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Chapter 1

Introduction

1.1 Preface

This thesis is devoted to the study of the role of flat bands in transport
and interacting properties of atomically-thin materials.

Flat band is defined as a part of Bloch band with macroscopically large
region of momentum space with nearly constant dispersion. Why the flat
bands are so important? The answer is given by considerations coming
from classical physics (mechanics, electrodynamics). The equations of
motion for a single particle in external potential U are captured by the
Lagrangian function L =T — U or Hamiltonian H = T'+ U with T being
a kinetic energy. The definition of flat band says that T is approximately
constant in some parameter range - region in momentum space. Adjusting
the energy level to this constant level T = T—Tj, we find that L = T—U ~
U. This means that the physics of a particle are determined solely by an
external potential. Such situation in not typical for classical physics. The
clear consequence of this estimation appears in quantum systems: even
weak potential or interactions inside the system lead to instability of the
initial ground state and re-configuration. In the modern experiments the
investigation of possible new ground states in a flat band systems is a
young topic which appeared just 5 years ago with a discovery of magic
angle twisted bilayer graphene [1]. Nevertheless, the enormous attention
led to appearance of many thousands of papers with number of intriguing
results. The most prominent examples are discoveries of superconductivity
and Mott insulating states in magic angle twisted bilayer [1] and trilayer
[2], superconducting states in Bernal bilayer [3] and ABC trilayer graphene
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[4], and Kagome metals [5].

In this thesis several theoretical predictions for the new ground states
in flat band systems are discussed. One might ask why the ground state of
flat band systems is so hard to calculate? The reason is that the presence
of flat band enhances the role of all interactions. Thus, a very rigorous
symmetry analysis and precise estimation of each of interaction constants
is required to build a phase diagram and understand which phase domi-
nates. In the Chapter 2 the strong enhancement of RKKY spin-spin inter-
actions is predicted. For the case when the screened Coulomb interaction
is present, the possibility of formation of excitonic gap with intervalley-
polarized order is discussed in Chapter 3. These results can be viewed as a
building blocks for future theory of phase diagram in flat band materials.
Based on experiments like [1, 6] it is expected that one would have the
competition between all these correlated states, and as an example the
final ground state might have unconventional type of superconductivity.
Also the high controllability in experiments with 2D materials might allow
to tune and select which of interactions will be dominating in particular
setup. Other main chapters of this thesis are devoted to the study of the
role of flat bands in a non-interacting case. Such situation is typical for
realizations of flat band materials in artificial systems such as STM-type
experiments with electronic lattices [7], optical lattice realizations [8] or
superlattice structures in organic chemical frameworks [9, 10].

1.2 Examples of simple tight-binding models with
flat bands

Next, let us introduce the particular examples of flat band models studied
in this thesis. The main idea behind these lattices is that they have simple
geometry and the tight-binding description gives simple Hamiltonians that
can be analyzed with analytical and numerical methods. The two lattices,
dice and Lieb, discussed below are examples of bipartite lattices where
connection between two different sublattices is made only via hopping
parameters to third sublattice.

1.2.1 Dice lattice and o — 75 model

The dice (also called 7T3) lattice is probably historically the first tight-
binding model with flat bands. It was firstly studied by B. Sutherland
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as a

Figure 1.1. The dice (also called 73) lattice whose red points display atoms
of the A sublattice, blue points describe the B sublattice, and the green points
define the C sublattice. The vectors a; = (v/3, 0)d and ay = (v/3/2, 3/2)d are
the basis vectors of the C' sublattice. The nearest neighbor hopping parameters
between hub (C) and rim (A, B) atoms are ¢; and ¢s.

in 1986 [11] as an example where localization of wave functions happens
due to local topology. The o — 73 model describes quasiparticles in two
dimensions on the dice lattice schematically shown in Fig.1.1, where d
denotes the distance between neighbor atoms. This lattice has a unit cell
with three different lattice sites whose two sites (A, C) like in graphene
form a honeycomb lattice with hopping amplitude ¢t 4o = t1 and additional
B sites at the center of each hexagon are connected to the C sites with
hopping amplitude tpc = to. The C atoms are called hub centers, while
A and B are rim sites, and electrons hop between rim and hub atoms only.
Two hopping parameters t; and to are not equal, in general, and the dice
model corresponds to the limit ¢; = t5. The lattice structure and basis
vectors a; = (v/3,0)d, ag = (v/3/2,3/2)d are shown on Fig.1.1. Since
there are three atoms per unit cell, the wave functions can be written in
terms of 3-component vectors with elements assigned to each sublattice.
This leads to the so-called pseudospin S = 1 description.
The tight-binding equations are [12]:

eWe(r)=—t1 > Wa(r+681) — 2> Up(r— &),
J J

eVy(r)=—t1 Z Uo(r — 63-4),

eUp(r) = —tQZ\I'C(r+534), (1.1)
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where the vectors 63-4 connect nearest neighbor atoms C' to atoms A:

