ^ 7^(1 - K„), (3.13)

n= 1

where 7Zn is an eigenvalue of rherhe, evaluated at e = 0.
It remains to relate the Andreev-reflection eigenvalues 7Zn to the scattering 

properties of the normal region. In the presence of time-reversal symmetry, 
i.e. in zero magnetic field, the eigenvalues 7can be expressed entirely in 
terms of the transmission eigenvalues Tn of the normal region [16] :

nn = r’(2 - rn)-2. (3.14)

Equation (3.14) assumes a step function (at the NS interface) for the pair 
potential and neglects terms of order (A/Ep)2. Substitution into Eq. (3.6) 
yields the result of Ref. [16] for the conductance of the NS junction,

r - r V'Gns-Go^—jt^ (3.15)
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We now apply the same method to our result (3.13) for the shot-noise power, 
and find

N

Pns = Po ]T
n=l

i67*(i -rw)
(2 - Tn)4 (3.16)

This is our main result. It is a general formula for arbitrary disorder potential 
in the normal region. As in the normal state, scattering channels which have 
Tn = 0 or Tn = 1 do not contribute to the shot noise. However, the way 
in which partially transmitting channels contribute is entirely different from 
the normal state result (3.2). Before considering the case of a disordered 
conductor, we first briefly discuss the case of a planar tunneling barrier, which 
was previously studied by Khlus [2].

A planar tunnel barrier is modeled by a channel-independent barrier trans­
parency: Tn = T, for all n. It follows from Eq. (3.2), that for a normal con­
ductor this would yield = (l — r)Pp0iSson> implying full Poisson noise for a 
high barrier (T <C 1). For the NS junction we find from Eqs. (3.15) and (3.16)

Pns = PoN
i6r2(i - r) 

(2 - r)4
8(i -r)
(2-IT ^Poisson (3.17)

This agrees with the result of Khlus [2]*. If T < 2(\/2 —1) « 0.83, one observes 
a shot noise above the Poisson noise. For T 1 one has

PnS = 4e|/| = 2Ppoisaon , (3.18)

which is a doubling of the shot-noise power divided by the current with respect 
to the normal-state result. This can be interpreted as an uncorrelated current 
of 2e-charged particles.

We now turn to an NS junction with a disordered normal region, of length 
L much greater than the mean free path t, but much smaller than the lo­
calization length, so that transport is in the metallic, diffusive regime. In 
Ref. [8] the average of the normal-state shot-noise power is computed. The 
method is applicable to any physical quantity of the form X)n/(Tn) with 
limT—o f{T) = 0. (Such a quantity is called a linear statistic on the transmis­
sion eigenvalues.) Our formula (3.16) for the shot noise in the NS junction is 
of this form. According to Ref. [8] one has the general formula

= {p1Tn) jdxf(cosh~2x'> ■ (3-19)

*To see this, one must evaluate Eq. (25a) of Ref. [2] for eV A. Note, that the first 
exponent 2 should be —2.
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Equation (3.19) is obtained from the relationship Tn = cosh-2(L/Cn) between 
the transmission eigenvalues and the channel-dependent localization lengths 
£n, and from the fact that L/C is uniformly distributed between 0 and L/0. » 1. 
This uniform distribution is a general result of random-matrix theory [17], but 
has also been derived from a microscopic Green’s function theory [11]. The 
ensemble-averaged shot-noise power is now easily calculated by application of 
Eq. (3.19) to Eqs. (3.15) and (3.16), with the result

(-Pns) 2 Pp 
(Gns) 3

hence

(LVis) = = 2^>Poisson '

(3.20)

(3.21)

Equation (3.21) is twice the result in the normal state, but still smaller than 
the Poisson noise. Corrections to (3.21) are of lower order in N and due to 
quantum-interference effects [10].

Finally, we discuss a normal region which contains a disordered part as 
well as a tunnel barrier. This is most relevant to experiments, because in 
practice the NS interface is almost never ideal, but has a transparency T < 1. 
However, the uniform distribution of L/C does not apply to such a system. 
In Refs. [11] and [18] the distribution of transmission eigenvalues of such a 
system is studied and an expression for (Gns) as a function of s = L/t and F 
is obtained. The shot-noise power can be derived in a similar fashion. Here 
we merely present the final expressions,

(Gns) = 

(Pss) = P*N

2 v'{<t>)
2sv,(<f>) - 1 ’

4 v'(<f>)
3(2sv'(<t>) - 1)

(3.22a)

isv"{<j>)2 t 2v"'W \
(2sv'W - l)5 3(2si/(0) - l)4 / ’

(3.22b)

with v'(<t>), v"{<j>), v"'{<j>) the first, second, and third derivative of

, ,, _ cos<j>
~ 2/r + sin0 - 1 '

The auxiliary variable <f> G (0,7r/2) is the solution of

(3.23)

<t> = 2sv(<f>) . (3.24)

The result is given in Fig. 3.1, where (Pns)/-Ppoiason is plotted against TL/t 
for various T. Note, the crossover from the ballistic (3.17) to the diffusive
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2
3

Figure 3.1: The shot-noise power of an NS junction (in units of 
jPpoisson = 2e|/|) as a function of the length L (in units of t/Y), for 
barrier transparencies T = 1,0.9,0.8, 0.6,0.4, 0.2 from bottom to top. 
The dashed curve gives the limiting result for T 4C 1. For L — 0 the 
noise power varies as a function of T according to Eq. (3.17), between 
doubled shot noise ((jPns) = 4e|/|) for high barriers (r <£. 1) and zero 
in the absence of a barrier (r = 1). If L increases the noise power 
approaches the limiting value (jPns) = fe|/| for each Y. The inset 
shows schematically the NS junction.

result (3.21). For a high barrier (Y < 1), the shot noise decreases from twice 
the Poisson noise to two-thirds the Poisson noise as the amount of disorder 
increases.

In summary, we have presented a theory for the shot noise in normal- 
superconductor junctions for arbitrary normal region. The general result
(3.16) can be applied to many mesoscopic systems. We predict that for a 
disordered normal region the shot noise is suppressed below the Poisson noise 
by a factor |, due to the presence of noiseless open scattering channels. This 
result is double the normal-state result, a consequence of the Cooper-pair 
transport in the superconductor. For a normal region consisting of a disor­
dered part and a barrier (at the NS interface), the shot-noise power may vary 
between zero and a doubled Poisson noise, depending on the junction param­
eters. We feel that observation of our predictions is within reach of present 
technology and presents a challenge for experimentalists.
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Chapter 4

Andreev reflection in
ferromagnet-superconductor
junctions

Electrons in a metal can not penetrate into a superconductor if their excita­
tion energy with respect to the Fermi level is below the superconducting gap 
A. Still, a current may flow through a normal-metal-superconductor (NS) 
junction in response to a small applied voltage V < A/e, by means of a scat­
tering process known as Andreev reflection [1]: An electron in the normal 
metal is retro-reflected at the NS interface as a hole and a Cooper pair is 
carried away in the superconductor. Andreev reflection near the Fermi level 
conserves energy and momentum but does not conserve spin — in the sense 
that the incoming electron and the Andreev reflected hole occupy opposite 
spin bands. This is irrelevant for materials with spin-rotation symmetry, as 
is the case for normal metals. However, the change in spin band associated 
with Andreev reflection may cause an anomaly in the conductance of (metal­
lic) ferromagnet-superconductor (FS) junctions, because the spin-up and the 
spin-down band in the ferromagnet are different. This Chapter contains a 
theoretical study of Andreev reflection in FS junctions. We use a scattering 
approach based on the Bogoliubov-de Gennes equation to study the transport 
properties for zero temperature and small V (eV A). We will concentrate 
on two distinct effects, which we think are experimentally observable. First, 
due to the change in spin band there is no complete Andreev reflection at the 
FS interface. This has a clear influence on the conductance and the shot-noise 
power of clean FS point contacts. Second, the different spin-up and spin-down 
wave vector at the Fermi level may lead to quantum-interference effects. This 
shows up in the linear-response conductance of FIFS junctions, where the
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ferromagnet contains an insulating tunnel barrier (I).
In the past, FS junctions with an insulating layer between the ferromagnet 

and the superconductor have been used in spin-dependent tunneling experi­
ments [2]. There the emphasis was on the voltage scale eV > A and Andreev 
reflection did not play a role. Tunneling through S-Fi-S junctions, where Fi 
is a magnetic insulator, has been studied both experimentally [3] and theo­
retically [4,5]. In addition, there has been theoretical work on the Josephson 
effect in SFS junctions [6,7]. An experimental investigation of the boundary 
resistance of sputtered SFS sandwiches has also been reported [8]. The im­
portance of phase coherence was demonstrated in a recent experiment [9], in 
which the effect of a remote superconducting island on the conductance of a 
ferromagnet was observed. We do not know of any previous theoretical work 
on the influence of Andreev reflection on the sub-gap conductance of an FS 
junction.

In order to clarify the effects we are aiming at, let us first give an intuitive 
and simple description of the conductance through a ballistic FS point con­
tact. A ferromagnet is contacted through a small area with a superconductor. 
The transverse dimensions of the contact area are much smaller than the mean 
free path and the interface is clean, so that the conductance is completely de­
termined by the scattering processes that are intrinsic to the FS interface. In 
a semiclassical approximation all scattering channels (transverse modes in the 
point contact at the Fermi level) are fully transmitted, when the supercon­
ductor is in the normal state. Let Ni(N±) be the number of up(down)-spin 
channels, so that Nj > iV|. At zero temperature, the spin channels do not 
mix and the conductance is given by the Landauer formula

Gfn = tW + jvt)- (4-1)

In the superconducting state, the spin-down electrons of all the N[ channels 
are Andreev reflected into spin-up holes. They give a double contribution to 
the conductance since 2e is transferred at each Andreev reflection. However, 
only a fraction Ni/N-\ of the N-\ channels can be Andreev reflected, because 
the density of states in the spin-down band is smaller than in the spin-up 
band. Therefore, the resulting conductance is

GFS = £(2N, + 2^JVr) = 4£ . (4.2)

Comparison of Eqs. (4.1) and (4.2) shows that (?fs may be either larger or 
smaller than Gfn depending on the ratio Afj/TVj. If Ni/Nj < 1/3 then 
Gfs < Cfn , and vice versa. This qualitative argument can be substantiated 
by an explicit calculation, as we now show.
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For the conduction electrons inside the ferromagnet we apply the Stoner 
model, using an effective one-electron Hamiltonian with an exchange interac­
tion. The effect of the ferromagnet on the superconductor is twofold. First, 
there is the influence of the exchange interaction on states near the interface. 
This will be fully taken into account. Second, there is the effect of the mag­
netic field due to the magnetization of the ferromagnet. Since this field — 
which is typically a factor thousand smaller than the exchange field — does 
not break spin-rotation symmetry it will be neglected for simplicity. Note that 
in typical layered structures the magnetization is parallel to the FS interface, 
so that it has no influence on the superconductor at all.

Transport through NS junctions has successfully been investigated through 
the Bogoliubov-de Gennes equation [10-13]. Here, we adopt this approach for 
an FS junction. In the absence of spin-flip scattering in the ferromagnet, the 
Bogoliubov-de Gennes equation breaks up into two independent matrix equa­
tions, one for the up-electron, down-hole quasiparticle wave function (uf,i/j) 
and another one for (i^,vj). Each matrix equation has the form [14]

W°A* -CHo + h) ) ( ) = £ ( ll ) • (4'3)

Here, e is the quasiparticle energy measured from the Fermi energy Ef = 
h2k2F/2m, ?io = p2/2m + V — Ep is the single-particle Hamiltonian, with 
V(r) the potential energy, /i(r) is the exchange energy, and A(r) is the pair 
potential. For simplicity, it is assumed that the ferromagnet and the super­
conductor have identical Hq. For comparison with experiment, our model can 
easily be extended to include differences in effective mass and band bottom. 
We adopt the usual step-function model for the pair potential [10-13] and do 
the same for the exchange energy [6,7]. Defining the FS interface at x = 0 
with S at x > 0, we have A(r) = A0(x) and h(r) = hoO(-x), with 0(x) the 
unit step-function.

A scattering formula for the linear-response conductance of an NS junction 
is given by Takane and Ebisawa [12]. Application to the FS case is straight­
forward,

2
GFS = 2^T ^2 TrrL,e<rr/ia1c<r * (4-4)

<r=hi

where the matrix r^a.ca contains the reflection amplitudes from incoming elec­
tron modes with spin cr to outgoing hole modes with spin a (opposite to a) 
evaluated at the Fermi level (e = 0). We first consider a ballistic point con­
tact. We assume that the dimensions of the contact are much greater than 
the Fermi wave length, as is appropriate for a metal, so that quantization 
effects can be neglected. The number N[ of minority spin modes in the point
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contact (with area Ct) is = N0( 1 - h0/Ep), with N0 = k2Ffl/4TT the num­
ber of modes per spin for a non-ferromagnetic (ho = 0) contact of equal area. 
The reflection matrices for this case can be evaluated by matching the bulk 
solutions for the ferromagnet and for the superconductor at the interface. An 
incoming electron from the ferromagnet is either normally reflected as an elec­
tron of the same spin or Andreev reflected as a hole with the opposite spin. 
(Transmission into the superconductor is not possible at e = 0.) The reflection 
matrices are diagonal, with elements

_ k^ki — q2
Tee — Te(r eo — T'ha.ha — , , . 0 >kTki + q2 (4.5a)

—2iqy/k^k[
rhe — 1'ha,ecr — Tea ,h<r — , . ,01k^ki + qz (4.5b)

where the longitudinal wave vectors fcjn) 
superconductor are defined in terms of the 
mode by

in the ferromagnet and q in the 
energy En of the n-th transverse

q=yJ{2mlh2)(EF-En), 

k\ = \J(2m/h2)(EF - En + h0),

(4.6a)

(4.6b)

fci = \l{2m/h2){EF -En- h0). (4.6c)

In the above expressions terms of order A/Ep are neglected *. Note that 
l^eel2 + Jt'/ic|2 = 1, as required from quasiparticle conservation. It follows 
from Eq. (4.5) that a clean FS junction does not exhibit complete Andreev 
reflection, in contrast to the NS case. This is due to the potential step the 
particle passes when being Andreev reflected to the opposite spin band.

Because of the large number of modes the trace in Eq. (4.4) can be replaced 
by an integration, which can be evaluated analytically. The result is

Gfs = 4 — N0 [y/l-r]2(6 - 7t72 + tj4) - 6 + IO772 - 4r)5] , (4.7)

where rj = ho/Ep. The conductance is plotted in Fig. 4.1, and compared with 
the semiclassical estimate from Eq. (4.2), which turns out to be quite accurate. 
Since ATT + jV| = 2No one has from Eq. (4.1) C?fn > Gfs if ^0 > 0A7Ep, or 
equivalently Ni/N-\ < 0.36.

‘This is the Andreev approximation [1]. One can easily go beyond it by including terms 
of order AfEp in Eqs. (4.5) and (4.6). We have checked that this has only a small influence 
on our final results. In fact, the larger ho, the more accurate is the Andreev approximation.
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Figure 4.1: The conductance Gfs (full curves) and the shot-noise 
power Pfs (dashed) of a ballistic point contact in a ferromagnet- 
superconductor junction (see inset), as a function of the exchange 
energy ho. The thick line represents the exact result (4.7) for Gfs, 
the thin line the estimation (4.2).

Further information on the Andreev reflection at the FS interface can be 
obtained from the shot-noise power P of the junction. Shot noise is the time- 
dependent fluctuation in the current due to the discreteness of the charges. 
For uncorrelated electron transmission, one has the maximal noise power of a 
Poisson process Pp0isson = 2e|J|, with I the mean current. On the one hand, 
correlations due to the Pauli principle reduce P below Pp0is8on [15,16]. On 
the other hand, Cooper-pair transport across an NS junction has been shown 
to manifest itself as a doubling of the maximal noise power [15,17]. We apply 
the general result of Chapter 3 to the FS junction

Pfs = 8e|V| f W(1 - r*»t„ W). (4.8)

<7 = U
Substitution of Eq. (4.5b) into Eq. (4.8) yields the shot-noise power of a ballis­
tic point contact, plotted in Fig. 4.1. The shot noise increases from complete 
suppression for a non-ferromagnetic (ho = 0) junction to twice the Poisson 
noise for a half-metallic ferromagnet (ho = Ep). The initial increase is slow, 
indicating that the N[ modes undergo nearly complete Andreev reflection. 
However, for higher exchange energies the Andreev reflection probability de­
creases in favor of the normal reflection probability. This is manifested by the 
increase in the shot-noise power.

The second system we consider is an FIFS junction which contains a planar 
tunnel barrier (I) at x = —L. The barrier is modeled by a channel- and spin- 
independent transmission probability T G [0,1]. The matrix rj^itarh9tta in 
Eq. (4.4) is diagonal, with elements

\rhs,cA2 = r2 lr^l2 { 1 + 2p2cos(xr - xj) + p4
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Figure 4.2:
taining a planar tunnel barrier (transparency T) on the ferromagnetic 
side, as a function of the separation L from the interface (see in­
set). The thick solid line is computed from Eq. (4.9) for V = 0.1, 
ho = Q.2Ef- For the thin line normal reflection at the FS interface is 
neglected (ree = 0). The dashed line is the classical large-X, limit.

+ 2reep(l + p2)(cosxr + cosxi)

+ 2r2cp2[l + cos(xt + Xi)] } » (4-9)

where p = \/l — T and Xa = 2kaL. Equation (4.9) describes resonant An­
dreev reflection: Due to the different wave vector of up electrons and down 
holes, \rha,e(r\2 varies as a function of xt aad Xi between F2, the value for 
a two-particle tunneling process, and 1 for full resonance. The conductance 
Gfifs is evaluated by substitution of Eq. (4.9) into Eq. (4.4). It is depicted in 
Fig. 4.2 as a function of L for ho = 0.2X£f and T = 0.1. The resonances have 
a dominant period 6L = 7rhvF/2ho(= SirkJ1 in Fig. 4.2), which is caused by 
the simplest round-trip containing two Andreev reflections and two barrier 
reflections. Superimposed one sees oscillations with smaller period, caused by 
longer trajectories in which also normal reflections at the FS interface occur. 
This becomes clear when we calculate Gfs with ree set to zero, which is also 
shown in Fig. 4.2. For large L, Gfifs approaches the classical (i.e. all inter­
ferences are neglected) value 4(e2/h)NiT/(2 — T). The oscillations in Fig. 4.2 
are distinct from the Tomasch oscillations known to occur in the non-linear 
differential conductance of NINS junctions [18]. There, quasi-bound states 
arise because electron and hole wave vectors disperse if e > 0. However, in 
linear response Gnins = 4(e2/h)AT0r2/(2 — T)2, independent of L [10]. In the 
ferromagnetic junction the resonances do not vanish in linear response, in con­
trast to the Tomasch oscillations. The quasi-bound states at the Fermi level 
are a direct consequence of the change in spin band upon Andreev reflection.

The conductance Gfifs of a clean FIFS junction con-
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Figure 4.3: Numerical calculation of the effect of disorder in the 
ferromagnet on the oscillations shown in Fig. 4.2 for a clean junction.
The disordered region is modeled by a L x W square lattice (lat­
tice constant a) with random on-site disorder (uniformly distributed 
between dzU /2). The width W = 101a is fixed and the length L is var­
ied on the horizontal axis. The results shown are for Ef = h2/2mo2, 
ho = 0.2Ef, T = 0.1, and for various U. For each disorder strength U 
the bulk mean free path i is given. Thick lines belong to one realiza­
tion of disorder, thin to an average over 20 realizations.

We believe that both phenomena are experimentally accessible. The FS 
point contact can be constructed according to the nanofabrication technique 
of Ref. [19]. The FIFS junction can be made by growing a wedge-shaped layer 
of ferromagnet on a superconducting substrate and then depositing a thin 
oxide layer. This allows a measurement of Gfifs f°r different values of L. It 
is not necessary for the contact area to be small, so that no nanofabrication 
techniques are needed. (Note, that in order to observe the resonances due to 
the quasi-bound states it is not essential that the contact on top of the barrier 
is a ferromagnet.) To estimate the effect of disorder (growth imperfections 
and impurities) on the resonances, we have numerically calculated Gfifs for 
a disordered ferromagnet between the barrier and the FS interface. The com­
putations are similar to the NS case treated in Ref. [20]. The disordered region 
is modeled by a tight-binding Hamiltonian on a square lattice with a random 
impurity potential at each site. (For computational efficiency the geometry is 
two-dimensional, but this makes no qualitative difference.) The matrix r 
is obtained by combining the scattering matrix of the disordered region with
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the reflection coefficients for the FS interface (4.5). We then calculate Gfs 
through Eq. (4.4). The result for various disorder strengths is shown in Fig. 
4.3. For the clean case we recognize a behavior similar to Fig. 4.2. Adding 
some disorder removes the small-period oscillations but preserves the domi­
nant oscillations. Only quite a strong disorder (for the top curve kp x bulk 
mean free path ~ 9) is able to smooth away the resonances.