_ atas

with a3 =ag — aj.
(1.2)

The corresponding tight-binding Hamiltonian in momentum space reads
[13]

0 frcos© 0
Ho(k) =| ficos®© 0 fesin® |, a=tan® ==
0 frsin® 0

fe = —\/t3 + 13 (1 4 e7kaz 4 gmikas) (1.3)

and acts on three-component wave functions with the following order of
components U1 = (Ua,¥c,Up). As was noted in Introduction, the angle
© can be used to interpolate between graphene and dice model. Thus, our
results can be compared with graphene literature by taking limit © — 0
or © — 3.

It is easy to derive the energy spectrum of the above Hamiltonian,
which is qualitatively the same for any a and consists of three bands:
the zero-energy flat band, £o(k) = 0, whose existence is protected by the
particle-hole symmetry, and two dispersive bands

1/2
ex(k) = £|fi| = /12 + 13 {3 + 2(cos(a1k) + cos(azk) + cos(ask))

(1.4)
The eigenvectors in the whole Brillouin zone (BZ) are given by Eq.(2) in
[13] (gapless case) and by Eq.(5) in [14] (gapped case). For dispersionless
band the wave function is localized on atoms of sublattices A, B while it
is zero on hub atoms C. The presence of a completely flat band with zero
energy is perhaps one of the remarkable properties of the o — T3 lattice
model.
There are six values of momentum for which fr = 0 and all three
bands intersect. They are situated at corners of the hexagonal Brillouin
zone. The two inequivalent points, for example, are

21 (V3 1 , 2 V31
K:d<9’3>’ K_d<_9’3>' (1.5)
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For momenta near the K-points, k = K(K') + k, we find that fj is
linear in k, ie., fx = hvp(Eky — ik,) with valley index ¢ = +, where
vp = 3td/2h is the Fermi velocity, and in what follows we omit for the
simplicity of notation the tilde over momentum. As for lattice parameters
we take their numerical values the same as in graphene. Hence, in the
linear order to momentum deviations from the K and K’ points, the
low-energy Hamiltonian describes massless pseudospin-1 fermions [12, 13]
which for equal hoppings, © = 7/4, is given by the scalar product of
momentum and the spin-1 matrices:

He(k) = hop (ESpke + Syky) ,

010 0 - 0

0 C Sy=— i 0 —i (1.6)
1 0

Se = —=
V2 10

1 1
V2 0 0
where k = q — K¢ is the wave vector measured relative to the Dirac points
located at K¢ = £47/(3v/3a) {1,0}, corresponding to K (£ = +) and K’
(¢ = —) points, and v = 3ta/(v/2h) is the Fermi velocity. This Hamilto-
nian reminds a Dirac-type Hamiltonian (relativistic dispersion) but now
for spin-1 particles. Such effective Hamiltonians, that do not occur for
elementary particles in high-energy physics, attracted much attention in
the last years [15].

The T3 lattice was experimentally realized in Josephson arrays [16, 17]
as well as in a network made of metallic wires tailored in a high mobil-
ity two-dimensional electron gas [18], and its optical realization by laser
beams was proposed in Ref.[19]. The atomic-scale realization of dice lat-
tice is missing because of the complexity of hopping structure (the hop-
pings between neighboring A and B sublattices should be strongly sup-
pressed).

1.2.2 Lieb lattice

The Lieb lattice is schematically shown in Fig.1.2. It was studied by E. H.
Lieb in 1989 [20] in connection with specific properties of Heisenberg spin
model on it. This lattice consists of three square sublattices, with atoms
placed in the corners and in the middle of each side of big squares forming
a line-centered-square lattice. The tight-binding equations describing this
lattice are very similar to Eq.(1.1), the only difference comes from the
orientation of vectors connecting nearest neighbors ¢;. The tight-binding
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Figure 1.2. The Lieb lattice whose red points display atoms of the A sublattice,
blue points describe the B sublattice, and the green points define the C' sublat-
tice. The vectors a1 = (1, 0)a and az = (0, 1)a are the basis vectors of the B
sublattice. The nearest neighbor hopping parameters between hub (B) and rim
(A, C) atoms are ¢; and to.