In summary, we have shown that the transport properties of ferromagnet- 
superconductor junctions are qualitatively different from the non-ferromag­
netic case, because the Andreev reflection is modified by the exchange inter­
action in the ferromagnet. Two illustrative examples have been given: For a 
ballistic FS point contact it is found that the conductance can be both larger 
or smaller than the normal-state value and for an FIFS junction containing 
a tunnel barrier conductance resonances are predicted to occur in linear re­
sponse.
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Chapter 5

Transition from Sharvin to Drude 
resistance in high-mobility wires

5.1 Introduction

In 1891 Maxwell [1] computed the electrical resistance of a narrow and short 
constriction (or point contact) in a metal, in the diffusive transport regime in 
which the width W of the constriction is large compared to the mean free path 
£. In 1965 Sharvin [2] calculated the resistance in the opposite regime £ W 
of ballistic transport. Subsequently, Wexler [3] studied the intermediate regime 
£ ~ W, where the resistance crosses over from the Maxwell to the Sharvin 
result.

Interestingly, the transition between the ballistic and the diffusive trans­
port regime still has been scarcely investigated for a wire, of length L > W. 
Only recently, Tarucha et al. [4] published measurements on the resistance of 
wires, of different lengths, defined in a high-mobility two-dimensional electron 
gas. Motivated by their paper, we present a theoretical study on the resistance 
of wires from the ballistic to the diffusive regime. The two-dimensional case, 
which applies to high-mobility wires, is considered extensively, whereafter the 
three-dimensional case is briefly dealt with. We assume elastic impurity scat­
tering and specular boundary scattering, which is the relevant condition for 
the experiment. We restrict our investigation to semi-classical transport, and 
use a novel technique to evaluate the Landauer formula exactly in this limit. 
The main outcome is that the resistance of a wire is the sum of the Sharvin 
resistance and the diffusive Drude resistance multiplied by a factor which we 
compute numerically, and find to be of order unity. Our exact calculation 
shows that — somewhat unexpectedly — the naive procedure of summing 
the Sharvin and Drude resistances is correct within 2.5% (3.5% for the three-
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dimensional case) over the range from L < f to L > f. To illustrate the 
usefulness of our theory, we apply it to the experiment of Tarucha et al. [4] 
and find good agreement with no adjustable parameters. In addition, in Ap­
pendix 5A it is shown that our approach based on the Landauer formula 
is equivalent with the more conventional approach based on the Boltzmann 
equation. Finally, we like to mention two recent, related papers. Nieuwen- 
huizen and Luck [5] calculate the conductance of a diffusive slab from Milne’s 
equation, and Bauer et al. [6] obtain results similar to ours by concatenation 
of scattering matrices.

5.2 Integro-differential equation for the transmission 
probability

We study transport of non-interacting electrons through a two-dimensional 
wire, of width W and length L (see inset of Fig. 5.1). The electrons are 
scattered specularly at the wire boundaries. The wire is made of material 
with an ideal circular Fermi surface and a mean free path i for elastic and 
isotropic impurity scattering. The modeling of impurity scattering by one 
single parameter implies that our results will be averages over the ensemble of 
all possible impurity configurations. We assume low temperatures, and thus 
neglect inelastic electron-phonon and electron-electron scattering. A voltage 
V is applied over the wire, inducing a current /. In linear response, the 
zero-temperature conductance G = I/V of the wire is given by the Landauer 
formula

G = G0TYtt*, (5.1)

with t the transmission matrix at the Fermi energy Ep = \mvp2 and Go = 
2e2//i, the quantum unit of conductance in the case of spin degeneracy.

As mentioned in the Introduction, our interest is in the semi-classical 
regime, where quantum-interference effects may be neglected, but Fermi-Dirac 
statistics must be retained. Beenakker and Van Houten have shown [7] that 
the semi-classical approximation of the Landauer formula is able to give a 
good description of many transport phenomena observed experimentally at 
temperatures on the order of 1K. For a hard-wall wire of width W the semi- 
classical limit of Eq. (5.1) is [7]

w */2
G — Go ~~~ j w j dicosvT(0,y}<,)

•tt/2

(5.2a)

= G„^V>. (5.2b)
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The transmission probability T(0, ?/,</?) is the probability that an electron 
which is positioned in lead 1 at (x, y) = (0, y) with velocity v = vp(cos <p, sin ip) 
is transmitted into lead 2 (see inset of Fig. 5.1). Baranger et al. [8] have 
confirmed that Eq. (5.2) follows directly from Eq. (5.1) by using a Green 
function expression for the transmission amplitudes and then taking the semi- 
classical limit via a stationary-phase approximation.

Equation (5.2) is easily evaluated in two opposite regimes. Firstly, the 
ballistic regime £ » L. Then T(0,y,<p) = (T) = 1 and hence Eq. (5.2) 
reduces to the familiar two-dimensional Sharvin conductance

Gs = Go — • (5.3)7T

Secondly, the diffusive regime £ <£. L. Then (T) = 7t£/2L [9], so that Eq. 
(5.2b) becomes the Drude conductance

r _r kFew 
Gd-Go~TT (5.4)

The purpose of this Chapter is to derive a formula which describes the tran­
sition from Gs to Gd when £ ~ L.

We first note that, because boundary scattering is specular, electrons start­
ing with equal angle of incidence, but different transverse coordinates have the 
same transmission probability: T(0, y, </?) = T(0, y\ ip) for all y, y', <p. Further­
more, symmetry requires that T(0, y, <p) = T(0, y, —</?). The average transmis­
sion probability (T) thus simplifies into

it/2

(T) = Jdip cos<pT(0,ip), (5.5)

o

where the irrelevant ^-coordinate has been dropped. By integrating over all 
possible electron trajectories starting with incoming angle ip} T(0,(p) can be 
determined. We now introduce T(x, <p) with x G [0, L] and (p G [0,7r] as the 
probability that an electron at position x in the wire with direction ip reaches 
lead 2. By definition, a mean free path £ implies that an electron traversing an 
infinitesimal distance As = Ax/ cos <p has a scattering probability of As/£. If 
an electron is scattered at position x, it has a probability T(x) to reach lead 2. 
Since the scattering is isotropic, this conditional transmission probability is 
given by

T(x) = i Jd<pT(x,ip). 

o
(5.6)
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An electron at position x with direction p can be transmitted into lead 2 
either after being scattered at x or by continuing in the direction p. We thus 
find that for infinitesimal Ax > 0 the x-dependent transmission probability 
T(x,v?) satisfies

r(*lV)= fi-7^-')r(* + A*lV) + 7^-r(*)IV icos pj tCOSp
if p G [0, 7r/2] , (5.7a)

(At \ Ax  1 “ TiTTT-1 ) T(x ~ V>) + n | ■ T(x),
«|COS(/?|/ t|cos</?|

if p G [7t/2, 7r] . (5.7b)

Taken together, these two equations imply for all p G [0,7r] the integro- 
differential equation

ecosipdl&£l =T(x,v)-T(x). (5.8)
ox

At x = 0 and x = L we have the boundary conditions
T(0,</?) = 0, if V € [tt/2, tt] ,
T(Lyf) = 1 , if v? € [0, 7t/2] .

Equations (5.8) and (5.9) are equivalent to the integral equation 
L

T(x, <p) = J j^-e-^-x^lco3^ T{x') + e-^L-x)/ecos,p
X

life [0,7r/2] ,

(5.9a)
(5.9b)

(5.10a)
X

T(x,<p) = J dx1
|cos V?|

,-(*-*')/* |cosv>| ^

0
if ip G [7t/2, 7t] . (5.10b)

Furthermore, from symmetry and from the fact that an electron exits the wire 
either through lead 1 or through lead 2, we deduce the sum rules

T(x, (p) + T(L - x, tt — f) = 1, (5.11a)

T(x) + T(L-x) = l. (5.11b)

The integro-differential equation (5.8) [or the equivalent Eq. (5.10)] forms 
the basis of our calculation of the crossover from the ballistic to the diffusive 
regime. It is exact for isotropic impurity scattering and specular boundary 
scattering and can easily be solved numerically (as shown in the following Sec­
tion). In Appendix 5A the exact relation between the transmission probability 
and the solution of the Boltzmann transport equation is derived.
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5.3 Numerical solution
A closed expression for T(x) can be found by integrating Eq. (5.10) over <f>. 
This leads to

L
T{x) = Jdx' G(x,x')T(x') + T0{x), (5.12)

0

with the definitions

tt/2

<?(*,*') = - I T7^e-'x-x''/tco”', (5.13)
7T J t COS if 

0

tt/2
T0(i) = 1 Jdv . (5.14)

0

Equation (5.12) is known as Milne’s equation* [10], describing scattering of 
light through a diffusive medium. It is interesting to note that this similarity 
between electron and photon transport is due to the fact that in linear response 
the conductance is independent of the screening properties of the electron gas, 
as can be found in Appendix 5A. This justifies the use of the single-particle 
transmission approach.

An exact analytical solution of Eq. (5.13) is known for the case of an infinite 
system (L = oo) [11]. Since our interest is in solutions for all possible ratios of 
t/L we cannot make use of this method. Therefore we have computed T(x) by 
discretizing the x-values and numerically integrating Eqs. (5.13) and (5.14). 
Equation (5.12) then becomes a matrix equation which is easily solved. For 
good convergence, the size of the matrix is taken so large that the length of 
each discrete x-interval is at least an order of magnitude smaller than £. Once 
T(x) is known, the transmission probability T(x,ip) follows directly from Eq. 
(5.10). One further integration in Eq. (5.5) yields the average (T) and hence 
the conductance from Eq.j5.2b). Results for T(x) and G are plotted in Figs. 
5.1 and 5.2a. Note that T(x) satisfies the sum rule (5.11b). Although it is 
difficult to see from Fig. 5.1, T(x) does not become linear in x for the diffusive 
regime. Deviations from linearity occur near the interfaces between the wire 
and the leads. Figure 5.2a also shows the interpolation formula

C?ip-1 = C?d-1 + l> (5.15)

Actually, Milne’s equation addresses the three-dimensional case.
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Figure 5.1: The conditional transmission probability T(x) as a 
function of the position along the wire, for various E/L. The inset 
shows schematically the wire and its coordinates.

which approximates the resistance of the wire by the sum of the Sharvin and 
Drude resistances. It is remarkable how well the interpolation formula Gip 
compares with the exact result G. In Fig. 5.2a the relative error (Gip — G)/G 
is also given. It is at most 2.5% when E ~ L and goes to zero for the ballistic 
as well as the diffusive limit.

By analogy with Wexler’s result for a point contact [3], we write the exact 
solution in the form

-l
(5.16)G = Go

kFW t 2 L 
1 + 72D Yt

where the dimensionless parameter 72D depends on the ratio E/L as plotted 
in Fig. 5.2b. Its limiting values are in the ballistic limit

(/i!“oo72D = T (5.17)

and in the diffusive limit

lim 72D = 1 • (5.18)
if L—*0

The diffusive limit follows from the condition G —► Go if E/L —* 0, with 
Gd given by Eq. (5.4). The ballistic limit is obtained by solving the integral 
equation (5.10) to first order in L/E, which can be done analytically.
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Figure 5.2: (a) The conductance [normalized by the Sharvin con­
ductance (5.3)] plotted against the ratio £/L. The solid line is from 
the numerical solution of Eq. (5.12), the dotted line is Gip according 
to the interpolation formula (5.15). The thin solid line shows the rel­
ative error of the interpolation formula. It remains below 2.5%. (b)
The dependence on t/L of the factor 72D in Eq. (5.16) (solid line) and 
73D in Eq. (5.24) (dotted line).

5.4 Three-dimensional wire
The previous Sections dealt with the two-dimensional case, which is relevant 
for the experiment [4]. The calculation for a three-dimensional wire is not 
very different and is briefly presented in this Section. In the semi-classical 
regime, the Landauer formula reads

G = Go -7— (r), (5.19)
47T

where S is the cross-sectional area of the wire. (We assume that the wire has a 
constant cross section along the rc-axis.) The Sharvin conductance Gs is given 
by Eq. (5.19) with (T) = 1. From comparison with the Drude conductance it 
follows that in the diffusive regime (T) = 4£/3L.

As in the two-dimensional case, we assume specular boundary scattering. 
Therefore, transverse coordinates are irrelevant. The transmission probability 
T(x,ip) with x e [0, Z/] and <p € [0,7r] gives the probability that an electron at
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position x and whose velocity is directed at an angle (p with respect to the x- 
axis, reaches lead 2. For the three-dimensional wire, the average transmission 
probability (T) and the conditional transmission probability T(x) are obtained 
by averaging over the surface of a sphere (rather than over the circumference 
of a circle),

tt/2

(T) = 2 f dip sin <p cos <p T(0, <p) (5.20)

TM = \ Jdip simp T(x, tp). 

o
(5.21)

Equations (5.8), (5.9), and (5.10) remain unchanged. The conditional trans­
mission probability can be found from Eq. (5.12) with

tt/2

G(x,x') = 1 J sin ip e-\x~x'\llc°‘v > (5.22)
0

tt/2
T0(x) = 1 Jdip sin<p e-(t-*)/<co.v (5.23)

0

The results are similar to the two-dimensional case. A simple interpolation 
formula which adds the Sharvin and Drude resistances is within 3.5% different 
from the exact G, We write the exact solution as

G = G0
kF*S

47T
1

3 L
+ 73D Tt (5.24)

The factor 730 is plotted against i/L in Fig. 5.2b. Its limiting values are in 
the ballistic limit

Km 73DZ/L-* 00

4
3 ’ (5.25)

and in the diffusive limit

lim 73D = 1 • l/L—Q
(5.26)
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5.5 Comparison with experiment
We conclude by comparing our theoretical result for a two-dimensional wire
(5.16) with the experiment by Tarucha et al. [4], in which the resistances of 
wires with three different widths are measured for several lengths. The wires 
are defined in the two-dimensional electron gas in a high-mobility (Al,Ga)As 
heterostructure using wet etching. Their widths are W\ = 1.5 /zm, W\ =
3.5 /xm, and W3 = 7.5 /zm. The lengths vary between L = 4.0/zm and 
L = 60 fim. The electron density n = kp2/27t = 2.6 x 1011 cm-2 and the 
bulk mean free path £ = 67/^m. In Fig. 5.3 the measurements are compared 
with the theoretical curves. We note that our theory — in which simply 
the experimental parameters without any fitting are used — provides quite 
a reasonable agreement with the measurements. This agreement indicates 
that reflection at the boundaries of the wet-etched channels is indeed pre­
dominantly specular. Our results do not support the surmise of Ref. [4] that 
the mean free path in the narrowest wire is substantially enhanced above the 
bulk value due to lateral restriction (an effect attributed to the presence of 
one-dimensional subbands in the wire). It would be of interest to compare 
our theory with measurements further into the diffusive regime.

Figure 5.3: Comparison between the experimental resistance data 
of Tarucha et al. (Ref. [4]) (dots) and the results of our theory (curves). 
There are no adjustable parameters.

Appendix 5A Boltzmann approach
In this Appendix it is shown that the semi-classical transmission approach 
as described in the main text is equivalent with Boltzmann transport theory.
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We investigate the wire of Section 5.2. The wire is connected via two perfect 
leads to two electron reservoirs, with electrochemical potentials = E? + eV 
and fi2 = Ef• The electrons inside the wire at the position r = (x,y) and 
with wave vector k = k(cosip,s'uup) have the Boltzmann distribution function 
/(r,k). In the presence of an electric field E(r) the stationary Boltzmann 
equation reads

eE(r) m*, k) df(r,k)
hd k dr (5.27)

where the r. h. s. is the impurity-scattering term (with scattering time r). We 
assume translational invariance along the x-axis and retain only the relevant 

coordinates. Following Wexler [3], we introduce a new function u by

/(r, k) = /o(e) + e [<£(*) “ Vu(x, </>)] , (5.28)

where fo(e) = Q(Ep — e) is the Fermi-Dirac distribution function at energy 
e = h2k?/2m and (f>(x) is the electrostatic potential. Substitution of Eq. (5.28) 
into Eq. (5.27) yields in linear response and at zero temperature

t cos (f dir(s, <p) _ —/ j ^ , (5.29)
ox

u(x) = J — u(xy(p). (5.30)
o

The physical meaning of u is that Ef+cV u(x) is the local electrochemical po­
tential at x. The boundary conditions on u(x, ip) follow from the requirement 
that the incoming electrons in the leads must have the same electrochemical 
potential as the attached reservoirs:

ti(0,v?) = l, if ip € [0,7t/2] , (5.31a)
u(Ly<p) = 0, if ip € [7t/2, 7r] . (5.31b)

The conductance is determined by calculating the current from Eq. (5.28) and 
dividing by the applied voltage. In terms of u one obtains

7T
G = Gq J dip cos ip u(x,<p), (5.32)

o

which is independent of x because of Eq. (5.29).
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By comparing Eqs. (5.29), (5.31), and (5.32) with Eqs. (5.8), (5.9), and 
(5.5) of Section 5.2, we conclude that the semiclassical transmission approach 
is equivalent to the Boltzmann approach, upon the identification

u(z, (p) = 1 — T(x, 7t — ip). (5.33)

This is a simple but instructive example of the equivalence between the Lan- 
dauer formula and conventional transport theory: previously this equivalence 
has been derived for the full quantum mechanical case, starting from the Kubo 
formula [12]. (Of course, neither the derivation in Ref. [12] nor the present 
one do fully justice to the connection between the reservoirs and the leads 
[13].) Since the electrostatic potential 4>{x) does not appear in Eq. (5.29), we 
conclude that the conductance is independent of the screening properties of 
the electron gas. This is a generic feature of linear response [9].
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Chapter 6

Semiclassical theory of shot-noise 
suppression

6.1 Introduction

The discreteness of the electron charge causes time-dependent fluctuations in 
the electrical current, known as shot noise. These fluctuations are character­
ized by a white noise spectrum and persist down to zero temperature. The 
shot-noise power P contains information on the conduction process, which 
is not given by the resistance. A well-known example is a vacuum diode, 
where P = 2e|/| = Ppoisson, with I the average current. This tells us that the 
electrons traverse the conductor in a completely uncorrelated fashion, as in 
a Poisson process. In macroscopic samples, the shot noise is averaged out to 
zero by inelastic scattering.

In the past few years, the shot noise has been investigated in mesoscopic 
conductors, smaller than the inelastic scattering length. Theoretical analysis 
shows that the shot noise can be suppressed below Pp0isson> due to correla­
tions in the electron transmission imposed by the Pauli principle [1-5]. Most 
intriguingly, it has been found that P = |Pp0isson in a metallic, diffusive 
conductor [6-10]. The factor one-third is universal in the sense that it is in­
dependent of the material, sample size, or degree of disorder, as long as the 
length L of the conductor is greater than the mean free path t and shorter 
than the localization length. An observation of suppressed shot noise in a 
diffusive conductor has been reported [11]. In a quantum mechanical descrip­
tion [6], the suppression follows from the bimodal distribution of transmission 
eigenvalues [12]. Surprisingly, Nagaev [7] finds the same one-third suppression 
from a semiclassical approach, in which the Pauli principle is accounted for, 
but the motion of electrons is treated classically. This implies that phase co-

77
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herence is not essential for the suppression. A similar conclusion is obtained 
in Ref. [13]. However, the relationship between the quantum mechanical and 
semiclassical theories remains unclear.

In this Chapter, we reinvestigate the semiclassical approach and present a 
detailed comparison with quantum mechanical calculations in the literature. 
In particular, we study how the shot noise crosses over from the ballistic 
to the diffusive regime. This complements the study of the crossover of the 
conductance in Chapter 5. We use the Boltzmann-Langevin equation [14,15], 
which is a semiclassical kinetic equation for nonequilibrium fluctuations. This 
equation has previously been applied to shot noise by Kulik and Omel’yanchuk 
[16] for a ballistic point contact, and by Nagaev [7] for a diffusive conductor. 
Below we will demonstrate how the Boltzmann-Langevin equation can be 
applied to an arbitrary mesoscopic conductor. Our analysis corrects previous 
work by Beenakker and van Houten [17].

The outline of this Chapter is as follows: In Section 6.2 we discuss the 
Boltzmann-Langevin equation. It is demonstrated how the shot-noise power 
can be expressed in terms of semiclassical transmission probabilities. Im­
purity scattering is treated in Section 6.3. The shot-noise power increases 
from zero in the ballistic regime to |Pp0isson in the diffusive regime. We con­
sider both isotropic and nonisotropic impurity scattering, and both a two- and 
three-dimensional density of states. We also present a one-dimensional model, 
which can be solved analytically. Exact agreement is found with a previous 
quantum mechanical evaluation [8], in the limit of a conductance e2//i. 
Section 6.4 deals with barrier scattering. We consider tunneling through n 
planar barriers in series (tunnel probability T). For n = 2 and T < 1, we 
recover the results for a double-barrier junction of Refs. [18] and [19]. In the 
limit 7i —► oo the shot-noise power approaches |Pp0isson independent of T. By 
taking the continuum limit, n —> oo, T —► 1, at fixed n( 1 — T), we recover the 
one-dimensional model of Section 6.3. The case of a disordered region in series 
with a tunnel barrier concludes Section 6.4. In Section 6.5 we calculate the 
effects of inelastic scattering and of electron heating due to electron-electron 
scattering. Analogous to the work of Beenakker and Biittiker [6], this scat­
tering is modeled by putting charge-conserving electron reservoirs between 
phase-coherent segments of the conductor. This allows us to model the effects 
of quasi-elastic scattering, electron heating, and inelastic scattering within a 
single theoretical framework. We conclude in Section 6.6.

Before proceeding with a description of the semiclassical approach, we 
briefly summarize the fully quantum mechanical theory. The zero-temperature, 
zero-frequency shot-noise power P of a phase-coherent conductor is related to
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the transmission matrix t by the formula [2,4]

N

P = PoTrtt*(l - tt>) = P0 ^Tn(i - Tn), (6.1)
n= 1

where Pq = 2e|V|Go, with V the applied voltage and Go = e2/h the con­
ductance quantum (we assume spinless electrons for simplicity of notation), 
Tn 6 [0,1] an eigenvalue of tt*, and N the number of transverse modes at the 
Fermi energy Ep. The conductance is given by the Landauer formula

N
G = G0Trtt'= G0Y,Tn- (6-2)

n=l

One finds P = 2e|V|G = Ppoisson if the conductor is such that all Tn <C 1 
(e.g., a high tunnel barrier). However, if some Tn are near 1 (open channels), 
then the shot noise is reduced below Pp0isson- In a metallic, diffusive conduc­
tor the Tn are either exponentially small or of order unity [12]. This bimodal 
distribution gives rise to the one-third suppression of the shot noise [6]. As we 
have demonstrated in Subsection 1.1.5, the universality of this bimodal dis­
tribution follows from very general requirements. It has been emphasized by 
Landauer [20], that Coulomb interactions may induce a further reduction of 
P. Here, we follow the quantum mechanical treatments in assuming noninter­
acting electrons, within the Boltzmann-Langevin approach. However, effects 
of electrostatic potential fluctuations are included in the theory of Section 6.5. 
We will briefly return to this issue in Section 6.6.

6.2 Boltzmann-Langevin equation
We now formulate the semiclassical kinetic theory [14,15]. We consider a 
conductor with a d-dimensional density of states connected by ideal leads to 
two electron reservoirs (see Fig. 6.1). The reservoirs have a temperature T 
and a voltage difference V. The electrons in the left and the right reservoir are 
in equilibrium, with distribution function /z,(e) = /o(e — eV), /fl(e) = fo{e), 
respectively. Here /0 is the Fermi-Dirac distribution

fo(e) = (6.3)

The fluctuating distribution function /(r, k, t) in the conductor equals (2ir)d 
times the density of electrons with position r, and wave vector k, at time t. 
[The factor (27r)d is introduced so that / is the occupation number of a unit
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Figure 6.1: The conductor consists of a scattering region (shaded) 
connected by perfect leads to two electron reservoirs. Cross sections 
Sl and Sr in the left and right lead are indicated.

cell in phase space.] The average over time-dependent fluctuations (/) = / 
obeys the Boltzmann equation,

/(r,M) = 0, (6.4a)

d_ = d_ d_ d
dt dt+V dr hdk (6.4b)

The derivative (6.4b) (with v = hk/m) describes the classical motion in the 
force field ^(r) = —ed<f>(r)/dr + evx B(r), with electrostatic potential r) 
and magnetic field B(r). The term Sf accounts for the stochastic effects of 
scattering. Only elastic scattering is taken into account and electron-electron 
scattering is disregarded. In the case of impurity scattering, the scattering 
term in the Boltzmann equation (6.4) is given by

S/(r,M) = J dk'Wkk,(r){/(r,k,t)[l-/(r,k',t)] 

-/(r,k',t)[l-/(r,k,t)]}
= Jdk'Wkk,(t)[f(r,k,t)-f(r,k',t)]. (6.5)

Here, Wfck'M the transition rate for scattering from k to k', which may 
in principle also depend on r. [We assume inversion symmetry, so that 
^kk-W = ^k,k(r).]

We consider the stationary situation, where / is independent of t. The 
time-dependent fluctuations 6} = / — / satisfy the Boltzmann-Langevin equa­
tion [14,15],

(it+s) s^r'k,t^=-?(r'k’*) > (6.6)
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where j is a fluctuating source term representing the fluctuations induced by 
the stochastic nature of the scattering. The flux j has zero average, (j) = 0, 
and covariance

(j'(r, k, t)j(r\ k', t')) = (2*)“ <5(r - r') S(t - t')J{r, k,k'). (6.7)

The delta functions ensure that fluxes are only correlated if they are induced 
by the same scattering process. The flux correlator J depends on the type 
of scattering and on /, but not on 6f. The correlator J for the impurity- 
scattering term (6.5) has been derived by Kogan and Shul’man [15],

J( r, k, k') = -Wkk, (r) [/(1 - /') + /'(1 - /)]
+ S(k-k')J dk" Wkk„ (r) [/(1 - /") + /"(1 - /)] , (6.8)

where / = /(r,k), /' = /(r,k'), and /" = /(r,k"). One verifies that

J dk J{ r, k, k') = J dk' J(t, k, k') = 0 , (6.9)

as it should, since the fluctuating source term conserves the number of particles 
[/ dkj(r, k,£) = 0]. For the derivation of Eq. (6.8) we refer to Ref. [15]. In 
Section 6.4 we give a similar derivation for J in the case of barrier scattering.

Since j and j' are uncorrelated for t > t\ it follows from Eq. (6.6) that the 
correlation function (6f 6f) satisfies a Boltzmann equation in the variables 
r ,M,

(i+5) <*/(r.MW(r',k',O> = 0. (6.10)

Equation (6.10) forms the starting point of the method of moments of Gant- 
sevich, Gurevich, and Katilius [21]. This method is very convenient to study 
equilibrium fluctuations, because the equal-time correlation is known,

(<5/(r, k, £) <5/(r',k , £))equilibrium

= (2n)d /(r, k)[l - /(r, k)] 5(k - k') «5(r - r'), (6.11)

and Eq. (6.10) can be used to compute the nonequal-time correlation. (For a 
recent study of thermal noise within this approach, see, for example, Ref. [22].) 
Out of equilibrium, Eq. (6.11) does not hold, except in the reservoirs, and one 
has to return to the full Boltzmann-Langevin equation (6.6) to determine 
the shot noise. In particular, it is only in equilibrium that the equal-time 
correlation (6f6f) vanishes for r ^ r;, k ^ k'. Out of equilibrium, scattering 
correlates fluctuations 6f at different momenta and different points in space.
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To obtain the shot-noise power we compute the current I(t) = I + 6I(t) 
through a cross section Sr in the right lead. The average current I and the 
fluctuations 6I(t) are given by

7~ (27T)d /dkt'l/(r’k)’ (6.12)
Sr

Jdy jdkvx 6f(r, k, t) . (6.13)
Sr

We denote r = (x,y), with the ^-coordinate along and y perpendicular to the 
wire (see Fig. 6.1). The zero-frequency noise power is defined as

oo
P = 2 jdt(6I(t)6I(0)>. (6.14)

— OO

The formal solution of Eq. (6.6) is
t

Sf(r, k,t)= Jdt' Jdr' Jdk' 5(r, k; r', k'; t - t')j(r', k', t'),

— OO

(6.15)

where the Green’s function Q is a solution of

(Ji+ s) s(r-k;r'-k';J) = 5(r - r')<5(k - k')5(«). (6-i6)

such that Q = 0 if t < 0. The transmission probability T(r, k) is the proba­
bility that an electron at (r, k) leaves the wire through the right lead. It is 
related to Q by

T{ r.k)

OOJdt Jdy' J dk1 v'x
o

k; t) . (6.17)

Substitution of Eqs. (6.13) and (6.15) into Eq. (6.14) yield for the noise power 
the expression

P =
2e2

(2ir)2d Jdy J dk vx jdy' J dk' v'x
Sr Sr

iJ dt" J dr" J dk" Q{ r, k; r", k"; t - t")X
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u
Jdt'" I dr'" J dk!" <7(r', k'; r'", k'"; -t"')

x 0(r", k", k'", <"')> (6.18)

which can be simplified using Eqs. (6.7) and (6.17)

P = JdiJdkJ,dk' T(r, k) T(r, k')J(r, k, k'). (6.19)

Equation (6.19) applies generally to any conductor. It contains the noise 
due to the current fluctuations induced by the scattering processes inside the 
conductor. At non-zero temperatures, there is an additional source of noise 
from fluctuations which originate from the reservoirs. In Appendix 6A it is 
shown how this thermal noise can be incorporated. In what follows, we restrict 
to zero temperature.

A final remark concerns the x-coordinate of the cross section at which the 
current is evaluated [at x = xr in Eq. (6.13)). From current conservation it 
follows that the zero-frequency noise power should not depend on the specific 
value of x. This is explicitly proven in Appendix 6B, as a check on the 
consistency of the formalism.

6.3 Impurity scattering
In this Section we specialize to elastic impurity scattering in a conductor made 
of a material with a spherical Fermi surface and in which the force field T = 0 
(so we do not consider the case that a magnetic field is present). The conductor 
has a length L and a constant width W (d = 2) or a constant cross-sectional 
area A (d = 3). (In general expressions, both W and A will be denoted by A.) 
We calculate the shot noise at zero temperature and small applied voltage, 
eF < so that we need to consider electrons at the Fermi energy only. 
The case of non-zero temperature is briefly discussed in Appendix 6A.

It is useful to change variables from wave vector k to energy e = h2k2/2m, 
and unit vector n = k/k. The integrations are modified accordingly,

where V{e) = Sdm(k/2ir)d-2h~2 is the density of states, and is the surface 
of a d-dimensional unit sphere ($i =2, $2 = 27r, S3 = 47r). We consider the 
case of specular boundary scattering and assume that the elastic impurity­
scattering rate (r) = - e,)/X>(e) is independent of r. This
allows us to drop the transverse coordinate y and write T(r,k) = T(x, n) for
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the transmission probability at the Fermi level. From Eqs. (6.16) and (6.17) 
we derive a Boltzmann equation for the transmission probability [23]

dT(x,n) c,rTU ^
VF Ux —dx— ~ n' ’

= f ~~ Wnh> lT(x'fi) “ r(*» fi')l • (6.21a)
J sd

The boundary conditions in the left and the right leads are

T(0, n) = 0, if n* < 0 , (6.21b)
T(L, n) = 1, if Tix >0, (6.21c)

where xi = 0 and xr = L are the x-coordinates of the left and right cross 
section Si and Sr, respectively.

The average distribution function can be expressed as

/(r, k) = [1 - T(r, -k)]/t(e) + T(r, -k)fR{e), (6.22)

where (because of time-reversal symmetry in the absence of a magnetic field) 
T(r, —k) equals the probability that an electron at (r, k) has arrived there from 
the right reservoir. Combining Eqs. (6.12) and (6.22), we obtain the semiclas- 
sical Landauer formula for the linear-response conductance G = limy_»o I/V 
[24]

C‘WT‘ldy /* (“ TT1) T(r'k)

Sx

= e2 Jdy J deV{e) J ^-vnxT(x,h)
sx .

= GqN [ — n,T(®, n), (6.23)
J Vd-1

with Sx the cross section at x. The number of transverse modes N = 
Vd_i(^/27r)d-1i4, where Vd is the volume of a d-dimensional unit sphere 
(vo = 1, v\ = 2, V2 = 7r). One has N = JcrW/t: for d = 2 and iV = k2FA/47r 
for d = 3. One can verify that the conductance in Eq. (6.23) is independent of 
the value of x, as it should: By integrating Eq. (6.21a) over n one finds thatd_dx / dn?ix T(x, n) = 0 . (6.24)

We evaluate the noise power by substitution of Eqs. (6.8) and (6.22) into 
Eq. (6.19). Some intermediate steps are given in Appendix 6A. The resulting
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zero-temperature shot-noise power is 
L

p _ -----------  [fa ffifi ffa' WftA,
VFSdVd-1 J J J

0
x [T(x, n) - T(x, n')]2T(x, -n)[l - T(x, -n')] ■ (6.25)

This completes our general semiclassical theory. What remains is to compute 
the transmission probabilities from Eqs. (6.21) for a particular choice of the 
scattering rate W. Comparing Eqs. (6.2) and (6.23), we note that ]£nTn 
corresponds semiclassically to N f dhnxT(x,h). Comparison of Eqs. (6.1) 
and (6.25) shows that the semiclassical correspondence to £^nTn(l — Tn) is 
much more complicated, as it involves the transmission probabilities T(x, n) 
at all scatterers inside the conductor [and not just the transmission probability 
T(0,n) through the whole conductor].

In a ballistic conductor, where impurity scattering is absent, the trans­
mission probabilities are given by T(x,n) = 1, if nx > 0, and T(x, n) = 0, if 
nx < 0. From Eq. (6.23), we then obtain the Sharvin conductance Gs = GQN 
[25]. Equation (6.25) implies that the shot-noise power is zero, in agreement 
with a previous semiclassical calculation by Kulik and Omel’yandiuk [16].

We now restrict ourselves to the case W= vf/Z of isotropic impurity 
scattering. Let us first show that in the diffusive limit (E < L) the result of 
Nagaev [7] is recovered. For a diffusive wire the solution of Eq. (6.23) can be 
approximated by

T(x, n) = ^±^. (6.26)

Deviations from this approximation only occur within a thin layer, of order i, 
at the ends x = 0 and x = L. Substitution of Eq. (6.26) into Eq. (6.23) yields 
the Drude conductance

Gd =G°N l’ (6-27)

with the normalized mean free path i = (vd/vd-iK, i.e. for d = 2 we have 
l = r£ and for d = 3 we have l = For the shot-noise power we obtain 
from Eq. (6.25), neglecting terms of order (£/L)2,

p = P0N2j- J J-1(1 - ) = ±PpoiS3on , (6.28)
0

in agreement with Nagaev [7]. This result is a direct consequence of the linear 
dependence of the transmission probability (6.26) on x, which is generic for
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diffusive transport. In Appendix 6C it is demonstrated that for a diffusive con­
ductor with arbitrary (nonisotropic) impurity scattering P = |Pp0iSSon
remains valid.

We can go beyond Ref. [7] and apply our method to quasi-ballistic con­
ductors, for which i and L become comparable. In Chapter 5, we showed 
how in this case the probabilities T(x,n) can be calculated numerically by 
solving Eqs. (6.21). With this numerical solution as input, we compute the 
conductance and the shot-noise power from Eqs. (6.23) and (6.25). The result 
is shown in Fig. 6.2. The conductance crosses over from the Sharvin conduc­
tance to the Drude conductance with increasing length [23]. This crossover is 
accompanied by a rise in the shot noise, from zero to |Pp0isson- We note small 
differences between the two and the three-dimensional case in the crossover 
regime. The crossover is only weakly dependent on the dimensionality of the 
Fermi surface.

The dimensions d = 2 and 3 require a numerical solution of Eqs. (6.21). 
For d = 1 an analytical solution is possible. We emphasize that this is not a 
model for true one-dimensional transport, where quantum interference leads 
to localization if L > t. The case d = 1 should rather be considered as a 
toy model, which displays similar behavior as the two and three-dimensional 
cases, but which allows us to evaluate both the conductance and the shot-noise 
power analytically for arbitrary ratio t/L. In the one-dimensional conductor 
an electron can move either forward or backward, so nx = n is either 1 or — 1. 
The solution of Eqs. (6.21) is

T[x,n)
x 4- t(n + 1) 

L + 20.

Substitution into Eq. (6.23) yields

G = GqN
__ 1_
1 + Lit ’

(6.29)

(6.30)

where t = 21. Note that the resistance 1/G is precisely the sum of the Drude 
and the Sharvin resistance. The shot-noise power follows from Eq. (6.25)

= ® (1_ (i + L/e)*)Pp'
’oisson (6.31)

In Fig. 6.2 we have plotted G and P according to Eqs. (6.30) and (6.31). The 
difference with d = 2 and d = 3 is very small.
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10“2 10"1 1 10 102

Figure 6.2: (a) The conductance (normalized by the Sharvin conduc­
tance Gs) and (b) the shot-noise power (in units of Pp0is*on = 2e|/|), 
as a function of the ratio L/£, computed from Eqs. (6.23) and 
(6.25) for isotropic impurity scattering. The curves correspond to a 
three-dimensional (thin solid), two-dimensional (dashed), and a one­
dimensional wire (thick solid). The one-dimensional case is the ana­
lytical result Eqs. (6.30) and (6.31). The two- and three-dimensional 
cases are numerical results.
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In Chapter 2, we have carried out a quantum mechanical study of the shot 
noise in a quasi-one-dimensional wire [8], on the basis of the Dorokhov-Mello- 
Pereyra-Kumar equation [26]. It is remarkable that the results from the one­
dimensional model for both the conductance and the shot-noise power coincide 
precisely with the results of Chapter 2 in the metallic regime (NC/L » 1). 
Quantum corrections (of order P0) to the shot-noise power, due to weak lo­
calization [8], cannot be obtained within our semiclassical approach.

6.4 Barrier scattering

We now specialize to the case that the scattering is due to n planar tunnel 
barriers in series, perpendicular to the x-direction (see inset of Fig. 6.3). Bar­
rier i has tunnel probability 6 [0,1], which for simplicity is assumed to be 
k and y-independent. In what follows, we again drop the y-coordinate. Upon 
transmission k is conserved, whereas upon reflection k —► k = (-fcx, ky). At 
barrier i (at x = x») the average densities / on the left side (x{_) and on the 
right side (x»+) are related by

/(xi+,k) =r*/(xi_,k) + (1 -Ti)f(xi+,k), if kx> 0, (6.32a)
/(xi-,k) = Tif(xi+,k) + (1 — I\)/(xi_,k), if kx < 0 . (6.32b)

To determine the correlator J in Eq. (6.7), we argue in a similar way as in 
Ref. [5]. Consider an incoming state from the left (x;_,k) and from the right 
(xj+,k) (we assume kx >0). We need to distinguish between four different 
situations:

(a) Both incoming states empty, probability [1 — /(xi_,k)][l — /(xj+,k)]. 
Since no fluctuations in the outgoing states are possible, the contribution 
to J is zero.

(b) Both incoming states occupied, probability /(xj_,k) /(xi+,k). Again, 
no contribution to J.

(c) Incoming state from the left occupied and from the right empty, prob­
ability /(xt_,k)[l — /(xj+,k)]. On the average, the outgoing states at 
the left and right have occupation 1 - and I\, respectively. How­
ever, since the incoming electron is either transmitted or reflected, the 
instantaneous occupation of the outgoing states differs from the aver­
age occupation. Upon transmission, the state at the right (left) has an 
excess (deficit) occupation of 1 - I\. Upon reflection, the state at the 
right (left) has an deficit (excess) occupation of I\. Since transmission
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occurs with probability I\ and reflection with probability 1 — I\, the 
equal-time correlation of the occupations is given by

■ (27r)d r<(l — r<) 5(k - k') S(r — r'),

if x, x' > Xi or x, x' < Xi,

(6f(r, k, t) 6f(r', k', t)) = r,-(l - r<) <5(k - k')
x£(y - y') &(x + x' - 2x^,

if x < Xi < x' or x' < Xi < x ,
(6.33)

In terms of the fluctuating source, the fluctuating occupation number 
can be expressed as

6f(r,k,t) r~r [dxo j(xo,y — — (x -x0),k,t -
M J \ vx

x - x0 \ 
Vx J ’

(6.34)

where we have used Eq. (6.15). (This result is valid as long as only one 
scattering event has occurred.) Combining Eqs. (6.33) and (6.34), it is 
found that

(j(r, k, 0 jF(r/, k', t')) = (2n)d Tt( 1 - Tt) 6(x - xt) \vx\S(r - r')

x [6( k - k') - S( k - k')] S(t - f), (6.35)

upon the initial condition of occupied left and unoccupied right incoming 
state.