Hamiltonian was described in Ref.[21]:

0 —2t cos (kya/2) 0
Ho=| —2tcos(kza/2) 0 —2t cos (kya/2) (1.7)
0 —2t cos (kya/2) 0

Notably, the dispersion contains only single Dirac cone inside first Bril-
louin zone (see Fig.1.2). This Hamiltonian reduces to the following low-
energy model near the center of BZ k; y = 7 + qu 4t

0 VFQzx 0
Hriep = | vrgz 0  vpgy |. (1.8)
0 VEQy 0

The energy dispersions defined by this Hamiltonian are given by three
bands, one is flat band and the other two are dispersive bands (see Fig.4.4c):

g0 =0, e+ = £2ty/cos? (kya/2) + cos? (kya/2). (1.9)

The notable property of both dice and Lieb lattices in that flat band is
placed at charge-neutrality point. Below we discuss the structure of wave
functions in flat band in real space.

The experimental realization of Lieb lattice on atomic scale was made
with the help of STM technique that creates an electronic lattice on surface
of substrate [7].
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Figure 1.3. The configuration of flat band state wave function that is localized
around one of the hub sites. While the components of the wave function on a
hub (green C) sites are zeros, the sign-alternating components on A and B sites
compose a localized state.

1.2.3 Structure of flat band wave functions on a lattice

The main feature of the models described above in the presence of exactly
flat band at the charge-neutrality point in the spectrum. it is easy to find
flat band solutions in momentum space from tight-binding Hamiltonian.
But the question arises - how such states are organized on a lattice? The
answer on this question was the historical motivation that attracted atten-
tion to these lattices [11, 20] well before the first atomically-thin material
was experimentally realized [22].

Let us look on tight-binding equations (1.1). The flat band placed at
zero energy results in three equations:

0= —tlz\I/A(T—i-(sA _tQZ‘I/B T—5A>
J
=—t1 Y Uo(r—dt), —tQZ\lfo +67). (1.10)
J

The two last equations are equivalent and give the same solution ¥ (r) =
0. The first equation gives algebraic relation on components of wave func-
tion on A and B sublattices, that can be easily satisfied by choosing the
sign structures of the components according to the Fig.1.3. For exam-
ple, all B-components are equal to Wp = —t1/taW¥ 4. The state shown in
Fig.1.3 is localized around one of the sublattice C' sites. For each site one
can build correspond state, thus having the high degeneracy of such flat
band of the order of number of atoms in the sample. The experiments
[16-18] have confirmed the existence of novel localization effects, which
arise due to the presence of flat band in the spectrum of 73 lattice.
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1.3 Beyond exactly flat bands: high-order van
Hove singularities

In experiments with atomically-thin crystals it is typical to have not ex-
actly flat bands due to different next nearest neighbor hopping terms, role
of substrates and similar effects [1, 23]. The general concept that captures
relatively “flat” parts of band in a dispersion are called saddle points. The
corresponding pronounced divergent peaks in density of states are called
van Hove singularities. The original concept was studied by L. van Hove in
1953 [24]. Recently, a generalization of the concept, called high-order van
Hove singularities, was introduced by Liang Fu group [25]. The difference
between these concepts is the following:

1) The term “flat bands” in this Thesis is used to describe bands
that have constant dispersion, thus representing mathematically precise
flatness of the band. The corresponding density of states has a Dirac
delta-function peak;

2) the usual van Hove singularities correspond to momentum-dependent
dispersion e(ky, ky) ~ k2 — k; and give logarithmically-divergent density
of states;

3) the high-order van Hove singularities give power law divergent den-
sity of states.

All such features in the band structure are expected to produce strongly
correlated states (superconductivity, etc) at corresponding doping due to
high density of states and small group velocity of quasiparticles [26-28].
However, some observable signatures might be different and the Sixth
Chapter 6 studies such differences for orbital susceptibility. The classifi-
cation of high-order van Hove singularities was given in Refs.[29, 30], and
the field of discovering materials with them only starts its growing.

1.4 Zero energy modes: Majorana zero modes
and Andreev bound states

When the flat band is placed close to charge-neutrality point in the sys-
tem the whole reach physical picture coming from flat bands becomes
easily accessible for experimental studies. In addition to discussion of
possible physical effects related to the flat bands in 2D crystals, this the-
sis also contains several results related to another type of states placed



1.5 About this thesis 9

near charge-neutrality point: Majorana zero modes and Andreeev bound
states.

In the past decades the great attention was given to a possibility of
making topologically protected quantum qubit. One of the key possibili-
ties was to use so-called Majorana zero modes - a collective excitations in
superconductors that are bound to zero energy (charge neutrality point)
and are non-Abelian anions.

However, they are typically mimicked by another non-topological modes
placed at or around charge neutrality point - Andreeev bound states. Such
bound states appear in Josephson junctions. In this case mimicking means
that the expected observable signatures of Majorana zero modes are nearly
exactly reproduced by Andreev bound states.

Modern experimental state of this is the following: there are devised
that host Majorana modes, however their manufacturing is related to enor-
mously complicated process of reducing disorder [31]. Still a next gener-
ation of experiments is required to make Majorana zero modes accessible
for quantum computing.

In this thesis chapters 7 and 8 are devoted to Majorana zero modes
and the signatures mimicked by Andreev bound states.

1.5 About this thesis

Below follows the brief description of chapter contents:

1.5.1 Chapter 2

The Second chapter is devoted to the study of spin-spin interaction be-
tween two impurities placed on a 2D dice lattice. Such interaction is
mediated by the electrons of a lattice. It is called Ruderman-Kittel-
Kasuya-Yoshida [32-34] spin-spin interaction. The RKKY interaction was
calculated using the effective low-energy theory that works close to charge-
neutrality point and captures flat band and Dirac cones. The standard
approximation of RKKY interaction which uses non-interacting Green’s
function of the electrons was used. The main results concerning the role
of flat band are the following: the RKKY interaction between two im-
purities is strongly enhanced and diverges as inverse temperature when
chemical potential placed at flat band level. At the same time enhance-
ment is finite but large when the chemical potential is close to flat band
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level. Such picture holds only for certain positions of impurities related to
the localization of flat band wave functions. Apart from that, the descrip-
tion of the RKKY interaction for arbitrary temperatures and positions of
chemical potential are given in terms of exact analytic expressions.

Apart from that, the chapter contains important mathematical results
for the physics of RKKY interaction in graphene. The interaction integrals
are calculated in the most general fashion with both finite temperature
and chemical potential taken into account. The exact analytic expressions
obtained there allow one to analyze dependencies on physical parameters
and relative positions of impurities on different sublattices as well as obtain
short exponentially-precise asymptotic expressions.

1.5.2 Chapter 3

In the Third Chapter the role of flat band in dynamical generation of
excitonic gap is studied. Excitons are bound states of electron and holes
tied by an attractive Coulomb interaction. The excitonic gap in the spec-
trum appears when it is energetically favorable to create excitons out of
electrons and holes that have energies close to charge-neutrality point.
Experimentally and theoretically it was found that the excitonic gap is
generated in multilayer graphene (see Refs.[35-44]) and the more softer
dispersion is - the larger gap is generated. Such picture is in agreement
with simple considerations about the role of kinetic and potential energies
discussed in the Preface (1.1) of this Introduction.

As the flat bands represent the most soft type of kinetic energy, it
is expected that the dynamical excitonic gap generation should be favor-
able. In the Chapter 3 several possible gap parameters for dice lattice
are studied that satisfy symmetries and correspond to different pairings
in sublattice spaces. It is shown that among several possible scenarios one
dominates as energetically more favorable. The excitonic gap in such case
has an intervalley type (pairing happens for quasiparticles from different
valleys). For the formation of corresponding order parameter (excitonic
gap) the flat band plays a role of catalyst. Similarly to chemical reac-
tions, where the catalyst does not disappear during reaction but helps it
to proceed more efficiently, the excitonic gap formation splits flat band
into two but leaves both of them perfectly flat. But, the flat band enor-
mously enhances the energy gap size. These predictions suggest that such
mechanism might compete with superconductivity in flat band systems
and dominate in their transport properties at intermediate temperatures
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leading to insulating state.

In addition, it is important to underline that the type of excitonic
gap that is favorable due to flat band catalysis has particular type of
symmetry. In other words, not every type of excitonic order parameter is
enhanced in the presence of flat band. The studies of such valley-mixing
order parameters in more complicated systems such as twisted bilayer
graphene are very active ongoing topic [45, 46].

1.5.3 Chapter 4

In the Fourth Chapter of this thesis the role of flat bands in the optical
properties of dice and Lieb lattices was analyzed. For this purpose a
zitterbewegung method, firstly introduced by J. Cserti et.al. [47], was
generalized to be used for different effective models.

The calculation of optical conductivity is based on a Kubo formula for
linear response. However, for most typical models the analytical calcula-
tions quickly become very complicated and the full integration cannot be
performed. The idea behind zitterbewegung method is to convert part of
calculation complexity into solution of differential equations - Heisenberg
equations of motion. For particles with positive and negative energy bands
in spectrum such equations predict a trembling motion, zitterbewegung
(firstly discovered by Schrédinger in 1930 [48]). Trembling motion in this
case means that the position of free propagating wave packet performs
oscillations with very small amplitude and high frequency.