(d) Incoming state from the left unoccupied and from the right occupied, 
probability [1 - /(£»-,k)]/(:£»+,k). Similar to situation (c).

Collecting results from (a)-(d) and summing over all barriers, we find
n

J(x, k, k') = £ 6{x - xi)r,(i - r.) \vx| [g(k -k')-s(k- k')]
i=l

x | /(n_, k) [ 1 - /(x1+, k) ] + f(xi+, k) [ 1 - /(ii_, k) ] j , 

if kx > 0 , (6.36a)

J(x, k,k') = J2 «(* - *<) r,(i - r.) |«b| [f(k - k') - «(k - k')]
i=l

x [ f(xi+, k) [ 1 - /(ii_ ,k)] + />i-,k)[l-/(ii+,k)j} , 

if kx <0. (6.36b)
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Substitution of Eqs. (6.22) and (6.36) into Eq. (6.19) and linearization in V 
yields

n

P = PoNY, ri(! - r<) (IT - 7T)2(7r +T~ - 2T-T-) , (6.37)
1 = 1

where Tp* = T(x{+,kx > 0) [T~~ = T(xi-,kx < 0)] is the transmission 
probability into the right reservoir of an electron at the Fermi level moving 
away from the right [left] side of barrier i. The conductance is given simply
by

G = G0N T0 , (6.38)

where To = T(x\-,hx > 0) is the transmission probability through the whole 
conductor.

As a first application of Eq. (6.37), we calculate the shot noise for a single 
tunnel barrier. Using To = I\ T{~ = 0, Tf* = 1, we find the expected result 
[1-5] P = P0Nr(l — T) = (1 — r)Ppoisson- The double-barrier case (n = 2) 
is less trivial. Experiments by Li et al. [27] and by Liu et al. [28] showed full 
Poisson noise, for asymmetric structures (Ti <!C T2) and a suppression by one 
half, for the symmetric case (Ti ~ I^). This effect has been explained by Chen 
and Ting [18], by Davies et al. [19], and by others [29]. These theories assume 
resonant tunneling in the regime that the applied voltage V is much greater 
than the width of the resonance. This requires Ti,^ ■< 1. The present 
semiclassical approach makes no reference to transmission resonances and is 
valid for all Ti, T2. For the double-barrier system one has To = T^/A, T{~ =
o, rr = r2/A, Tf = (i - r^rs/A, and Tf = i, with a = rx + r2 - r^.
From Eqs. (6.37) and (6.38), it follows that

P = rKi-r2) + ri(i-r.) 
(i\ +r2 -r^)2

•^Poisson (6.39)

In the limit ri,r2 1, Eq. (6.39) coincides precisely with the results of Refs. 
[18] and [19].

The shot-noise suppression of one half for a symmetric double-barrier junc­
tion has the same origin as the one-third suppression for a diffusive conductor. 
In our semiclassical model, this is evident from the fact that a diffusive conduc­
tor is the continuum limit of a series of tunnel barriers. We demonstrate this 
below. Quantum mechanically, the common origin is the bimodal distribution 
p(T) = ($2n 6(T — Tn)) of transmission eigenvalues, which for a double-barrier 
junction is given by [30]

P(T) =
_________________________

T-(AT + Ti^)2 ’
(6.40)
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n

Figure 6.3: The shot-noise power P for n tunnel barriers in series 
with transmission probability T = 0.1 (dots) and T = 0.9 (circles), 
computed from Eq. (6.41). The dashed line is the large-n limit P = 
|Fpoi8Son- The inset shows schematically the geometry considered.

for T e [T_,T+], with T± = T \/l - A)2. For a symmetric junction
(Ti = r2 <C 1), the density (6.40) is strongly peaked near T = 0 and T = 
1, leading to a suppression of shot noise, just as in the case of a diffusive 
conductor. In fact, one can verify that the average of Eqs. (6.1) and (6.2), 
with the bimodal distribution (6.40), gives precisely the result (6.39) from the 
Boltzmann-Langevin equation.

We now consider n barriers with equal T. We find To = T/A, T~* = 
[r + t(l - T)]/A, and Tr = (i - 1)(1 - T)/A, with A = T + n(l - T). 
Substitution into Eqs. (6.37) and (6.38) yields

rc(i-r)2(2 + r)-r3v\
[r + n(i - r)]3 ) Po,5Son (6.41)

The shot-noise suppression for a low barrier (T = 0.9) and for a high barrier 
(T = 0.1) is plotted against n in Fig. 6.3. For T = 0.1 we observe almost 
full shot noise if n = 1, one-half suppression if n = 2, and on increasing 
n the suppression rapidly reaches one-third. For T = 0.9, we observe that 
T/PpoiSgon increases from almost zero to one-third. It is clear from Eq. (6.41) 
that P —► ^Ppoisson for n —► oo independent of T.

We can make the connection with elastic impurity scattering in a disor­
dered wire as follows: The scattering occurs throughout the whole wire instead 
of at a discrete number of barriers. For the semiclassical evaluation we thus 
take the limit n —► oo and r —► 1, such that n(l — T) = L/l. For the conduc-
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tance and the shot-noise power one then obtains from Eqs. (6.38) and (6.41) 
exactly the same results, Eqs. (6.30) and (6.31), as for impurity scattering with 
a one-dimensional density of states. This equivalence is expected, since in the 
one-dimensional model electrons move either forward or backward, whereas 
in the model of n planar tunnel barriers in series the transverse component of 
the wave vector becomes irrelevant.

We conclude this Section by considering a wire consisting of a disordered 
region, between x = 0 and x — L with mean free path t, in series with a 
barrier, at x — Xb > L with transparency I\ For analytical convenience, we 
study the one-dimensional model. By modifying Eqs. (6.21) and (6.32), we 
find

if x E [0, L\ , 

if x e [L,Xb), 

if x > xb,

(6.42a)

(6.42b)

(6.42c)

(6.42d)

T(x,n) = T(x,L),

r(*,i) = i. if x > xb ,

The conductance is given by Eq. (6.23),

(6.43)

The total resistance is thus the sum of the Drude resistance Rd = L/GqNI
and the barrier resistance Rp = 1/GoNT. Combining Eqs. (6.25) and (6.37), 
we obtain for the shot-noise power

L

o
x [T(x, 1) + T(z, -1) - 2T(x, 1 )T(x, -1)]

+ P0NT(1 - n [T(xb+, 1) - T(xb-, -l)f

x[r(i6+, 1) + T(xb-1) - 2T{xb+, l)T(ii,_, -1)]. (6.44)

Substitution of Eqs. (6.42) yields

_ PnN (2THL{ne +
p-p°Ny 3(2e +

2T*IL(\2P+ ML + TL2) 817(1 - r)f 
3(2 C + TL)* + (2t + V L)3

1 1 -r
3 3(1 + TL/I)3 + (1 + TL/i)3 (6.45)
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Figure 6.4: The shot-noise power P for a conductor consisting of a 
disordered region in series with a planar tunnel barrier (see inset) as 
a function of its length L (in units of ^/T), for barrier transparencies 
r =1, 0.7, 0.4, and 0.1 (bottom to top). The dashed line is the limiting 
curve for T 1- The curves are computed from Eq. (6.45) for a 
model with a one-dimensional density of states. The dimensionality 
dependence is expected to be small, compare Fig. 6.2.

where we have used Eq. (6.43). In Fig. 6.4 we have plotted the shot-noise 
power against the length of the disordered region for various values of the 
barrier transparency. In the absence of disorder, there is full shot noise for high 
barriers (T < 1) and complete suppression if the barrier is absent (T = 1). 
Upon increasing the disorder strength, we note that the shot-noise power 
approaches the limiting value P = j-Ppoisson independent of T: Once the 
disordered region dominates the resistance, the shot noise is suppressed by 
one-third. Note, that it follows from Eq. (6.45) that for F = § the suppression 
is one-third for all ratios i/L.

We have carried out a quantum mechanical calculation of the shot-noise 
power in this system in a wire geometry similar to the calculation in Chapter 
2. The barrier can be incorporated in the Dorokhov-Mello-Pereyra-Kumar 
equation [26] by means of an initial condition (see Ref. [31]). In this way, we 
find exactly the same result as Eq. (6.45) in the metallic regime (NT 1 and 
Ni/L^> 1). For a high barrier (T < 1) in series with a diffusive wire (L > t) 
our results for the shot noise coincide with previous work by Nazarov [9] using 
a different quantum mechanical theory. In this limit, the shot noise can be



94 Chapter 6

expressed as [9]

(6.46)

with the total resistance R = Rd 4- Rr• The limiting result (6.46) is depicted 
by the dashed curve in Fig. 6.4.

6.5 Inelastic and electron-electron scattering
In the previous Sections we have calculated the shot noise for several types of 
elastic scattering. In an experiment, however, additional types of scattering 
may occur. In particular, electron-electron and inelastic electron-phonon scat­
tering will be enhanced due to the high currents which are often required for 
noise experiments. The purpose of this Section is to discuss the effects of these 
additional scattering processes. This can in principle be achieved by includ­
ing additional scattering terms in the Boltzmann-Langevin equation. Below, 
we will adopt a different method, following Beenakker and Biittiker [6], in 
which inelastic scattering is modeled by dividing the conductor in separate, 
phase-coherent parts which are connected by charge-conserving reservoirs. We 
extend this model to include the following types of scattering:

(a) Quasi-elastic scattering. Due to weak coupling with external degrees 
of freedom the electron wave function gets dephased, but its energy is 
conserved. In metals, this scattering is caused by fluctuations in the 
electromagnetic field [32].

(b) Electron heating. Electron-electron scattering exchanges energy between 
the electrons, but the total energy of the electron system is conserved. 
The distribution function is therefore assumed to be a Fermi-Dirac dis­
tribution at a temperature above the lattice temperature.

(c) Inelastic scattering. Due to electron-phonon interactions the electrons 
exchange energy with the lattice. The electrons emerging from the reser­
voir are distributed according to the Fermi-Dirac distribution (6.3), at 
the lattice temperature T. This is the model of Ref. [6].

First, we divide the conductor in two parts connected via one reservoir and 
determine the shot noise for case (a), (b), and (c). After that, we repeat 
the calculation for many intermediate reservoirs to take into account that the 
scattering occurs throughout the whole length of the conductor.

The model is depicted in Fig. 6.5. The conductors 1 and 2 are connected 
via a reservoir with distribution function /12(e)- The time-averaged current
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Figure 6.5: Both ends of the conductor are connected to an electron 
reservoir. Additional scattering inside the conductor is modeled by di­
viding it in two parts and connecting them through another reservoir.
The electron distributions in the left and the right reservoir, /l(^) 
and are Fermi-Dirac distributions. The distribution f 12(e) in
the intermediate reservoir depends on the type of scattering.

Im through conductor m = 1,2 is given by

h = (G,/e) Jde [Me) - /12(e)] , (6.47a)

h = (Ga/e) Jde (/l2(e) - fR(e)} . (6.47b)

The conductance Gm = 1 JRm is expressed in terms of the transmission matrix 
tm of conductor m at the Fermi energy,

N
Gm = G0Tr tm4 = Go £ Tim). (6-48)

n=l

with 6 [0,1] an eigenvalue of tmt^. We assume small eV and ksT, so 
that we can neglect the energy dependence of the transmission eigenvalues. 

Current conservation requires that

h=I2=I. (6-49)

We define the total resistance of the conductor by

R = Ri + R2 • (6-50)

It will be shown that this incoherent addition of resistances is valid for all three 
types of scattering that we consider. Our model is not suitable for transport 
in the ballistic regime or in the quantum Hall regime, where a different type 
of “one-way” reservoirs are required [33]. Recently, Buttiker has calculated 
the effects of inelastic scattering along these lines [34].

The time-averaged current (6.47) depends on the average distribution 
f 12(e) in the reservoir between conductors 1 and 2. In order to calculate 
the current fluctuations, we need to take into account that this_ distribution 
varies in time. We denote the time-dependent distribution by fi2(e,t). The 
fluctuating current through conductor 1 or 2 causes electrostatic potential fluc­
tuations 6<j>i2 (t) in the reservoir, which enforce charge neutrality. In Ref. [6],
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the reservoir has a Fermi-Dirac distribution /i2(e, t) = f0[e -eV12 - e6<f>n(t)], 
with Ep 4- eVi2 the average electrochemical potential in the reservoir. As a 
result, it is found that the shot-noise power P of the entire conductor is given 
by [6]

R2P = RlPi + R*P2 . (6.51)

In other words, the voltage fluctuations add. The noise powers Pi and P2 of 
the two segments depend solely on the time-averaged distribution [4],

Pi = 2GjJde [fL( 1 - Sl) + fu( 1 - fn)} + 2S,Jde(fL - /12)2 , (6.52a)

F2 =2Gijde [/„( 1 - /12) + /«(1 - //*)] + 252Jde (/12 - /R)2 . (6.52b)

Here, 5m is defined as

at
5m = G0TrtmtL(l - tm4) = Go £ 2*“>(1 - T^) (6.53)

n=l

For example, for a single tunnel barrier we have Sm = Gm, whereas for a 
diffusive conductor Sm = |Gm. The analysis of Ref. [6] is easily generalized 
to arbitrary distribution /i2. Then, we have /i2(e,t) = /i2[e — eS<j>i2(t)]. 
It follows that Eqs. (6.51) and (6.52) remain valid, only the /i2(e) may be 
different. Let us determine the shot noise for the three types of scattering.

(a) Quasi-elastic scattering. Here, it is not just the total current which 
must be conserved, but the current in each energy range. This requires

/12(e) =
G\/i,(e) 4- G2/fl(e) 

G\ + G2
(6.54)

We note that Eq. (6.54) implies the validity of Eq. (6.50). Substitution of Eq. 
(6.54) into Eqs. (6.51) and (6.52) yields at T= 0

P = Ppoiason (itf ft + + R2^) R~3 . (6.55)

For the diffusive wire Eq. (6.55) implies P = jPpoisson, independent of the ratio 
between Pi and P2. Breaking phase coherence, but retaining the nonequi­
librium electron distribution leaves the shot noise unaltered. The reservoir 
model for phase-breaking scattering is therefore consistent with the results of 
the Boltzmann-Langevin approach.

(b) Electron heating. We model electron-electron scattering, where energy 
can be exchanged between the electrons, at constant total energy. We assume 
that the exchange of energies establishes a Fermi-Dirac distribution /i2(e)
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at an electrochemical potential Ep + eVi2 and an elevated temperature T12. 
From current conservation, Eq. (6.49), it follows that

V12 = -j±V. (6.56)

Conservation of the energy of the electron system requires that T12 is such 
that no energy is absorbed or emitted by the reservoir. The energy current 
Jm through conductor m is given by

Ji =(Gi/e2)JdeelMe) -/12(e)], (6.57a)

J2 = (G2/e2) Jdee[f12(e) - /*(*)] ■ (6.57b)

Since /12 is a Fermi-Dirac distribution, Eqs. (6.57) equal

J\ = Qi + Hil/e = K\(T — T12) + Mi7/e, (6.58a)
J2 = Q2 + M27/e = K2(T\2 — T) 4- n2I/e , (6.58b)

where Mi = Ef + \e(V + Vx2) and M2 = Ef + |eVi2. The energy current Jm is 
thus the sum of the heat current Qm and of the particle current 7/e times the 
average energy Mm of each electron. The heat current Qm equals the difference 
in temperature times the thermal conductance Km = Gm£oTm. with Tm = 
(T-fT12)/2 and the Lorentz number £0 = (fcfl/e)27t2/3. There are no thermo­
electric contributions in Eqs. (6.47) and (6.58), because of the assumption of 
energy independent transmission eigenvalues [35]. From the requirement of 
energy conservation, J\ = J2, we calculate the electron temperature in the 
intermediate reservoir:

2 v2 R1R2
T- = T (6.59)

At zero temperature in the left and right reservoir and for R\ = R2 we have 
ksT12 = (\/3/27r)e|V| ~ 0.28e|V|. For the shot noise at T = 0, we thus 
obtain using Eqs. (6.51) and (6.52),

p =
R

+ 2^ {e(V - Vn) + fcflT12[21n(l + e*vi,-ioA»T„) _ i]}

+ 2^ |eVi2 + fcflT12[21n(l + e-‘v»tk°TlJ) - 1]} . (6.60)

The shot noise for two equal (R\ = R2) diffusive conductors,

P = ^Poisson -^= [l + In 2 + In cosh(7r/2\/3)] ~ 0.38/V oisson > (6.61)
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is slightly above the one-third suppression. This shows that the current be­
comes less correlated due to the electron-electron scattering.

(c) Inelastic scattering. This is the model of Ref. [6]. The distribution 
function of the intermediate reservoir is the Fermi-Dirac distribution at the 
lattice temperature T, with an electrochemical potential p\2 = Ep + eV12, 
where V\2 is given by Eq. (6.56). This reservoir absorbs energy, in contrast to 
cases (a) and (b). The zero-temperature shot-noise power follows from Eqs. 
(6.51)-(6.52) [6]

P — -^Poisson
R31S1 + RlS2 

R2
(6.62)

For the diffusive case, with R\ = R2, one has P = ^Pp0isson- The inelastic 
scattering gives an additional suppression [6].

For a double-barrier system it is plausible to model the additional scat­
tering by a single reservoir between the barriers. In a diffusive conductor, 
however, these scattering processes occur throughout the system. It is there­
fore more realistic to divide the conductor into M segments, connected by 
reservoirs. Equation (6.51) becomes

M
R*P=Y, RmPm , (6.63)

m= 1

where the noise power Pm of segment m is calculated analogous to Eq. (6.52). 
We take the continuum limit M —► oo. The electron distribution at position 
x is denoted by f(e,x). At the ends of the conductor f(e, 0) = /^(e) and 
/(e,I/) = //*(e), i.e. the electrons are Fermi-Dirac distributed at temperature 
T and with electrochemical potential /z(0) = Ep + eV and p(L) = Ep, re­
spectively. The value of f(e,x) inside the conductor depends on the type of 
scattering, (a), (b), or (c), and is determined below.

In the expression for Pm only the first term of Eq. (6.52a) remains. It 
follows from Eq. (6.63) that the noise power is given by

L
p = Jp Jdx y<fe/(e, s) [1 - /(e, x)], (6.64)

0

where p[x) is the resistivity at position x. The total resistance is given by 

L
R= Jdx p{x). 

o
(6.65)
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For a constant resistivity p we find from Eq. (6.64)

L

P = l&L JdXJd£ ~ ^£'' (6-66)
o

This formula has been derived by Nagaev from the Boltzmann-Langevin equa­
tion for isotropic impurity scattering in the diffusive limit [7]. Our semiclassi- 
cal calculation in the previous Sections is worked out in terms of transmission 
probabilities rather than in terms of the electron distribution function. How­
ever, one can easily convince oneself that in the diffusive limit and at zero tem­
perature, Eqs. (6.25) and (6.66) are equivalent. The present derivation shows 
that the quantum mechanical expression for the noise with phase-breaking 
reservoirs leads to the same result as the semiclassical approach. We evaluate 
Eq. (6.66) for the three types of scattering.

(a) Quasi-elastic scattering. This calculation has previously been per­
formed by Nagaev [7] and is similar to the evaluation in Section 6.3. Current 
conservation and the absence of inelastic scattering requires

£?/(*.*) = 0. (6-67)

The solution is

/(£, x) = ^/(e, 0) + |/(e,L), (6.68)

The electron distribution at x = L/2 is plotted in the left inset of Fig. 6.6. 
Substitution of Eq. (6.68) into Eq. (6.66) yields [7]

P = [AkBT + eV coth(eVy2jfcflT)] . (6.69)
3H,

At zero temperature the shot noise is one-third of the Poisson noise. The 
temperature dependence of P is given in Fig. 6.6.

(b) Electron heating. This calculation is due to Martinis and Devoret [36]. 
The electron distribution function is a Fermi-Dirac distribution at an elevated 
temperature Te(a:),

/(* .*) = [ 1 + exp
e-p(x)
ksTeix) 

The current density j(x) at x is

r

j(x) = -eDV(EF)^ Jdef(eyx),

(6.70)

(6.71)
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where D is the diffusion constant and V is the density of states. We neglect 
the energy dependence of D and V. The resistivity p is given by the Einstein 
relation, p~l = e2DV(EF)• Current conservation yields

dj(x)
dx

= 0

which implies for the electrochemical potential

/\ ri T — S' . .p,(x) = Ef H------—eV .

(6.72)

(6.73)

The energy current je(x) is determined according to 

d fje(x) = -DV(Ef)— ld£ef(e,x) = p(x)j{x)/e + jQ{x), (6.74a)

(6.74b)jQ{x) = -k(x)
dTe(x)

dx
The heat current jQ(x) equals the temperature gradient times the heat con­
ductivity k(x) = Te(x)£o/p■ Because of energy conservation the divergence 
of the energy current must be zero,

djc(x)
dx

= 0. (6.75)

Combining Eqs. (6.74) and (6.75), we obtain the following differential equation 
for the temperature

2
(6.76)=-5 (l) ■

Taking into account the boundary conditions the solution is

Te(z) = ^T2 + (x/L)[l-(x/L)]vyc0 . (6.77)

In the middle of the wire the electron temperature takes its maximum value. 
For zero lattice temperature (T = 0) one has fc£Te(L/2) = (\/$/2'K)e\V\ ~ 
0.28e|V|. The electron distribution at x = L/2 is depicted in the left inset 
and the electron temperature profile (6.77) is plotted in the right inset of Fig. 
6.6.

Equations (6.66), (6.70), and (6.77) yields for the noise power the result

(6.78)
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o
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Figure 6.6: The noise power P (divided by the Johnson-Nyquist 
noise 4/:bT(?) versus applied voltage V for a disordered wire for model 
(a) (solid) quasi-elastic scattering, (b) (dashed) electron heating, (c) 
(dash-dotted) inelastic scattering, according to Eqs. (6.69), (6.78), and 
(6.81), respectively. The (upper) left inset gives the electron distribu­
tion in the middle of the wire f{e,L/2) as a function of energy e for 
model (a), (b), and (c). The (lower) right inset shows the temperature 
Te(x) as a function of the position x for model (b). For both insets, 
fcB T=ie|V|.

Equation (6.78) is plotted in Fig. 6.6. For the limit eV kBT one finds [37]

P = j\/3Ppoi8Son — 0.43-Ppoisson (6.79)

Due to the electron-electron scattering the shot noise is increased. The ex­
change of energies among the electrons makes the current less correlated. The 
suppression factor of is close to the value observed in an experiment on 
silver wires by Steinbach, Martinis, and Devoret [37].

(c) Inelastic scattering. The electron distribution function is given by

-{f{e,x) = < 1 + exp £ -
kB T

(6.80)

with n(x) according to Eq. (6.73). For the noise power we obtain from Eqs. 
(6.66) and (6.80)

R '
P_ (6.81)
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which is equal to the Johnson-Nyquist noise for arbitrary V (see Fig. 6.6). 
The shot noise is thus completely suppressed by the inelastic scattering [6,13, 
38,39].

6.6 Conclusions and discussion

We have derived a general formula for the shot noise within the framework of 
the semiclassical Boltzmann-Langevin equation. We have applied this to the 
case of a disordered conductor, where we have calculated how the shot noise 
crosses over from complete suppression in the ballistic limit to one-third of 
the Poisson noise for the diffusive limit. Furthermore, we have applied our 
formula to the shot noise in a conductor consisting of a sequence of tunnel 
barriers. Finally, we have considered a disordered conductor in series with a 
tunnel barrier. For all these systems, we have obtained a sub-Poissonian shot- 
noise power, in complete agreement with quantum mechanical calculations in 
the literature. This establishes that phase coherence is not required for the 
occurrence of suppressed shot noise in mesoscopic conductors. Moreover, it 
has been shown that for diffusive conductors the one-third suppression occurs 
quite generally. This phenomenon depends neither on the dimensionality of 
the conductor, nor on the microscopic details of the scattering potential.

We have modeled quasi-elastic scattering (which breaks phase coherence), 
electron heating (due to electron-electron scattering), and inelastic scattering 
(due to, e.g., electron-phonon scattering) by putting charge-conserving reser­
voirs between phase-coherent segments of the conductor. If the scattering 
occurs throughout the whole length of the conductor, we end up with the 
same formula for the noise as can be obtained directly from the Boltzmann- 
Langevin approach. In the case of electron heating, the shot noise is j\/3 of 
the Poisson noise, which is slightly above the fully elastic case. This may be 
relevant for experiments [11,37]. The inelastic scattering is shown to com­
pletely suppress the shot noise [6]. For future work, it might be worthwhile to 
investigate the influence of electron heating and inelastic scattering by taking 
them into account through the scattering terms in the Boltzmann-Langevin 
equation. This would allow the calculation of the crossover behavior between 
the different regimes.

In both the quantum mechanical theories and the semiclassical theories the 
electrons are treated as noninteracting particles. Some aspects of the electron- 
electron interaction are taken into account by the conditions for the reservoirs 
in our model of Section 6.5. Here, fluctuations in the electrostatic potential 
enforce charge-neutrality. We have shown that this only leads to a suppression 
of the noise in the presence of inelastic scattering. The Coulomb repulsion is 
known to have a strong effect on the noise in confined geometries with a small
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capacitance [29]. This is relevant for the double-barrier case treated in Section
6.4. Theories which take the Coulomb blockade into account [29] predict a 
shot-noise suppression which is periodic in the applied voltage. This effect 
has recently been observed for a nanoparticle between a surface and the tip 
of a scanning tunneling microscope [40]. In open conductors we would expect 
these interaction effects to be less important [41].

Appendix 6A Thermal noise

In this Appendix it is shown how thermal fluctuation can be incorporated to 
the theory. These are ignored in Sections 6.3 and 6.4 where zero temperature 
is considered. At non-zero temperatures we need to take into account the 
time-dependent fluctuations in the occupation of the states in the reservoirs. 
The formal solution of the Boltzmann-Langevin equation (6.6) can be written 
as

i
8f(r,k,t) = Jdt' J dr' Jdk'G(r, k; r', k'; t — t') j(r', k', t')

—oo V 
t

+ J dt' Jdy' J dk' vx £(r, k; r', k'; t - t1) 5f(r',k',t')

■oo Sl kx>0 
t

+ Jdt1 jdy’ J dk' K| £(r, k; r', k'; t - t') <5/(r', k', t'),

-oo Sr kx <0

(6.82)

where V denotes the scattering region of the conductor. The second and third 
term describe the time-dependent fluctuations of states originating from the 
reservoir which are ignored in Eq. (6.19). The correlation function of the 
incoming fluctuations which have not yet reached the scattering region [i.e. 
for the left lead x,x' < xl, kx,k'x > 0 and for the right lead x,x' > xr, 
kx,k'x < 0] follows from Eqs. (6.10) and (6.11):

(Sf(r, k, t) Sf(r', k', t')) == (2ir)d S[r - r' - v(« - <')] «(k - k')
x - /£,*(£)] ■ (6.83)

The derivation of the noise power proceeds similar to the derivation of Eq. 
(6.19). Substitution of Eq. (6.82) into Eqs. (6.13) and (6.14) and using both
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tions (6.7) and (6.83), yields

ijdrjdkjdk'T(r,k)r(r,k')J(r1k,k')

\v
+ [dy j dkvxT(r,k)2/L(e)[l - fL(e)] 

sL kx> o

+ [dy f dk|u«|[l — T(r, k)]2/«(c)[l - fR{e)} J . (6.84)

kx< o /

Let us apply Eq. (6.84) to the case of impurity scattering, treated in Section 
6.3 for zero temperature. By changing variables according to Eq. (6.20) and 
by substitution of Eqs. (6.8) and (6.22), we obtain

L
P = 2e2 A Jdx JdsV(e) J~j [T(x, n) - T(x, n')]2

0
x |/i(e)[l ~ Ms)] [1 - T(x, -n)] + /R(e)[l - /*(e)] T(x, -n)

+ Ul(s) - /*(<0]2T(x, —n)[l - T(x, -n')]}

+ 2e2A jdeV(e)fL(e)[l-fL(e)\ J T2(0,n)

-2e2A JdeV(e)fR(e)[l - fR(e)] J ^-vnx [1 - T(L,n)]2 , (6.85)

where we have used Eq. (6.21) and W^, = Equation (6.85) can be
simplified by means of the relations

L
Jdx /17 / w&&'[T{x'fi)~ T{x' fi')]2

0

= VF f — nx [T2{L, n) - T2{0, n)], (6.86)
J $d

L
Jdx I Sd / Wnn’ iT(x<fl) -r(®,n')]sr(x,-n)

0
= VF I y- nx [T2(Z/, &)T(L, —n) - T2(0, n)T(0, —n)] ,

J
(6.87)
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which can be derived from Eq. (6.21). For the distribution function we apply 
the identity /o(l — /o) = — kBT dfo/de and define

F(V,T) = J de[fi(e) - /„(£)]2 = e|V|coth (^L) - 2kBT . (6.88)

Taken together, the noise is given by

p=2F(V,T)GoN Lfd&rd&,w

VFSdVd-1 J J J 
0

x [T(x, n) - T(i, n')]2T(i, -n)[l - T(x, -n')]
+ 4kBT G0N [ — nxT(L, n) . (6.89)

J Vd-1

At zero voltage, we find from Eqs. (6.23) and (6.89) the Johnson-Nyquist 
noise P = 4fcpTG. At zero temperature, Eq. (6.89) reduces to Eq. (6.25). 
Applying Eq. (6.89) to impurity scattering (within the one-dimensional model) 
as treated in Section 6.3, we obtain

P
2G f 
3 I

eV coth (*-)
\2kBT

1

+2kBT 2 +
(1 + L/if

}•

(1 + L/£)3J

(6.90)

The voltage dependence of the noise is plotted in Fig. 6.7 for various values 
of L/t. The result for the diffusive limit is equal to Eq. (6.69). Also depicted 
is the classical result for a single high tunnel barrier (F < 1),

F = 2e|/|coth(5gf), (6.91)

which can be derived within our theory by combining the results of Section 
6.4 with the analysis of this Appendix.

Appendix 6B Noise at arbitrary cross section
Let us verify that the noise power does not depend on the location x of 
the cross section at which the current is evaluated. The fluctuating current 
through a cross section Sx at coordinate x is defined by

6I(t,x) = Jdy Jdkvx6f(r,k,t),

5,
(6.92)
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Figure 6.7: The noise power P (divided by the Johnson-Nyquist 
noise 4/bflTG) versus apphed voltage V for a disordered wire (bottom 
to top) in the ballistic limit L/£ —* 0, the intermediate regime L/t = 1, 
and in the diffusive limit LIl —* oo, as given by Eq. (6.90). The dashed 
line is the noise in a tunnel barrier, according to Eq. (6.91).

and leads to

oo
P(x, x') = 2 Jdt (6I(t, x) fi/(0, x')) .

— OO

(6.93)

We use the following relation

oo

Q(t, k; r0, k0; t) = T(r0, k0) - 0(zo - x) , (6.94)

which follows from Eqs. (6.16) and (6.17). Here, 0(x) is the unit-step function. 
Evaluating Eq. (6.93) along the same lines as was done in Section 6.2, we find

Pfax’) = Jdr0 Jdk0 Jdk'Q J(t0,k0,k'o)

x[T(r0,k0) - 0(*o - *)] [T(r0,ki) - 0(zo ~ x')} . (6.95)

We use that the integral over k or over k' of J(r, k, k;) vanishes, Eq. (6.9), 
and find that P(x>x') is independent of x,x'.
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Appendix 6C Nonisotropic scattering
We wish to demonstrate that the occurrence of one-third suppressed shot noise 
in the diffusive regime is independent of the angle-dependence of the scattering 
rate. We write = w(n • h')vF, with arbitrary w. In the diffusive limit,
the transmission probability is given by

T(x, n) = T(x) 4- t(nx), (6.96)

where T(x) = x/L and t(nx) of order l/L, with f dht(nx) = 0. The conduc­
tance is given by the Drude result, Eq. (6.27), where the normalized mean 
free path i can be derived as follows: By integration of Eq. (6.21a) over dhnx 
and substitution of Eq. (6.96), one obtains

f dn 9 
/ — n.1

dT(x) _ [ — f/ sd dx J‘ Sd J — nxw(h ■ n') [t{nx) - t(rix)] . 
Sd

(6.97)

Comparison with Eq. (6.23) yields

(6.98)

From Eq. (6.21a) it also follows that

/s/ dh'
Sd

W,tin' PX1-fi) - T(x-fl')]2 = VF^Jj^ nxT2(x, fi)

2GvFVd-i dT(x)
GoNsd dx

(6.99)

where we have used Eqs. (6.23) and (6.96). By substitution of Eq. (6.99) into 
Eq. (6.25) and neglecting terms of order t/L, we find

L

P = 2Ppoi55on J dx T(x)[l - T(x)] = 3 Ppoisson , (6.100)

0

independent of w.
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Chapter 7

Hydrodynamic electron flow in 
high-mobility wires

7.1 Introduction
In his 1909 paper on gas flow through a capillary, Knudsen demonstrated that 
the ratio between the pressure drop over the capillary and the gas-flow rate 
first increases and then decreases with increasing density [1]. The mechanism 
is that with increasing density of gas particles, the number of interparticle 
collisions increases. At low densities (what is now known as the Knudsen 
transport regime) the gas particles move almost independently, so that the 
flow is mainly carried by particles with a large velocity parallel to the wire 
axis. These particles travel long distances before colliding with the wall. An 
occasional interparticle collision, although not resistive by itself because of 
momentum conservation, drives the parallel-moving particles towards the wall 
and shortens their trajectories between subsequent collisions with the wall. 
Therefore, in this regime, an enhancement of the interparticle collision-rate 
leads to increasing dissipation of forward particle momentum at the capillary 
walls. At higher densities, however, many interparticle collisions between 
subsequent particle-wall collisions occur, resulting in a random-walk behavior. 
As a consequence a laminar (Poiseuille) flow evolves, in which the effective 
particle-wall interaction is decreased.

Because of the analogy between classical diffusive transport of electrons 
and gas particles, one anticipates that a similar transition between Knudsen 
and Poiseuille flow may occur in electron transport. In this case electron- 
electron (e-e) scattering events are the analogue of collisions between gas 
particles [2]. Electron-electron scattering * has no influence on the electri-

*In this Chapter electron-electron (e-e) scattering only refers to momentum-conserving
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cal resistivity of bulk materials, because it conserves the total momentum of 
the electron distribution. Effects of e-e scattering in the classical transport 
regime can only be expected in the resistivity of films and wires of high purity 
and small dimensions [3], where conditions similar to those leading to hydro- 
dynamic gas flow can be realized. Typically, the sample width W should be 
smaller than or comparable to the impurity mean free path of the bulk 
material. These two lengths should be compared to Zee, the average length an 
electron covers between two subsequent e-e scattering events. When l€e > W 
one expects an increase of the resistivity with increasing e-e scattering rate, 
which is the electronic Knudsen effect. In contrast, when lee < W the re­
sistivity should decrease with increasing e-e scattering rate, due to electronic 
Poiseuille flow. The latter effect has been predicted by Gurzhi in 1963 [4] 
and is now known as the Gurzhi effect. Experimentally, it proved difficult 
to obtain reliable data on these effects, because dissipation mechanisms not 
present in gas flow usually prevent the occurrence of electronic Knudsen and 
Gurzhi flow regimes: First of all, electrons in a metal are scattered by impu­
rities. Moreover, since the e-e scattering rate is usually varied by changing 
the lattice temperature of the sample, the induced effects are overwhelmed by 
electron-phonon interactions. Furthermore, an increase in temperature also 
enhances the umklapp electron-electron scattering rate, which adds to the 
bulk resistivity. Finally, deviations from an ideal spherical Fermi surface may 
hinder interpretation of experimental data.

Due to these complications, only a few experimental indications of e-e 
scattering effects have been found [3]. Most experiments use potassium, as 
an exemplary simple metal, which to a good approximation has a spherical 
Fermi surface [5]. However, the observed changes in the resistivity as a func­
tion of lattice temperature are limited to about 0.01% of the total resistivity, 
because of the small h and the onset of electron-phonon scattering. Yu et al. 
[6] have reported a negative temperature derivative of the resistivity (dp/dT) 
of potassium wires at temperatures around and below 1 K. However, an 
interpretation in terms of the Gurzhi effect was disputed [3], since at these 
temperatures lee > W. In later publications of the same group, it was shown 
that the negative dp/dT can be attributed to metallurgical imperfections [7], 
and also Kondo-like effects in the resistivity were reported [8]. Observations of 
a positive dp/dT in wider wires [7] were interpreted by Movshovitz and Wiser 
[9] as a Knudsen-like behavior due to the combination of e-e and electron- 
phonon collisions. A similar mechanism was proposed to explain an anoma­

scattering. These processes are also known as normal electron-electron scattering. In con­
trast, umklapp electron-electron scattering does not conserve momentum, and is explicitly 
denoted each time it is mentioned in the text. As we argue in the main text umklapp 
electron-electron scattering is absent in the two-dimensional electron gas, which is studied 
in this Chapter.
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lously strong, positive dp/dT in very thin potassium films [10,11]. However, 
until now there has been no observation of electronic Poiseuille flow, nor has 
there been an observation of a ‘Knudsen maximum’ in the resistance at the 
crossover between Knudsen and Gurzhi flow regimes [2].

In this Chapter, we present a theoretical study of Knudsen and Gurzhi 
transport phenomena in two-dimensional wires, based on a series of exper­
iments carried out by L. W. Molenkamp at Philips Research Laboratories, 
Eindhoven. The wires used for the experiments are defined electrostatically 
in the two-dimensional electron gas (2DEG) of (Al,Ga)As heterostructures 
[12]. Using these devices to study hydrodynamic electron-flow offers several 
advantages: First, due to the high purity of the material and the resolu­
tion of electron-beam lithography one can easily reach the condition k > W. 
Second, umklapp electron-electron scattering is absent, because of the low 
electron density and the perfectly circular Fermi surface. Third, the electron- 
acoustic phonon coupling is weak in the (Al,Ga)As-2DEG system. This makes 
it possible to investigate the influence of e-e scattering not by changing the 
temperature T of the full sample, but by selectively changing the tempera­
ture Te of the electrons inside the wire by passing a dc current I through the 
device. Previously, this current-heating technique has proven very useful for 
the study of thermoelectric phenomena in nanostructures [13,14]. The wires 
studied here are equipped with opposing pairs of quantum point-contacts in 
their boundaries. Since the thermopower of the point contacts is quantized 
[14], one can determine the electron temperature Te in the wire, as a function 
of 7, from a thermovoltage measurement [15]. The ability to modify selec­
tively the e-e scattering rate allows a clear and unambiguous demonstration 
of hydrodynamic effects on the resistance of the wire.

In the experiments the differential resistance dV/dl versus I is measured.* 
In the resistance curves we can distinguish three regimes: 1) Starting from I = 
0 we observe an increase in dV/dl with increasing 7. This is attributed to the 
Knudsen effect. Resistance changes as large as 10% of the total resistance have 
been found. 2) Then there is a range where dV/dl decreases with increasing 
7, which we identify as the Gurzhi effect. In this range, one sees relative 
resistance changes up to 20%. 3) Upon increasing 7 one comes into a regime 
where dV/dl increases again. Here, the heating due to the applied current 
also affects the lattice temperature, so that the resistance increase can be 
attributed to enhanced electron-phonon scattering. At the crossover between 
regime 1) and 2) the Knudsen maximum is reached. The minimum in the 
resistance between regime 2) and 3) was the actual subject of one of Gurzhi’s 
first papers [4].

tThe relation between the resistance and the differential resistance at a current / is: 
dV/dl = R + IdR/dl.
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In order to understand the experimental results, we have developed a the­
ory based on the Boltzmann transport equation, which yields quantitative 
agreement with the experiments. In the first half of this century the Boltz­
mann approach has been applied to study size effects on the resistance of small 
conductors. The thin film case has been addressed by Fuchs [16] and the case 
of a thin wire by Dingle [17]. A particularly insightful method to solve the 
Boltzmann equation is due to Chambers [18], who has expressed the solution 
in terms of the effective mean free path the electron covers between either 
bulk-impurity or boundary collisions. These treatments consider partially dif­
fusive boundary scattering, in which part of the electrons colliding with the 
boundaries is specularly reflected and the remainder is diffusely scattered. 
The boundary scattering is modeled by a constant specularity coefficient. In 
a more realistic treatment by Soffer [19] the wave nature of the electrons has 
been taken into account and results in a specularity coefficient which depends 
on the angle of incidence. In Ref. [20] it is shown that inclusion of the angle- 
dependent specularity coefficient in a calculation of the resistivity of thin wires 
gives a more satisfactory agreement with experiments than Dingle’s original 
theory.