In the case of optical conductivity the solutions of Heisenberg equa-
tions and proper substitution of results into current response correlators
allowed to perform full calculation for a number of effective models. In
the Fourth Chapter we firstly analyzed the optical conductivity of semi-
Dirac model where the Dirac cones can move with varying parameters
of the model and merge into one. The obtained exact expressions cap-
ture the contributions of different transitions into optical condctivity. In
particular, the role of anisotropy and contribution of transitions between
van Hove singularities into the high peaks in conductivity were shown. In
addition, the dice and Lieb flat band models were studied. Notably, the
flat bands always support transitions from the dispersive bands, but in
the case of dice model no transitions between two dispersive bands are
allowed [49]. This is in contrast to what is found for the Lieb lattice in
Chapter Four.

Additional mathematical result in the Chapter is that the zitterbewe-
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gung method can be applied to effective models with complicated matrix
algebras. This enhances the potential applicability of a method to new sys-
tems with other pseudospin structures frequently uncovered in last years
[15].

1.5.4 Chapter 5

The Fifth Chapter is devoted to the study of bilayer dice lattices. As it is
known from experiments, the different stackings of the same single-atom-
thick lattices give the systems with very different properties. The most
prominent example is the twisted bilayer graphene [1], where the proper
rotation angle between layers allowed to achieve superconductivity. The
idea of the Fifth Chapter is to study more simple stackings of two identical
dice lattices with different sublattices aligned on top of each other. Since
the dice lattice itself has flat band in spectrum and thus contains the
pseudospin-1 fermions as effective quasiparticles, it is interesting to see
whether bilayer configuration would preserve such quasiparticles.

The results of the Chapter show that while the triply degenerate
points are always preserved, the effective dispersion of quasiparticles might
change. The classification of all commensurate simple stackings is per-
formed and it is shown that one can achieve pseudospin-1, semi-Dirac
type of dispersion (with different dispersion law - linear and quadratic de-
pending on direction) or nodal line crossings where two bands cross each
other along high-symmetry line. Also the triple points are shifted from
the charge-neutrality points, which means that the pseudospin-1 quasi-
particles would be accessible upon doping. The results of this Chapter
show how reach physics one could obtain out of bilayer stacking of a very
simple flat band model.

The studies of such multilayer systems might explain how the prop-
erties of underlying simple flat band models result in nontrivial physics
observed in more complicated crystals. As an example, one could think
about Kagome metals where the perfect flat-band lattice is placed as a
layer of 3D crystal [23] and several such layers separated from each other
are present in chemically-stable order in a sample.

1.5.5 Chapter 6

In the Sixth Chapter the discussion about the role of flat bands in mag-
netic properties of 2D crystals is extended to the case of high-order van
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Hove singularities. As it was shown in the literature, the usual van Hove
singularities lead to paramagnetic response of the system [50], the exactly
flat bands in the dice lattice lead to very strong paramagnetic response
[13]. The corresponding paramagnetic response is manifestedvi a Dirac
delta-function shape of the orbital susceptibility as function of chemical
potential. Notably, in dice lattice this paramagnetic response dominates
the diamagnetic Delta-like response of Dirac cones, which was present in
graphene [51].

The focus of the Chapter is concentrated on studying the role of not
perfectly flat bands - high-order van Hove singulatiries, in orbital suscepti-
bility. As an example, the square-octagon lattice is analyzed. Such lattice
was expected to occur as a stable 2D graphene allotrope - T-graphene, [52],
but now is studied in connection with transition-metal dichalcogenides
[53]. The chapter contains detailed characterization of tight-binding model
describing square-octagon lattice, effective models that have form of 1)
relativistic pseudospin-1 type and 2) second-order that capture precisely
dispersion of high-order saddle point. Based on these models it is shown
that paramagnetic contribution from van Hove singularity is weaker than
that of flat band. The numerical calculations of orbital susceptibility show
that the para-to-diamagnetic phase transition is possible if the parameters
of the system are tuned.

The results on orbital susceptibility presented in the chapter show that
magnetic properties of van Hove singularities of different kinds are more
complicated that for exactly flat bands, and the full analysis of their role
in orbital susceptibility for the novel 2D materials should be performed in
future.

Next follow the additional chapters that are not focused on flat bands,
but are related to zero-energy modes.

1.5.6 Chapter 7

This is the first out of two chapters devoted to the study of the Majorana
zero modes and Andreev bound states. The topic of this Chapter is fo-
cused on the ways of distinguishing Majorana zero modes from Majorana
fermions via transport experiments.