The inclusion of e-e scattering in the Boltzmann approach to the resistivity 
of wires is not trivial and has been limited to a certain parameter range in most 
treatments. In the pioneering work by Gurzhi [4], the situation lee < /*,, W is 
considered. It is shown that under these conditions the Boltzmann equation 
can be mapped on a Navier-Stokes type of equation. The opposite Knudsen 
regime lee » lb,W has been treated by Movshovitz and Wiser [9,10], who 
use the Chambers method to calculate effective mean free paths with the 
approximation that at most one e-e scattering event in each electron trajectory 
is taken into account. In Ref. [21] Gurzhi and coworkers provide an alternative 
approach for this regime, by solving the Boltzmann equation perturbatively. 
This also allows including specific features of the e-e scattering, such as the 
distinction between isotropic and small-angle scattering. We know of only 
two approaches that describe the resistivity of wires from the Knudsen up 
to the Gurzhi regime. The first is due to Black [22], who employs a Monte 
Carlo technique to calculate effective mean free paths in a wire. Although the 
numerical results are not so accurate because of the limited computer power 
available at the time, the Knudsen maximum in the resistivity is found. The 
results show similar behavior for isotropic and small-angle e-e scattering. The 
second approach is due to De Gennaro and Rettori [23]. They start from the 
Boltzmann equation and include e-e scattering by a scattering term due to 
Callaway [24] in which the electrons are relaxed towards a distribution with 
a net drift velocity. As pointed out by Gurzhi et al. [21], the final results of 
Ref. [23] are incorrect, because the spatial variation of the drift velocity is 
neglected.
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Our theoretical description starts from a kinetic equation similar to that 
of Ref. [23]. We have obtained a self-consistent solution of the relevant Boltz­
mann equation. This is the first theory which provides an analytical expression 
for the Boltzmann distribution function for any set of lecJb,W. It will prove 
insightful to express the Boltzmann distribution function in terms of an ef­
fective mean free path. For the regime lee h,W our solution is equivalent 
to the results of Movshovitz and Wiser, so that we have provided a formal 
basis for their method of including e-e scattering events in the electron trajec­
tories. Our approach is indeed able to describe the transition from Knudsen 
to Poiseuille flow. The transition can be illustrated by the evolution of the 
electron-flow profiles along the wire.

In the three-dimensional case, which has been addressed in most previous 
treatments, the e-e scattering rate of electrons in a thermal slice around the 
Fermi surface is proportional to T2, as follows from the well-known phase space 
argument [2]. For a 2DEG, instead, the e-e scattering rate is proportional 
to T2lnT [25,26]. In a study by Laikhtman [27] of relaxation of injected 
electrons into a zero-temperature 2DEG it is found that small-angle scattering 
is important. Features of e-e scattering in a 2DEG are also discussed by Gurzhi 
and coworkers [28,29]. The e-e scattering term which we use is first proposed 
by Callaway [24] and is not of a microscopic origin, but takes the main feature 
of e-e scattering, conservation of momentum, into account. As we will show, 
an attractive feature of this simplified scattering term is that it allows an exact 
(numerical) solution of the Boltzmann equation.

We have compared experiment with theory through a three step procedure: 
First, using the results of the point-contact thermometry we find Te versus I. 
Then, using a formula due to Giuliani and Quinn [26] we calculate lee as a 
function of Te. Finally, we determine the wire resistivity for the given lee from 
our Boltzmann approach. This has yielded quite a satisfactory agreement for 
both the Knudsen and the Gurzhi regime. The regime 3) in which phonon 
scattering due to the heating of the lattice increases the resistivity is outside 
the range of our theory. From the magnitude of the Knudsen effect we obtain 
information on the boundary-scattering parameters of the gate-defined wires.

A brief account of this work with an emphasis on the experiments has 
already been published [30]. Here, we present a more extensive discussion. 
Particular attention is paid to the derivation of the theoretical model and 
how its results can be compared with the experiments. The outline of this 
Chapter is as follows: In Section 7.2 the experiments are presented. Section 7.3 
describes the theoretical model formulated in terms of a Boltzmann equation. 
The method of solution and the theoretical results including flow profiles are 
studied in Section 7.4. Section 7.5 discusses the comparison between theory 
and experiment. Finally, we conclude in Section 7.6. Appendix 7 A and 7B 
detail some technical parts of the calculation.
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7.2 Experimental observation ofKnudsen and Gurzhi 
transport regimes

The devices are fabricated from two different (Al,Ga)As heterostructures con­
taining a high-mobility 2DEG, grown at Philips Research Laboratories, Red- 
hill, Surrey, UK. The wires used in the experiments are created by electro­
static confinement of the 2DEG using a split-gate technique. On top of the 
heterostructures, which are mesa-etched in the shape of a Hall bar, a pattern 
of TiAu gates is defined using electron-beam lithography. The lay-out of the 
TiAu gates is given schematically in the inset of Fig. 7.1. The wires have a 
lithographic width Wnth — 4.0^m (note that due to electrostatic depletion 
the width W of the wires in the 2DEG is somewhat smaller), and a length L 
that varies between 20 and 120 /im. A quantum point-contact [12] is incorpo­
rated in each wire boundary. Three different types of samples have been used, 
whose particulars as to L, W, electron density n and mean free path lb are 
summarized in Table 7.1. For transport measurements, the samples are kept 
in a cryostat at temperatures of 1.5 K and above, and at zero magnetic field. 
For reasons of sensitivity, the differential resistance of point contacts and wires 
is measured with standard low-frequency lock-in techniques, using a 100 fiV 
ac voltage. All measurements are performed in a four-terminal geometry.

In order to adjust the electron temperature in the wires, a dc heating cur­
rent I = /is (typically an order of magnitude larger than the ac measuring 
current) is passed through the wire using Ohmic contacts 1 and 5. Because 
of power dissipation, the average kinetic energy of the electrons in the wire 
increases. Due to frequent e-e scattering events, the electron distribution- 
function in the wire thermalizes rapidly to a heated Fermi function at a 
temperature Tc, above the lattice temperature T. This increased electron 
temperature can be measured using the quantum point-contacts in the wire 
boundaries: since the electrons in the regions outside the wire remain at 
the same temperature as the lattice, a thermovoltage builds up across both 
point contacts AB and CD, which can be measured as a transverse voltage 
Krana = Ve — V3. Note that Varans does not contain a contribution from the 
voltage drop along the wire, since point contacts AB and CD face each other. 
We thus have

Krans = V6 - V3 = (SAB ~ SCD)(% ~ T) , (7.1)

where Sab(cd) denotes the thermopower of point contact AB(CD).
Like the electrical conductance, the thermopower 5 of a quantum point- 

contact exhibits a pronounced quantum size-effect [14,31]: while the electrical 
conductance of the point contact varies stepwise with the voltage on the split- 
gates, the thermopower oscillates. The external gate voltage controls the
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Figure 7.1: Dependence of the thermovoltage Vtrans = Vs — Va 
and of the difference between the electron and the lattice temperature
Te — T on the heating current / measured for wire I at T = 1.5 K.
Point contact AB is adjusted for maximum, CD for zero thermopower.
Inset: Schematical layout of the gates (hatched areas) used to define 
a wire with point-contact voltage probes. The wire width W is typi­
cally 4 fini, the length L varies between 20 and 120 /mi. The crossed 
boxes denote ohmic contacts. The coordinates used for the theory are 
indicated.

number of one-dimensional subbands present below the Fermi energy in the 
point contact. When the Fermi energy inside the point contact falls in between 
two subbands, the conductance is quantized, and the thermopower S ~ 0. 
However, when the Fermi energy inside the point contact exactly coincides 
with the bottom of the iV-th subband, the conductance is in between the 
N-th and the (TV - l)-th plateau, and the thermopower attains a maximum 
value, which for a step-function transmission probability of the point contact, 
is given by [31]

ks In 2 (7.2)

if N > 1. The quantum oscillations in the thermopower of a quantum point- 
contact were predicted by Streda [31], and an experimental demonstration 
of the effect has been reported elsewhere [14]. Here, the effect is utilized to 
measure the electron temperature in the wire: point contact CD is adjusted 
on a conductance plateau, thus setting Scd — 0» and adjust point contact AB 
for maximum thermopower [Gab = 1.5 x (2e2//i), where 5ab — “40 /xV/K]. 
The result of such a measurement of Vtrans as a function of dc heating current 
/, obtained for a wire of type I, is shown in Fig. 7.1. For the longer wires
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Table 7.1: Length L, lithographic width Wuth, electrical width 
W, electron density n, mean free path lb [at 1.5 K (sample I) and 
1.8 K (sample II &: HI)), and specularity parameter a of the samples 
discussed in this Chapter.

Sample L
(/xm)

With
(^m)

W
(/xm)

n
(1011cm-2)

h
(fim)

a

I 20.2 3.9 3.5 2.2 12.4 0.6
II 63.7 4.0 3.6 2.7 19.7 0.7
III 127.3 4.0 3.6 2.7 19.7 0.7

a very similar behavior is found. In general, one finds that for |/| < 20 /iA, 
and a lattice temperature T < 2 K, the electron temperature Te in the wire 
is approximately given by

Te = T + (I/W) V"1 C , (7.3)

where a is the conductivity of the wire. The constant C — 0.05 m2I</W. 
Evidently, such a quadratic dependence of Te on I is exactly what one expects 
to a first approximation for Joule dissipation. For |/| > 20/xA, the situation 
is more complicated since at these current levels also the lattice temperature 
starts to increase.

The hydrodynamic electron-flow effects that are the subject of this article 
are observed in the differential resistance dV/dl = dV^/d/is of the wires, as 
a function of dc heating current I. Experimental results obtained for wires I, 
II, and III for a series of lattice temperatures are given in Figs. 7.2 and 7.3. 
Also shown are theoretical results that will be discussed in Section 7.5. A 
strongly non-monotonic behavior of dV/dl is evident for all traces. This non­
monotonic behavior in the differential resistance is the focus of this Chapter 
and we will show that it results from electronic Knudsen and Poiseuille flow.

A first remark we should make here is that in the high-mobility 2DEG 
quantum corrections to the resistance such as weak localization are not mea­
surable at the temperatures involved. This means that the non-monotonic be­
havior must result from classical effects. Note further that for the low lattice- 
temperature results of Figs. 7.2 and 7.3 all three resistance regimes indicated 
in the Introduction can be observed: 1) Increasing dV/dl due to Knudsen 
flow, 2) decreasing dV/dl in the Gurzhi regime, and 3) a quasi-parabolically 
increasing dV/dl due to lattice heating. Only in the last regime, it is found 
from a nearby thermometer that the lattice temperature of the sample in­
creases, implying that the quasi-quadratic behavior 3) is due to Joule heating
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Figure 7.2: Differential resistance dV/dl of wire I as a function 
of current I for lattice temperatures T = 24.7, 20.4, 17.3, 13.6, 10.4,
8.7, 4.4, and 1.5 K (from top to bottom). The upper panel (a) of the 
inset is a magnification of the T =1.5 K result. The lower panel (b) 
displays the result of the theory described in Section 7.5.

of the lattice in combination with the linear increase of electron-phonon scat­
tering [32]. Wire I (cf. Fig. 7.2) exhibits a smaller Knudsen effect (and only 
at the lowest lattice temperature studied) than wires II and III. As we will 
demonstrate below, this results from the smaller ratio h/W in wire I, com­
pared to wires II and III. If the lattice temperature T is increased one observes 
in Fig. 7.2 two distinct effects. First, the 7 = 0 resistance increases. This is 
due to the decrease of h by additional electron-phonon scattering. Second, the 
hydrodynamic effects on the resistance disappear, the Knudsen effect at lower 
T than the Gurzhi effect. This is caused by the decrease of /ee at I = 0 (where 
Te = T) with increasing lattice temperature. Another point to notice in Fig. 
7.3 is that the magnitude of the initial increase of dV/dl (the Knudsen effect) 
is twice as large for wire III as for wire II. This shows that the effect scales 
with the length of the wire and does not stem from e.g. the wire entrances.

To see whether the hydrodynamic electron-flow phenomena mentioned in 
Section 7.1 can indeed be responsible for the anomalous behavior of dV/dl, 
it is instructive to estimate for wire I the e-e scattering mean free path lee 
for a current I = 15 \iA, i.e. in the regime of decreasing dV/dl. According to 
Eq. (7.3), I = 15/*A corresponds to an electron temperature Te « 16K (for a
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Figure 7.3: Differential resistance dV/dl vs. current I for wire II 
and III for lattice temperatures of (from top to bottom) T =4.5, 3.1, 
and 1.8 K. At higher current levels, dVfdl exhibits a quasi-quadratic 
increase with current, similar to that in Fig. 7.2. Left panel (Ha) and 
(Ilia): experimental traces; right panel (lib) and (Illb): results of 
calculations, see Section 7.5.

lattice temperature T = 1.5K). We have lee = VFTee, where vF is the Fermi 
velocity, and rcc the e-e scattering time, given by [26,33,34]

± = Ef
ln

( EF \ + In \ + 1
Tee h \ Uf ) KksTeJ \kFJ

Here q = me2/2Trereoh2 is the Thomas-Fermi screening wave vector. We 
find lee « 0.8 /mi, which is much smaller than W. In this limit, the electrons 
undergo a random-motion due to frequent e-e scattering events, and we assign, 
at this stage tentatively, the decrease in dV/dl to the Gurzhi effect. For 
currents below 8/xA, dV/dl is positive. As lee « 5/mi « W for I = 8/xA 
and T = 1.5 K, the positive dV/dl occurs in the right current range for the 
electronic Knudsen effect. In the following Sections we will formulate our 
calculations that substantiate the assignment of the anomalous behavior of 
dV/dl to hydrodynamic electron flow.



Hydrodynamic electron flow in high-mobility wires 121

7.3 Boltzmann equation
We study the electron flow inside a two-dimensional wire of width W in re­
sponse to a constant electric field E, applied in the x-direction, parallel to 
the wire. The 2DEG has an ideal circular Fermi surface. We look for a time- 
independent distribution function /(r, k) for electrons at position r = (x,y) 
and with wave vector k = k(cos v?,sin<^) (see inset of Fig. 7.1), which obeys 
the stationary Boltzmann transport equation

df{r,k) d/(r, k) _ d/(r,k)
hdk dr dt

where the r. h. s. is the scattering term, taking into account both electron- 
impurity and e-e scattering. Application of the electric field leads to a distur­
bance of the distribution function from its equilibrium Fermi-Dirac distribu­
tion fo(e) = l/{ 1 + exp[(e - E/r)/A;flTe]} for energy e = h2k2/2m = mu2/2 
and with Fermi energy Ep. At not too high fields, the non-equilibrium part 
of the electron distribution function is only in a small shell around the Fermi 
surface. Therefore, and using the translational invariance along the x-axis, we 
write the distribution function as

f(I<k) = Me)+(-yfjX(y,v)- (7-6)

Substitution of Eq. (7.6) into Eq. (7.5) yields in linear response

(7.5)
scatt

—eE .v + v.ygxfa’^, = gxfrlgl
dy dt

where y is the unit vector in the ^-direction. We neglect the energy depen­
dence of the velocity in the thermal region around the Fermi energy, so that 
v = u^(cos<p,sin (p).

Once the distribution function has been evaluated, the current density can 
be calculated according to

J(?/) = 2 k)ev ’
k

= J deV{e) (-^) J ^X(y,<p)ev, 

0
2tr

= eVvF J ^x(y,v)y, (7.8)



122 Chapter 7

with the two-dimensional density of states V(e) = V - m/ith2 (assuming a 
two-fold spin-degeneracy) and with unit vector v = (cos <p, sin tp).

Let us now specify the scattering terms on the r. h. s. of Eq. (7.7). The 
scattering by bulk impurities is assumed to be elastic and isotropic. This 
implies for the scattering term

dx(y,<p)
dt b

x(y,<p)
n

(7.9)

where rt, denotes the electron-impurity scattering time. Note that the second 
term on the r. h. s. of Eq. (7.9) representing the electrons scattered into 
(y,<p) is omitted in many treatments of the Boltzmann transport equation. 
In these cases it is a priori assumed that the non-equilibrium density is zero. 
For completeness, we maintain this term here and show explicitly that it 
equals zero for our complete Boltzmann equation in Appendix 7A. For the 
e-e scattering term we follow Refs. [23,24] (the Callaway ansatz)

<P)
dt ee

x(y,v>) + J_
Tee Tee

+ mv • Vdrift(y)
Tee

(7.10)

with ree the e-e scattering time and Vdrift the net drift velocity. The e-e 
scattering term (7.10) implies that the electrons are relaxed towards a shifted 
distribution function /(r, k) = fo(e — mv • Vdrift)- The second term on the r. 
h. s. of Eq. (7.10) again ensures the conservation of particle density. The drift 
velocity is related to the current density (7.8) according to j(y) = nevdrift 
with the electron density n = VEp, so that Eq. (7.10) becomes

dx(v, f>)
dt ee

x(y,v>)
Tee

2tr
+ ttJ + ■*)■ 

0
(7.11)

One readily verifies that this scattering term conserves the total momentum

dx(y>v)
dt v = 0 (7.12)

Actually, Eq. (7.11) is the simplest possible scattering term with this property. 
Since the scattering probability from direction ip to <p' is proportional to 1 4- 
2v; • v = 1 -f 2cos(y> — ¥?'), small-angle forward scattering (<p — ip' « 0) is most 
probable. The negative values for <p — (/?'« 7r correspond to the scattering of a 
non-equilibrium electron into a non-equilibrium hole in the opposite direction 
[28,29].
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For the scattering with the boundaries of the wire it is assumed that a 
fraction p of the incoming electrons is scattered specularly, whereas the re­
mainder is scattered diffusely. In the original theories of size effects [16-18] 
the specularity coefficient p is taken to be angle independent. A microscopic 
model by Soffer [19] for the scattering of the incoming waves by the boundary 
roughness, finds that p depends on the angle of incidence

p(y?) = exp[—(asiny?)2] . (7.13)

This shows that electrons with grazing incidence (siny? —> 0) approach a 
unit probability of specular reflection. The parameter a = 47r<5/Ap, depends 
on the ratio between 6, the root-mean-square boundary-roughness, and the 
Fermi wave vector.

The boundary conditions for the solution of the Boltzmann equation (7.7) 
are determined by demanding particle conservation. For the y = 0 boundary 
we have

2tt
X(0> ¥>) = p(v>)x(0, 2tt - (p) + y —-[ 1 - p(v>')]x(°i *') » (7.14a)

7T
if (p € [0,7r], and for the y = W boundary

7T
#.ri = p(ri#.2tt-v?) + J ^[l-p(v>')]xW<p'), (7.14b)

o
if (p € [7t,27t]. The first term on the r. h. s. represents the specularly reflected 
electrons, the second term the ones that are diffusely scattered.

To proceed, the non-equilibrium part of the distribution function is written 
as [18]

X(2/»V>) = eEcosy leff(y,ip). (7.15)

Here, the effective mean free path /eff(2/,V?) can be interpreted as the average 
length an electron at y in the direction has covered since the last boundary 
or impurity collision, as we show below. It is clear that a replacement of 
lett{y,<p) in Eq. (7.15) by the bulk mean free path k yields the well-known 
bulk solution of the Boltzmann equation. Let us now introduce mean free 
paths for bulk-impurity scattering h = vfU, for e-e scattering lee = VFTee, 
and for the combination of those two /-1 = k-1 4- /«e~ • As demonstrated 
explicitly in Appendix 7A, substitution of Eq. (7.15) into the combined Eqs. 
(7.7), (7.9), and (7.11) gives
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2?r
dip o
--- COS <pleff(y,<p).7r (7.17)

The integro-difFerential equation (7.16) constitutes a major simplification with 
respect to our starting point. This result is the basis of our further analysis in 
the following Section. The average effective mean free path leff(y) is directly 
proportional to the drift velocity

eE -
^drift{y) = j (7.18)mvp

as follows from Eqs. (7.8), (7.15), and (7.17). The conductivity of the wire, 
defined according to j = crE, is given by

w
= — [ §Uv) = —^ ■

mvF J W ttivf
(7.19)

The overall effective mean free path Leff is directly proportional to the con­
ductivity and will be used instead of a below.

7.4 Theoretical results
As a preliminary application of Eq. (7.16) we briefly treat the case of transport 
through a bulk conductor. We thus seek a solution of the Boltzmann transport 
equation independent of the spatial coordinates. As a consequence of the 
disappearance of the ^-dependence in Eq. (7.16) it follows that the effective 
mean free path /eff is independent of p as well, so that [from Eq. (7.17)] 
leff = /eff- The solution of Eq. (7.16) is then easily found

'err = 1 i = k ■ (7.20)
t — lee

Note, that substitution into Eq. (7.15) produces the ordinary bulk solution 
of the Boltzmann equation in the absence of e-e scattering. This solution is 
thus shown to be independent of the e-e scattering rate. It clearly demon­
strates, that momentum-conserving e-e scattering does not influence the bulk 
conductivity.