Majorana fermions in superconductors are coherent superpositions of
electrons and holes. At the same time, Majorana zero modes are collective
modes related to the winding of superconducting phase field by 27 that
form a vortex. Such vortex typically contains bound state at zero energy,
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which is called Majorana zero mode (MZM). While Majorana fermions
satisfy usual Fermi-Dirac statistics, the MZMs satisfy non-Abelian anyon
statistics. The transport of MZMs is governed by edge vortices that are
domain walls with phase jump 7 on the boundary of superconductor.

As a way to distinguish these two “Majoranas” from each other, the
measurement of shot noise in two similar devices (see Fig.7.1) is proposed.
The shot noise power is calculated as a charge variance per injected sin-
gle electron charge. For the Majorana fermion the result is known [54]
ans constitutes e? per injected fermion. For MZM it is found to be de-
pendent on the separation between two vortices on the edge. Thus, the
shot noise has a nonlocal nature that signatures about long-range corre-
lations between vortices. As an experimentally measurable consequence,
the voltage dependence of shot noise can be used: for Majorana fermions
shot noise increases linearly with growing voltage V', while for MZM it
grows as V log V.

1.5.7 Chapter 8

The Eighth Chapter is devoted to the study of effect that happens very
similarly for Andreev bound states and Majorana modes. This effect,
firstly predicted by S-J. Choi et.al. [55] in 2020 for Majorana qubit, is
manifested as appearance of sharp voltage steps in the current-voltage
characteristic for DC current injected into resistively-shunted junction
with qubit. Notably, while Josephson junctions with quantum dots were
studied experimentally for many decades, such effect was found only now.

However, it is known that Andreev levels close to charge-neutrality
point typically mimic the behavior of topological qubits with Majorana
modes. The study in the Chapter is performed for current-biased, resis-
tively shunted quantum-dot Josephson junction. One of the key properties
of this system is the existence of resonant state on the quantum dot. Such
state leads to the appearance of particle-hole symmetric pair of Andreev
bound states with finite lifetime. The existence of gaps separating these
bound states from continuum of states in superconductors and from each
other allows one to achieve nontrivial dynamics of the junction.

The results presented in the Chapter are the following: the non-
topological Josephson junction demonstrates similar voltage staircase (
sharp steps in average voltage for slowly changing current). In addition,
there is a hysteresis curve - when current is slowly increased and then
decreased, averaged voltage follow different path and the stairs appear at
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different absolute values of current. Also there are found several minor
distinctions from Majorana qubit behavior, which shows that Andreev
levels do not fully mimic the topological qubit physics, but difference are
hard to measure. To make effect observable the size of gaps should be not
too small - which is different to typically studied systems with closed gap
between levels.
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Chapter 2

RKKY interaction in a
doped pseudospin-1 fermion
system at finite temperature

2.1 Introduction

The Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction [32-34] is an
indirect exchange interaction between two localized magnetic moments
mediated by a background of electrons. It is an important characteristic
of electron system and a fundamental interaction responsible for magnetic
ordering in spin glasses and alloys. Besides three dimensions, it has been
extensively studied for the electron gas in one [56] and two [57] dimensions.
After the experimental discovery of graphene, the RKKY interaction in
systems with Dirac-like dispersion attracted a great interest [58-67] due
to the richness of their structures. Moreover, the final results for the
complete structure of the RKKY interaction in graphene were obtained
only after a decade of debates [61, 68]. The RKKY interaction was studied
also in strained graphene [69], bilayer graphene [70, 71], biased single-layer
silicene [72], 8-Pmmn borophene [73], on the surface of three-dimensional
Dirac semimetals [74].

Graphene has given a start to a proliferation of fermionic quasiparti-
cles emerging in condensed matter systems which have no counterparts
in particle physics where Poincaré symmetry constrains fermions to the
three types: Dirac, Weyl, and Majorana (not discovered yet) particles
with spin 1/2. In condensed matter systems, symmetries are less restric-
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tive and besides fermions with pseudospin 1/2 other types of fermions with
a higher pseudospin can appear in two- and three-dimensional solids. A
recent paper [15] has given a classification of possible low-energy fermionic
excitations protected by space group symmetries of lattices in solid state
systems with spin-orbit coupling and time-reversal symmetry. The 73 lat-
tice provides one of the well-known realizations of pseudospin-1 fermions
in two dimensions [11, 12]. Pseudospin-1 fermions appear also in the
Lieb [21] and kagome lattices [75]. Recently an experimental evidence of
Dirac fermions as well as flat bands was reported in the antiferromag-
netic kagome metal FeSn [23]. Also, the realizations of Lieb lattice as
electronic lattice formed by the surface state electrons of Cu(111) [7] as
well as the Lieb-like lattices in covalent-organic frameworks were reported
[9, 10]. Fermions of different pseudospins may coexist in some lattices,
for example, Dirac and pseudospin-1 fermions are found to coexist in the
a — T3 model [76], the edge-centered honeycomb lattice [77], and the 2D
triangular kagome lattice [78], Weyl fermions coexist with pseudospin-1
and pseudospin-3/2 fermions in transition metal silicides [79] under the
protection of crystalline symmetries.

In this work we analyze the RKKY interaction in the so-called oo — T3
model [13] which contains the mixing of Dirac and pseudospin-1 fermions
as low-energy excitations. The o — 73 model is a tight-binding model
of two-dimensional fermions on the 73 (or dice) lattice whose atoms are
situated at vertices of hexagonal lattice and the hexagons centers [11,
80]. The parameter a describes the relative strength of couplings between
the honeycomb lattice sites and the central site. Thus, as a changes the
a — T3 model reveals a smooth transition from graphene (o = 0) to dice
or T3 lattice (o« = 1). Since the a — 73 model has three sites per unit
cell, the electron states in this model are described by three-component
fermions. It is natural then that the spectrum of the model is comprised
of three bands. Two of them form Dirac cones as in graphene, and the
third band is completely flat, dispersionless, and has zero energy in the
whole Brillouin zone [13]. All three bands meet at the K and K’ points,
which are situated at the corners of the Brillouin zone. In the linear
order in momentum deviations from the K and K’ points, the low-energy
Hamiltonian of the dice model with o = 1 describes massless pseudospin-1
fermions and is given by the scalar product of momentum and the spin-1
matrices.

Recently several physical quantities have been studied in the o — T3
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model such as orbital susceptibility [13], optical and magneto-optical con-
ductivity [49, 81-83], magnetotransport [76, 84-86]. The role of transverse
magnetic field on zitterbewegung was studied in Ref.[87] and the enhance-
ment of thermoelectric properties of a nanoribbon made of o — 73 model
was discussed in a recent paper [88]. The stability of flat band with re-
spect to different perturbations such as terminations of the lattice as well
as the phenomenon of atomic collapse the Coulomb field of the charged
impurity were studied in Refs.[14, 89, 90].

The presence of completely flat energy band is a remarkable feature
of the considered model, for example, it results in strong paramagnetic
response in a magnetic field [13]. In general, the Fermi systems hosting
flat bands attract a lot of attention last time because quenching of the
kinetic energy strongly enhances the role of electron-electron and other
interactions and may lead to the realization of many very interesting cor-
related states. The most striking recent example is the observation of
superconductivity in twisted bilayer graphene [6] when tuned to special
"magic angles" at which isolated and relatively flat bands appear. The
three-bands models with a flat band found their applicability in many
physical systems (see, for example, reviews [91, 92]), surprisingly even
for the description of equatorial waves [93]. The special role of flat zero
Landau level on RKKY interaction in graphene was analyzed in Ref.[63].

The RKKY interaction of impurities placed on dice lattice demon-
strates larger richness compared to graphene. As in case of graphene,
the RKKY interaction can be written as a product of oscillating part
far(R) resulting from intervalley scattering times an interaction integral
I(R) (a,b refer to sublattices A, B,C'). We show that while some relative
locations of impurities can be reduced to graphene case (multiplied by «
dependent coefficients), there is also a new type of interaction. Like in
graphene, the RKKY interaction in undoped o — 73 model decays as 1/R3
while there are envelope oscillations for finite doping at large distances.
We also show that in some cases the flat band gives an essential contribu-
tion in the RKKY interaction, especially for the undoped case and small
temperature.

The paper is organized as follows: In Sec.2.2 we discuss a general ex-
pression for the RKKY interaction. In Sec.2.3 we describe the general
properties of the o — 73 model and derive the corresponding Green func-
tions in the mixed real space - frequency representation. In Sec.2.4 we
calculate the RKKY interaction for impurities placed on different sublat-
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tices of dice lattice, concentrating on the most interesting case of impurity
positions which is absent in graphene. In Appendix 2.6 we present the ex-
pression for the retarded Green’s function of pseudospin-1 excitations near
K points. In Appendices 2.7 and 2.8 we derive the exact expressions for
interaction integrals in terms of Mellin-Barnes type integrals.