Let us now return to the wire, for which e-e scattering can have a prominent 
influence on the conductivity. As shown in Appendix 7A, it follows from a 
symmetry argument that leff(y,(p) = leff(y,n — V>) for all ip. It is then clear 
from Eq. (7.15) that the second term on the r. h. s. of both Eqs. (7.14a) and 
(7.14b) vanishes. The solution of Eq. (7.16) in combination with the boundary
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conditions (7.14) can be written in the form of an integral equation. For clarity 
we first treat the case of completely diffusive boundary scattering p = 0. We 
then have for <p 6 [0,7r]

‘eff = f 7-7J l si
dy y__ y_0-(.y-y')/l*in<p , y „-y//3iny>
sin <p sin <p 4—:------esintp

y
+ [ r—r-— /eff(y')e_(v_y')/,ain v

J lee sm <p
(7.21a)

and for <p G [7r, 27t]

w

U(2/,v)= f TT^-r f—le_(v’“!')/'|sin*’17 /|sin<p| |sin<p|
w-pe_ 
| sin <p|

(W—y)//| sin <p\

y
w
[ T U(s/')<

y /ee|sm<p|
-(y'-y)/h8in^l (7.21b)

Equation (7.21) elucidates the meaning of the effective mean free path /eff(2/} ¥>) 
as follows: Each electron arriving at y in the direction <p has covered a certain 
path length since the last diffusive scattering event. The first term on the r. h. 
s. of Eq. (7.21a) takes into account the length covered from the last scattering 
event at any y' in between 0 and y. The exponential factor gives the prob­
ability that the particle indeed reaches y without any additional scattering, 
whereas the distance covered is given by (y — y')/ sin<p. Note, that the scat­
tering event at y' might have been either diffusive impurity scattering or e-e 
scattering. In the latter case, also the path before the scattering event must 
be accounted for, which is done by the last term. The second term denotes the 
contribution of electrons after diffusive boundary scattering. This interpreta­
tion of the solution of the Boltzmann equation is originally due to Chambers 
[18). The above derivation demonstrates that this approach is still feasible 
when an e-e scattering term is included in the Boltzmann equation. However, 
the solution itself is certainly more difficult to obtain, since Eq. (7.21) must 
be solved self-consistently with Eq. (7.17).

Previously, Movshovitz and Wiser have evaluated the effect of e-e scat­
tering on the resistivity of (three-dimensional) films [10] and wires [9] by 
calculating effective mean free paths with at most one e-e scattering event 
per trajectory. This approach (most extensively described in Ref. [10]) yields 
valid results for the Knudsen regime let » WJb- We can treat this regime 
conveniently within our formalism by solving Eq. (7.21) perturbatively. Only
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the result of the first two terms of Eq. (7.21) is substituted into the third term. 
One can prove that this procedure is precisely equivalent to that of Ref. [10].

In Appendix 7B we discuss a perturbative analysis for the two-dimensional 
wire with diffusive boundary scattering (p = 0). Here, we present the main 
results. For the limit lb > W the conductivity [see Eq. (7.19)] in the absence 
of e-e scattering is given by

2 W
ieff = — [ln(ii/W0 + In 2 + ± - 7] , (7.22)

where 7 is Euler’s constant (see Appendix 7B). In this limit the conductivity 
is directly proportional to the width, whereas the dependence on the mean 
free path is only present in the form of a logarithm. The perturbative solution 
allows us to calculate the first order correction to the conductivity due to e-e 
scattering. For the situation lee lb~> W we find

ALeff = - 2Wh
TTlee (7.23)

We note that the conductivity decreases due to the e-e scattering. This is the 
Knudsen effect. It is clear from Eqs. (7.22) and (7.23) that the larger h/W the 
more prominent this effect becomes. Previous calculations for this regime have 
yielded ALeff = — ? Wlb/lee for a three-dimensional film of thickness W [10]
and ALeff----- (W2//ee) ln(/ee/W) for a three-dimensional wire of diameter
W [21].

For the opposite limiting regime lb -C W the influence of the boundary 
scattering on the conductivity becomes quite small. From the analysis in 
Appendix 7B we obtain

Leff = lb JIL
3nW ' (7.24)

The diffusive boundary scattering yields a small negative correction to the 
bulk conductivity. The first order influence of e-e scattering in the regime 
/« > W > lb is

ALeff =
4/g

15tt Wlee (7.25)

Apparently, in this limit e-e scattering always increases the conductivity, 
which can be understood as follows: Since e-e scattering does not influence the 
bulk conductivity, it can only change the small negative correction due to the 
boundary scattering, represented by the second term in Eq. (7.24). Electron- 
electron scattering decreases this correction, which can be interpreted as the 
onset of the Gurzhi effect. For comparison, we again mention results for three
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Figure 7.4: The conductivity Leff in the absence of e-e scattering 
and the first order correction ALeff due to e-e scattering against the 
bulk-impurity mean free path k. Results are for a two-dimensional 
wire with diffusive boundary scattering (p = 0) according to Eqs. 
(7.39) and (7.42), respectively.

dimensions: ALeff = 35 (| — In 2)/j}/W2/ec for a film (this can be calculated 
from the results given in Ref. [10]) and ALeff ~ l$/Wlee for a wire [21].

The calculation of the first order correction on the conductivity due to e-e 
scattering thus displays an opposite behavior in the two limiting regimes. This 
raises the question how ALeff crosses over from a positive value at small h/W 
to a negative value at large k/W. One expects that the negative correction to 
the conductivity appears when lb > W. To substantiate this expectation, we 
have calculated the correction for the full regime of the ratio h/W. Details of 
this calculation are given in Appendix 7B. The results are presented in Fig.
7.4, which depicts both the conductivity in the absence of e-e scattering as well 
as the relative first order correction due to e-e scattering as a function of k/W. 
For the conductivity one observes a crossover from bulk-like behavior [Eq. 
(7.24)] to the logarithmic dependence of Eq. (7.22). The first order correction 
in the conductivity due to e-e scattering goes from a positive to a negative 
value. We find that the Knudsen effect is only present for lb ^ 1.3W.

The above results are valid for the regime of very low e-e scattering rate. 
However, in order to compare with the experiments we must also obtain solu­
tions of Eq. (7.16) for the regime in which lee becomes comparable with and 
smaller than /&, W. In addition, we need to incorporate the boundary con­
dition (7.14) for arbitrary specularity coefficient p(<p). By transforming Eq.
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(7.16) into an integral equation and integrating over we find 

w

Un(y) = %8(y) + J dy'G(y, y%„(y'), (7.26)
0

ir/2

= dlfi C0S2(P 
0

[1 -p(y?)] [e-y/lain* + e-(w-y)/lsin,p]

1 - p(v?)e-vv/Zsin*’ (7.27)

G{y'y')=i:Jd*
o

pM [<

C0S ^ J ^-ly-VI/Uing
sin

“(y+y')/isin ip _j_ e-(2W-y-y')//sin

1 -p(v?)e_vv/Z8in^ (7.28)

These are the key equations which allow the evaluation of the conductivity for 
all values of Wy and p. Essentially, the l[0J term is the two-dimensional 
equivalent of the Fuchs solution [16] of the Boltzmann equation. The second 
term in Eq. (7.26) is a classical electron propagator-function which takes the 
correction due to e-e scattering into account. Note, that the perturbative 
approach as described in Appendix 7B is equivalent to the approximation 
/eff = (1 + <2)^5r • However, for larger values of lee Eq. (7.26) must be solved 
self-consistently according to (1 — C?)/eff = ^. This can be achieved numeri­
cally by discretizing the y-axis, so that Eq. (7.26) becomes a matrix equation. 
This scheme allows the evaluation of the solution /eff with a precision which 
is only limited by the available computer power. We have used at least 400 
grid points in our calculations to obtain sufficient precision.

In Fig. 7.5 the conductivity for a wire with diffusive boundary scatter­
ing (p = 0) is plotted against the e-e scattering length for various values of 
the bulk-impurity mean free path. For a wide wire (h/W = 0.2) the con­
ductivity remains approximately constant over the full range of lee/W. The 
cases h/W = 0.5,1 display a monotonous increase of Z,eff with decreasing Zec, 
the Gurzhi effect. Only for wires of width smaller than the mean free path 
(lb/W = 2,5,10) can both the Knudsen and the Gurzhi regimes be reached: 
an initial decrease followed by an increase of Leff with decreasing lee is found 
from the calculation. The Knudsen minimum in the conductivity is reached at
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Figure 7.5: The conductivity Leff of a wire with diffusive boundary 
scattering (p = 0) against the e-e scattering mean free path lee for 
various bulk-impurity mean free paths

lee ~W. It is clear that both the Knudsen effect and the Gurzhi effect on the 
conductivity become more prominent for larger ratios h/W. We furthermore 
note that the conductivity saturates to its bulk value (Leff —► h) when the e-e 
scattering rate becomes high (lee —> 0), which reflects the vanishing influence 
of the boundaries in this regime.

Let us now have a closer look at the effect of the boundary scattering. Fig. 
7.6 displays the conductivity of a h/W = 5 wire for various angle-independent 
specularity coefficients p. The conductivity increases with decreasing diffu­
sive boundary scattering. Besides this, we observe that for all p < 1 both 
the Knudsen and the Gurzhi effect are found. If the boundary scattering is 
fully specular (p = 1), Leff = k regardless of the amount of e-e scattering. 
Essentially, the situation of specular boundary scattering is equivalent to the 
bulk case, in which the effects of e-e scattering are absent. It is easily checked 
that lefi(y) = lb solves Eq. (7.26) for p = 1. The relative conductivity change 
at the Knudsen maximum ALeff/Leff (with respect to the lee = oo value) is 
depicted in the inset to Fig. 7.6. It decreases when the boundary scattering 
becomes less diffuse.

As we have remarked above, the modeling of the boundary scattering by a 
constant specularity coefficient is only approximate. Soffer [19] has shown that 
a better description is given by the angle-dependent specularity coefficient of 
Eq. (7.13). Since the hydrodynamic effects in the conductivity are caused
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P

Figure 7.6: The conductivity Leff of a wire with a mean free path 
lb = 5W against the e-e scattering mean free path lee for various 
specularity coefficients p. The inset shows the relative change in the 
conductivity at the Knudsen maximum (which corresponds to the min­
imum in the conductivity).

by the interplay between the e-e scattering and the boundary scattering, one 
may expect that the angle dependence leads to differences in the magnitude of 
the Knudsen and Gurzhi effects. Results comparing both models of boundary 
scattering are shown in Fig. 7.7. The parameters in both models are adjusted 
to yield equal conductivity in the absence of e-e scattering. It is clear from 
Fig. 7.7 that the angle-dependent scattering leads to a much larger Knudsen 
effect. The reason is as follows: The conductivity is mainly determined by 
electrons that move nearly parallel to the wire axis. These electrons hit the 
boundaries at grazing incidence. In the Softer model electrons at grazing 
incidence experience a rather high boundary specularity. However, to have 
an equal conductivity for both models in the absence of e-e scattering, the 
boundary scattering of electrons with larger incoming angles must be more 
diffusive in the Softer model. It is clear that this enhances the Knudsen effect.

So far, we have focused solely on the conductivity. More insight in the mi­
croscopic processes inside the wire can be obtained from the solution len(y)- 
Since it is proportional to the drift velocity according to Eq. (7.18), it rep­
resents the flow profile across the wire. Profiles for k = 5.5W and a = 0.7 
and various amounts of e-e scattering are shown in Fig. 7.8. In the absence
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Figure 7.7: Comparison of the conductivity Leff as a function of lee 
for constant boundary-scattering coefficients (dotted curves) and for 
angle-dependent coefficients (solid lines) according to Eq. (7.13). To 
have approximately equal conductivity in the absence of e-e scattering 
the comparison is between (top to bottom) p = 0.895, 0.87,0.845 and 
a = 0.6, 0.7, 0.8, respectively. The bulk-impurity mean free path U = 
5.5 W.

of e-e scattering the drift velocity is almost constant as a function of y. On 
increasing the e-e scattering rate, the flow profile over the full cross section 
of the wire shifts downwards due to the Knudsen effect: Occasional e-e scat­
tering events bend the electrons moving parallel to the wire axis towards the 
boundaries. This effectively decreases the drift velocity and thus the con­
ductivity. However, for smaller lee values the flow profile develops a distinct 
curvature. This indicates that electrons near the boundaries experience more 
friction due to diffusive boundary scattering than electrons in the middle of 
the wire. The eventual result of this change in the flow profile is that the 
conductivity increases with increasing e-e scattering rate, the Gurzhi effect. 
This behavior becomes more pronounced upon decreasing lee, and the profile 
becomes similar to the classical, laminar Poiseuille flow. Ultimately, however, 
the flow is limited by the bulk-impurity scattering, as shown by the curve in 
Fig. 7.8 for the smallest value of lee. The electrons in the middle of the wire 
have a drift velocity equal to the bulk value, whereas close to the boundaries 
the drift velocity goes to zero.

In this Section we have demonstrated which flow phenomena may occur 
in a wire with both diffusive impurity scattering as well as non-resistive e-e 
scattering. In the next Section we present how the theory can be brought into 
agreement with the experiments.
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Figure 7.8: Velocity profiles inside the wire show how the flow 
changes from the Knudsen up to the Gurzhi regime. Depicted are 
the (normalized) drift velocity Uff(y) as a function of the transverse 
coordinate y for /ee/W = 100 (x), 1 (A), 0.1 (+), 0.01 (□), and 0.001 
(O). The inset shows the conductivity Leff as a function of the e- 
e scattering length lee and the symbols that indicate to which value 
each flow profile corresponds. Results are for the bulk mean free path 
lb = 5.5W and for angle-dependent boundary scattering with a = 0.7.

7.5 Comparison between experiment and theory

Now that we have found that both the Knudsen and the Gurzhi effect as 
observed in the experiments, cf. Section 7.2, can at least qualitatively be 
understood by the theory of the previous Sections, we wish to make a more 
quantitative comparison. Note, that the experimental traces are dV/dl versus 
/ curves, whereas the theoretical results provide Leff as a function of IbJee, 
and W.

The resistance R of the sample, as measured in the experiment, is due to 
two contributions. First, there is the resistance of the wire itself. As shown in 
Chapter 5, this is equal — to a good approximation — to the sum of the Drude 
resistance and the Sharvin contact resistance [35]. The second contribution 
Rq is due to the unbounded regions in the 2DEG between the Ohmic contacts 
and the entrance of the wire (see inset to Fig. 7.1). Note, that in an ideal four- 
probe measurement, the contacts should be so close to the entrance of the wire,
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that this contribution would be absent. In the samples, the typical distance 
between the contacts and the wire is on the order of 200 pm. The actual value 
of R0 may vary from wire to wire, and with the lattice temperature. From 
previous experiments one estimates Rq ~ 60 — 90 ft. We thus have for the 
resistance [36]

R — Rq + fin t L
2e2kFW + Wa ’ (7.29)

in which the second term is the Sharvin resistance [35] and the third the 
Drude resistance. The conductivity a is given by Eq. (7.19). The values for 
L, W, n, and lb for each wire are displayed in Table 7.1. Due to the electrostatic 
depletion, the width W of the wires is slightly smaller than the lithographic 
width of the gate structure. For wire I we take W = 3.5 pm and for wires II 
and III W = 3.6 pm.

The theoretical Z/eff versus lee curve can now be transformed into an R 
versus I curve in a three step procedure. First, we apply Eq. (7.3), which 
gives the electron temperature Tc against I. Then, lee is determined as a 
function of Te through Eq. (7.4). Finally, the Boltzmann theory provides Leff 
(and thus a) for the given lee, so that the resistance is given by Eq. (7.29). 
There is a little subtlety here, since the resulting conductivity a is already 
used in Eq. (7.3). One could adopt two approaches: The first would be to 
neglect the dependence of a here and simply use its I = 0 value in Eq. (7.3). 
The second approach, which we have applied, is to find a self-consistent value 
of a and lee in a numerical procedure. Actually, this only slightly changes 
the I-axis. From the R versus I curve the differential resistance dV/dl versus 
I is found. It should be mentioned that we do expect some deviations in 
the I-axis, because of the approximate nature of Eq. (7.3). Because of the 
limited validity of Eq. (7.3) we can only treat the regime |/| < 20pA. This 
is sufficient since we only aim to model the Knudsen and the Gurzhi regimes. 
The dissipative behavior due to the heating of the lattice, which is observed 
for higher currents in Figs. 7.2 and 7.3, is not treated in the comparison.

In Fig. 7.9 we apply the above analysis for the differential resistance of 
wire II at T = 1.8 K. The experimental curve is a blow-up of the low­
est temperature trace in Fig. 7.3. The theoretical curves are for various 
boundary-scattering parameters and correspond to the plots in Fig. 7.7 (since 
lb = 5.5W). It should be stressed, that Rq is not included in the theoretical 
curves, since its precise value is not known. This will be the case for all the 
comparisons. Clearly the numerical results for a constant specularity coeffi­
cient display a far too weak Knudsen and Gurzhi behavior. Both effects can 
be increased by decreasing p, but this also enhances the 7 = 0 resistance to 
unreasonable values. The plots in which the boundary scattering is taken to 
be angle dependent — using Eq. (7.13) — display a much better resemblance
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Figure 7.9: Differential resistance dV/dl versus current I for wire 
II. The top curve is the experimental result at T = 1.8 K, as shown for 
a larger current range in Fig. 7.3. The other curves are theoretical re­
sults for various boundary-scattering parameters. The dotted lines are 
calculated with a constant specularity coefficient p = 0.845, 0.87, 0.895 
(top to bottom). The solid lines are calculated for angle-dependent 
boundary scattering, with a = 0.8,0.7,0.6 (top to bottom). Best 
agreement with experiment is found for a = 0.7 (thick curve).

with the experiment. The experiments thus clearly indicate the validity of 
Soffer’s model [19] for boundary scattering in split-gate defined wires. We 
find the best agreement with a = 0.7. At I = 0 the difference between the 
experimental and the theoretical resistance is 83 ft, which is within the right 
range of Rq.

We have applied the same analysis to the T = 1.5 K result of wire I. As 
noted above, the magnitude of the Knudsen effect is much smaller than in 
wires II and III due to the lower ratio of h/W = 3.5. This is indeed what 
is found in the theoretical calculation. The comparison between theory and 
experiment is given in the inset to Fig. 7.2. We have found that for wire I 
a = 0.6 yields the best agreement.

The values of a that emerge from the comparisons imply that the root- 
mean-square boundary roughness of the gate-defined wires 6 ~ 2.5 nm and 
that approximately 80% of the boundary scattering is specular. This is con­
sistent with earlier magneto-resistance and electron-focusing experiments in

|
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gate-defined 2DEG systems [12,37]. Note, that in the potassium-wires used 
for hydrodynamic electron-flow experiments the boundary scattering is much 
more diffusive, values of a « 25 are used [9].

Finally, we investigate the resistance behavior when the lattice temper­
ature is increased. The experimental curves for wire II and III for T =1.8,
3.5, and 4.5 K are given in Fig. 7.3. The change in lattice temperature both 
influences Eq. (7.3) as well as the bulk mean free path /*>, which also includes 
some electron-phonon scattering. The difference in the 7 = 0 resistance for 
the three temperatures are thus caused by changes in lb and in lee. Both 
increase the resistance with increasing lattice temperature. The decrease in 
lee causes a part of the Knudsen correction to be already incorporated in the 
7 = 0 value of dV/dl. From temperature-dependent mobility measurements 
one has lb = 18.5 finl at T = 3.1 K and lb = 17.1 fim at T = 4.5 K. Note, that 
for the theoretical analysis at T = 3.1,4.5 K we push Eq. (7.3) slightly beyond 
its range of validity. A comparison with theory for a = 0.7 is presented in 
Fig. 7.3. For both wire II and wire III, the theoretical curves are quite similar 
to the experiments as to shape and amplitude. The decrease in the Knudsen 
effect with increasing lattice temperature is indeed found. We do observe, 
however, a difference with the experiment for the additional offset between 
the individual curves. This is probably caused by a temperature dependence 
in Rq.

7.6 Discussion and conclusions
The experiments have provided an unambiguous demonstration of the occur­
rence of Knudsen and Gurzhi flow regimes in electron transport. The existence 
of these transport regimes has already been anticipated in the 1960’s [2,4]. 
Although some aspects of hydrodynamic electron flow have been observed 
in potassium wires [6-8], it is the high-mobility obtained in (Al,Ga)As het­
erostructures in combination with nano-lithography techniques that has made 
the observation of the complete transition from the Knudsen to the Gurzhi 
flow regime accessible. The current-heating technique appears to be an es­
sential tool, by which the e-e scattering rate can be varied, while keeping the 
other types of scattering unaltered. Due to the point-contact thermometry we 
are able to determine the electron temperature inside the wire as a function of 
the current. Although hydrodynamic electron flow has been predicted many 
years ago, its actual observation in the two-dimensional wires and the sheer 
size of the effects is quite astonishing.

We have developed a theory based on the Boltzmann transport equation. 
The theory is more complex than that for gas-flow because of the presence of 
bulk-impurity scattering. Most previous theoretical work [4,9,10,21] is only
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applicable to certain limiting flow regimes. Our approach is more general, in 
the sense that it provides the conductivity for the complete flow regime, i.e. for 
any value of the wire width, the e-e scattering length, and the bulk-impurity 
mean free path. It should be mentioned that we have made two essential sim­
plifications in our Boltzmann approach. First, we assume isotropic impurity 
scattering instead of the small-angle scattering known to occur in a 2DEG. 
Second, we apply a simple e-e scattering term due to Callaway [24], which 
only takes into account the conservation of the total momentum. At this mo­
ment, we do not see a method of solution of the Boltzmann equation with on 
the one hand more realistic scattering terms, and which is on the other hand 
applicable to the complete transport regime. However, our method already 
shows how complex the flow behavior becomes due to the combination of re­
sistive impurity scattering as well as partly diffusive boundary scattering and 
non-resistive e-e scattering.

A quantitative comparison between experiment and the Boltzmann the­
ory can be made, since the electron temperature and thus the e-e scatter­
ing length inside the wire can be inferred from experiment. The obtained 
agreement is quite good. This proves that in spite of its simplifications our 
Boltzmann theory contains the essential physical ingredients to describe the 
experiments. Our results show that the Soffer model [19] for angle-dependent 
boundary scattering is more appropriate to describe the scattering with the 
gate-defined wire boundaries than a constant specularity coefficient. Apart 
from the determination of the specularity parameter, our comparison is only 
based on experimental data and contains no fitting.

Recently, Gurzhi et ai have theoretically studied the angle-dependence of 
e-e scattering in a 2DEG [29]. They state that the resistance decrease observed 
in the experiments is due to a new hydrodynamic effect: Scattering between 
electrons with almost opposite momenta results in a one-dimensional diffusion 
of carriers. This theory is not suitable for a quantitative comparison with the 
experiments, but predicts qualitatively that the resistance decrease already 
starts for lee » W. However, in the experiments the resistance increases up 
to the Knudsen maximum, at which we estimate lee « W. This fact and the 
good agreement on the basis of our theory, in which no specific details of the 
e-e scattering are taken into account, do not support the conclusions of Ref. 
[29].

It would be of interest to perform further experiments on hydrodynamic 
electron flow. Promising areas of investigation are the influence of more dif­
fusive boundary scattering, e.g. in wires defined by reactive ion etching or 
ion exposure, and the application of a magnetic field. The theoretical anal­
ysis given here can be adopted in a straightforward manner to describe the 
transition from Knudsen to Gurzhi flow in three-dimensional systems.
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Appendix 7A
We show how Eq. (7.16) can be derived. The combination of the Boltzmann 
equation (7.7) with the impurity (7.9) and the e-e (7.11) scattering terms 
yields

—eEvp cos p + vp sin p dx(y><p) _ x(Vi<P)
dy t

2tr

II dp'
~2n xfav')

v')x(y,v'), (7.30)

with t—1 = r6_1 + r"1 For the time-independent case the drift velocity has no 
component in the ^-direction

2irJ ^-sinpx(y,<p) = 0 . (7.31)
o

As a result the cos(y> — p') in the last term in Eq. (7.30) can be replaced by 
cost/?cos<p'. Substitution of the parametrization (7.15) yields

— cos <p + cos p sin p dlMypp)
dy

— c°sipUff(y,ip) + 1 / costp' left(y,<p') 
l l J Air

o
+ COS<£ 7VC0S2 ,u( ()

lee J 7T
(7.32)

Analysis of Eq. (7.32) shows that lefr(y,p) and leff(y,n- V7) obey precisely the 
same equation. In addition the boundary conditions (7.14) are equal. Due to 
this symmetry we have

Jeff (y, <p) = leff(y j IT-(f). (7.33)

In combination with Eq. (7.15) it follows that the non-equilibrium density is 
zero for all y

cos pleff(y,v) = 0. (7.34)
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Thus, the second term on the r. h. s. of Eq. (7.32) vanishes. [This equally 
applies to the second terms on the r. h. s. of Eqs. (7.9), (7.11), and (7.14).] 
As a result Eq. (7.32) leads to the integro-differential equation (7.16) of the 
main text.

Appendix 7B
In this Appendix it is shown how some results presented in Section 7.4 can 
be obtained. We study the conductivity and its first order correction due 
to e-e scattering for a wire with diffusive boundary scattering (p = 0). By 
multiplication of Eq. (7.21) with cos2<p and integration over <p one finds

*/2

U(j/) = / - ^ J ^ cosV [e-v/,sinv +e-(VV-j,)/lsinV]
0

W *r/2
+ ~ [dy' f dip^^-e-. (7.35)

7Tfee J J Sin
0 0

In the limit of very small e-e scattering rate (lee » h,W) the next step 
is to solve Eq. (7.35) perturbatively. The first two terms of Eq. (7.35) are 
substituted into the third term. An additional integration over y then yields 
the conductivity [cf. Eq. (7.19)]

4/2 /2 0/3 0/3
=1" Zw^'w) + TZ - • (7-36)

1
/(A) = Jduuy/1 -u2 (l - , (7.37)

0 1

1 1

K( A) = J duu^l — u2 J dvvy/l — v
o

x r 1 - e~^Xu
| u + v

0 0
j _ e-l/\u-l/\v g—1/Aii _ g —1/Ai» ■

U — V
(7.38)

In the absence of e-e scattering (lee = oo) the conductivity is given by [12]

4/2
^=fc ■- • (7.39)
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The first order correction due to e-e scattering can be found by subtracting 
Eq. (7.39) from (7.36) and expanding l = lb — ll/lee- The result can be 
evaluated analytically in two limits. For a very wide wire Zj, <C W we use the 
results

Jim/(A) = i, (7.40a)

&*<*> = £’ (7'40b)

which provide Eqs. (7.24) and (7.25). In the opposite limiting regime of a 
very narrow wire (Z6 » W) the integrals (7.37) and (7.38) are more complex. 
We have obtained the following series expansions

Bm IW = j^(ln2A + k - 7) + C( A”3), (7.41a)

Um K(A) = g - -^(ln 2A + i - 7) + 0(\~3), (7.41b)

where 7 ~ 0.577 is Euler’s constant. These results yield Eqs. (7.22) and (7.23).
The first order correction due to e-e scattering in between these two regimes 

can be evaluated by subtracting Eq. (7.39) from (7.36). We then have

ALeff = ~
tee

■%K(k/W) - ^Ah/W)
77T

(7.42)

e_1/A“ . (7.43)

By numerical integration of /, J, and K the plots in Fig. 7.4 are obtained.
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Summary

This thesis contains a theoretical study of electrical conduction, in particular 
shot noise, in mesoscopic systems. Mesoscopic electronic devices, typically 
of very small dimensions and operating at low temperatures, exhibit new 
phenomena that are either absent or nonobservable in macroscopic conduc­
tors. The conductance describes the time-averaged current through the device, 
while the shot noise refers to the time-dependent fluctuations around the av­
erage. The origin of shot noise is the discreteness of the electrical charge. It is 
a fundamental property of the system, which in contrast to most other noise 
sources can not be eliminated by decreasing the temperature.

In Chapter 2 the sample-to-sample fluctuations in the shot-noise power 
of a quasi-one-dimensional, phase-coherent, metallic, diffusive conductor are 
studied through a scaling equation. The variance of the shot-noise power is 
shown to be independent of the sample-size and the degree of disorder. The 
precise numerical value is calculated. Furthermore, a weak-localization effect 
in the average shot-noise power is found. The effect of inelastic scattering for 
conductors longer than the phase-coherence length is discussed.

In Chapter 3 the shot-noise power of a normal-metal-superconductor junc­
tion is studied for arbitrary normal region. Through a scattering approach, a 
formula is derived which expresses the shot-noise power in terms of the trans­
mission eigenvalues of the normal region. The noise power divided by the 
current is enhanced by a factor two with respect to its normal-state value, 
due to Cooper-pair transport in the superconductor. For a disordered normal 
region, it is still smaller than the Poisson noise, as a consequence of noiseless 
open scattering channels.

In Chapter 4 the transport properties of a ferromagnet-superconductor 
(FS) junction are studied in a scattering formulation. Andreev reflection at 
the FS interface is strongly affected by the exchange interaction in the ferro- 
magnet. The conductance Gps of a- ballistic point contact between F and S 
can be both larger or smaller than the value Gfn with the superconductor in 
the normal state, depending on the ratio of the exchange and Fermi energies. 
If the ferromagnet contains a tunnel barrier (I), the conductance Gfifs ex"
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hibits resonances which do not vanish in linear response — in contrast to the 
Tomasch oscillations for non-ferromagnetic materials.

In Chapter 5 the resistance of a conductor is calculated from the ballistic 
up to the diffusive transport regime through a semi-classical transmission ap­
proach. A formula is derived which describes the transition from the Sharvin 
resistance to the Drude resistance when the mean free path becomes compa­
rable to the wire length. The exact expression differs less than 2.5% from an 
interpolation formula which simply adds the two resistances. Good agreement 
with an experiment is obtained.

In Chapter 6 the Boltzmann-Langevin equation is used to relate the shot- 
noise power of a mesoscopic conductor to classical transmission probabilities 
at the Fermi level. This semiclassical theory is applied to conduction through 
a disordered region with impurity scattering. It is shown how the shot noise 
crosses over from zero in the ballistic regime to one-third of the Poisson noise 
in the diffusive regime. Furthermore, shot noise in a conductor consisting of 
7i tunnel barriers in series is discussed. For n goes to infinity the shot noise 
approaches one-third of the Poisson noise, independent of the transparency of 
the barriers. The analysis of Chapter 6 confirms that the one-third suppression 
of the shot noise known to occur in diffusive conductors does not require phase 
coherence. In addition, the effects of electron heating and inelastic scattering 
on the noise are calculated. This is modeled by putting charge-conserving 
electron reservoirs between phase-coherent segments of the conductor. The 
shot noise is slightly enhanced by the electron heating and is fully suppressed 
by the inelastic scattering.

Chapter 7 deals with the effect of hydrodynamic electron flow on the 
differential resistance of narrow conductors. A series of experiments is de­
scribed on electrostatically defined wires in the two-dimensional electron gas 
in (Al,Ga)As heterostructures. In these experiments current heating is used 
to induce a controlled increase in the number of electron-electron collisions 
in the wire. The interplay between boundary scattering and electron-electron 
scattering leads first to an increase and then to a decrease of the resistance 
of the wire with increasing current. These effects are the electronic analog of 
Knudsen and Poiseuille flow in gas transport, respectively. In order to explain 
these experiments in a quantitative way, the Boltzmann transport equation 
is used, including impurity, electron-electron, and boundary scattering. A so­
lution is obtained for arbitrary scattering parameters. By calculation of flow 
profiles inside the wire it is shown how normal flow evolves into Poiseuille 
flow. The boundary-scattering parameters for the gate-defined wires can be 
deduced from the magnitude of the Knudsen effect. Good agreement between 
experiment and theory is obtained.



Samenvatting
Hagelruis en electrische geleiding 
in mesoscopische systemen

Dit proefschrift omvat een theoretische studie naar eigenschappen van elec­
trische geleiding, in het bijzonder hagelruis, in kleine electronische systemen. 
Fabrikanten van microelectronica doen grote inspanningen om electronische 
circuits te miniaturiseren en te integreren. Hierdoor is het mogelijk om elec­
tronische componenten te produceren met afmetingen van een micrometer en 
kleiner. Enerzijds zijn deze structuren macroscopisch, daar zij uit vele miljar- 
den atomen bestaan. Anderzijds volstaat de klassieke, macroscopische natuur- 
kunde niet om het fysisch gedrag van deze structuren te beschrijven, vooral 
bij zeer lage temperaturen. Het blijkt noodzakelijk om tevens theorieen uit de 
microscopische wereld van atomen en moleculen toe te passen. Deze nieuwe 
tak van de natuurkunde wordt daarom mesoscopische fysica genoemd. Het 
afgelopen decennium is de belangstelling voor electrisch transport door me­
soscopische geleiders sterk toegenomen. Deze geleiders vertonen nieuw gedrag 
dat niet voorkomt, of niet waarneembaar is in macroscopische geleiders.

De geleiding is gedefinieerd als de verhouding tussen de tijdsgemiddelde 
stroom en de aangelegde spanning. De ruis beschrijft de tijdsafhankelijke 
fluctuates rondom de gemiddelde stroom. De grootte van deze fluctuates 
wordt weergegeven door het ruisvermogen per frequentiecomponent. Er zijn 
verschillende soorten ruis, zoals thermische ruis, weerstandsruis en hagelruis. 
Deze laatste wordt veroorzaakt doordat de electrische stroom gedragen wordt 
door electronen. De stroom is dus niet continu, maar bestaat uit een reeks 
miniscule pulsjes, die elk overeenkomen met het transport van een enkel elec­
tron. Hagelruis wordt gekenmerkt door een wit ruisspectrum. Het is een 
fundamentele eigenschap van de geleider en kan in tegenstelling tot overige 
soorten van ruis niet geelimineerd worden door de temperatuur te verlagen. 
Het hagelruisvermogen geeft informatie over de geleidingsprocessen in het sys- 
teem die men niet kan verkrijgen door enkel de geleiding te beschouwen. Het 
klassieke voorbeeld is een vacuiimdiode. De hagelruis hiervan is gelijk aan de 
Poissonruis, twee keer de electronlading maal de tijdsgemiddelde stroom. Dit
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geeft aan dat de electronen volledig ongecorreleerd, als in een Poissonproces, 
van de kathode geemitteerd worden naar de anode. Als in een geleider de 
hagelruis kleiner is dan de Poissonruis, duidt dit op fysische processen die de 
stroom gecorreleerder maken.

In Hoofdstuk 2 wordt het hagelruisvermogen van een fasecoherente, dif­
fuse geleider bestudeerd door middel van een schaalvergelijking. De lengte van 
een diffuse geleider is veel groter dan de vrije weglengte, de afstand waarop 
electronen verstrooid worden aan onzuiverheden in het rooster. De hagelruis 
blijkt een derde van de Poissonruis te zijn. Deze waarde is het gemiddelde over 
een verzameling van raacroscopisch identieke geleiders. Deze geleiders verto- 
nen verschillen op microscopische schaal, omdat de onzuiverheden willekeurig 
verdeeld zijn. Dit en het golfkarakter van de electronen geeft van geleider tot 
geleider variaties in de transporteigenschappen. Uit berekening van deze me- 
soscopische fluctuaties op het hagelruisvermogen blijkt dat deze onafhankelijk 
zijn van de geleiderafmetingen en de mate van wanorde in de geleider. Tevens 
is er een effect van “zwakke localisatie,” waarneembaar als een kleine afname 
van het gemiddelde hagelruisvermogen in een magnetisch veld.

Hoofdstuk 3 behandelt het hagelruisvermogen van een junctie tussen een 
normaal metaal en een supergeleider (een NS junctie). In een supergelei- 
der wordt de stroom weerstandsloos gedragen door paren van electronen, de 
Cooperparen. Het transport aan het grensvlak tussen metaal en supergelei­
der vindt plaats middels het Andreevreflectieproces: Een inkomend electron 
in het normale metaal wordt gereflecteerd als een gat, terwijl er een Cooper- 
paar de supergeleider ingaat. Als gevolg van het Cooperpaartransport in 
de supergeleider is het ruisvermogen per eenheid van stroom verdubbeld ten 
opzichte van het ruisvermogen van een junctie zonder supergeleider. Voor een 
wanordelijke NS junctie is de hagelruis nog steeds kleiner dan de Poissonruis.

In Hoofdstuk 4 wordt het transport door een ferromagneet-supergeleider 
(FS) junctie bestudeerd. Een ferromagneet heeft een netto magnetisatie, 
doordat er zich meer electronen in de spin-op dan in de spin-neer toestand 
bevinden. De grootte van deze asymmetrie in de bezetting van de spin- 
toestanden wordt bepaald door de plaats-ruilwisselwerking. Aangezien een 
Cooperpaar uit zowel een electron met spin-op als met spin-neer bestaat, 
wordt de Andreevreflectie aan het FS grensvlak sterk be'invloed door de plaats- 
ruilwisselwerking in de ferromagneet. De geleiding van een ballistisch punt- 
contact tussen F en S kan zowel groter als kleiner zijn dan de geleiding waarbij 
de supergeleider in de normale toestand is. Dit hangt af van de verhouding 
tussen de plaats-ruilenergie en de Fermi-energie. Als de ferromagneet een tun- 
nelbarriere bevat, vertoont de geleiding resonanties als functie van de afstand 
tussen de tunnelbarri&re en het FS grensvlak.

De berekeningen in Hoofdstukken 2 tot en met 4 zijn gebaseerd op de 
quantummechanica, waarin met behulp van de Schrodingervergelijking het
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golfkarakter van het electron volledig wordt meegenomen. De Hoofdstukken 5 
tot en met 7 gaan uit van de semiklassieke Boltzmannvergelijking. Hierin be- 
wegen de electronen volgens de wetten van de klassieke mechanica en voldoen 
zij tevens aan het uitsluitingsprincipe van Pauli.

In Hoofdstuk 5 wordt de weerstand van een geleider berekend voor wille- 
keurige verhouding tussen de vrije weglengte en de lengte van de geleider. Er 
wordt een formule afgeleid die de overgang van het ballistische naar het diffuse 
transportregime beschrijft. De exacte uitdrukking verschilt minder dan 2.5% 
van een interpolatieformule die de weerstanden in de twee limiterende regimes 
optelt. Er is goede overeenstemming met experimenten.

Hoofdstuk 6 maakt gebruik van de Boltzmann-Langevinvergelijkingom het 
hagelruisvermogen van een mesoscopische geleider te relateren aan klassieke 
transmissiekansen van electronen. Deze semiklassieke theorie wordt toegepast 
op het transport door een wanordelijk gebied met elastische verstrooiing aan 
onzuiverheden. Er wordt berekend hoe de hagelruis varieert van nul in het 
ballistische regime, tot een derde van de Poissonruis in het diffuse regime. 
Tevens wordt de hagelruis bestudeerd in een geleider die bestaat uit n tun- 
nelbarrieres in serie. Als n naar oneindig gaat, nadert de hagelruis tot een 
derde van de Poissonruis, onafhankelijk van de hoogte van de barrieres. De 
analyse in Hoofdstuk 6 bevestigt dat de onderdrukking met een derde, zoals 
die in diffuse geleiders optreedt, geen fasecoherentie behoeft. Tevens wordt de 
invloed van electron-electron en inelastische verstrooiing bepaald. Het blijkt 
dat electron-electron verstrooiing de hagelruis iets doet toenemen, terwijl in­
elastische verstrooiing de hagelruis volledig doet verdwijnen. Dit laatste effect 
is de reden dat de hagelruis in een klassieke weerstand afwezig is.

Hoofdstuk 7 behandelt de invloed van hydrodynamische electronenstro- 
ming op de weerstand van smalle draden. Er zijn experimenten uitgevoerd in 
draden die electrostatisch gedefinieerd worden in een tweedimensionaal elec- 
tronengas in (Al,Ga)As heterostructuren. Bij toename van de stroom neemt 
het aantal electron-electron botsingen toe. Het samenspel van wandverstrooi- 
ing en electron-electron verstrooiing leidt bij toenemende stroom eerst tot 
een verhoging en vervolgens tot een verlaging van de weerstand van de draad. 
Deze twee effecten zijn het electronische analogon van respectievelijk Knudsen- 
en Poiseuillestroming in gastransport. Om de experimenten quantitatief te 
verklaren wordt gebruik gemaakt van de Boltzmannvergelijking, die zowel 
verstrooiing aan onzuiverheden en wanden als van de electronen onderling 
beschrijft. Berekende stromingsprofielen in de draad demonstreren hoe de nor- 
male stroming evolueert in Poiseuillestroming. De theorie stemt goed overeen 
met het experiment.
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