2.2 Basic formulas

Generally, the RKKY interaction defined by second-order correction to
the free energy 0 F = %T TrVGoV Gg, where trace goes over all degrees of
freedom. Here the free Green function is defined by the standard tight-
binding or low energy Hamiltonian, which contains contributions from
both valleys. The interaction potential of impurity and electron spins is
given by [63, 65]

Vne) = yln) g ye) — XS 80 (r — Ry) Py, + Sz 86 (r — Ry) Py,
(2.1)

where S; are the spin operators of impurities and s = ho /2 is the spin of
itinerant electrons. The spin-spin coupling constant can be estimated as
A~ 1eV. The sublattice projectors are denoted by P,, and can be written
as the following diagonal matrices P4 = diag(1,0,0), Pc = diag(0,1,0)
and Pp = diag(0,0,1). The contribution, which accounts for the interac-
tion between two different spins, is given by

A2h2
(5F12 = T.S’152 / dr tr [PulGo(Rl,RQ;T)P'LL2G0(R2,R1; _7')] . (2-2)

Using the following Fourier decomposition of imaginary-time Green func-
tion,

Go(1) = TZGO (iwn) €T w, = (2n + 1)7T, (2.3)

we can replace the integral over imaginary time 7 by T > . For example,
Wn

for 0 F1o we get

A2R?

0Fp = 5

SlSQTZ tr [PulGO(Rla Ro;iw, + H)PMQGO(RQ, Ry iw, + H)] s
(2.4)
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where we introduced the chemical potential p. Performing the sum over
the Matsubara frequencies by means of the formula

o0

TS fiwn) = — / d%np(w)lmfR(w—i—is), (2.5)

where np(w) = 1/(exp(w/T) + 1) is the Fermi distribution function and
superscript R denotes retarded function. Hence we find an effective RKKY
interaction between two magnetic impurities with the spins S1, and So,
sitting at the positions R; and Ry

0Fi2 = JpipaS182, Sy = (/\2712/4))(#1#2 (Ri, Ry), (2'6)

where x is the spin-independent susceptibility, however, it depends upon
whether atoms belong to the same or different sublattices.

Xy e (B, R2) = (2.7)

2 (o0}
- / dwnp(w)Imtr [P, Go(R1, Ry;w + 1) P, Go(Ra, Ry;w + )] .

After calculating the trace, the role of projectors is reduced to taking
specific components of Green functions G, ., and G, .

2.3 Green function of the o — 73 model

The lattice Green’s function in the tight-binding approximation for oo — 73
model Hamiltonian (1.3) is given by

1
@ = 1FwP)
w? —sin? 0 |f(k)]> wcosOf(k) 1sin(20) f(k)*
wcos © f*(k) w? wsin© f (k) . (28)
$sin(20)f*(k)?  wsin©f*(k) w?—cos?O|f(k)*

Go(w, k) = (w— Ho(k))™! = -
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In the low-energy model near the K (K’) points (£ = %), it can be decom-
posed as

1
o (@2 — (hopk)?) |
w? —sin? OR2v2k? weosOhvpk ¢ 2O (pypk ()2

wcos Ohvpky ¢ w? wsm @prk_’g ,

W(hvpkﬁfy wsin Ohvpky ¢ w? — cos® O(hurk)?

G(w, k) =

(2.9)

with notation k4 ¢ = {k,+ik,. As was shown in Sec.2.2, the representation
of Green’s function in the mixed coordinate-frequency variables (r,w) is
the most useful for the calculation of susceptibility, and related to Eq.(2.9)
by Fourier transformation over wave number k. The Fourier transform
of full retarded low-energy Green’s function should contain contributions
from both valleys

1 d2q ’iq-(leRQ)
GO(Rl,RQ,W) = M/We

% [eiK(RI—RQ)GO(q + K,w) + K Bi-Ra) g (q —|—K’,w)} ,  (2.10)

where K and K’ are any two adjacent Dirac points in the Brillouin zone,
and Qpz = ﬁ is the area of the BZ. Replacing wave number by deriva-

tive in the matrix part of (2.9), and performing integration as shown in
Appendix 2.6, we obtain the Green function in valley &:

1 w
Qpz A(hwp)?

—icos @H (z) cos @ge_lefl) (2) %e—%wﬂél) (2)

cos O P HY (2) —iHg) (2) simoge-en (2) |,
% 21€¢H2(1) (2) sin ®§ei5¢H1(1) (2) —isin? @H(gl) (2)

Gl (R — Ra,w,€) =

(2.11)

where we used notation z = |R|(w + i¢)/hvp, and Hr(Ll)(z) is the Hankel
function of the first kind. The polar angle of the vector R; — Ry is denoted
by ¢. Below we insert Eq.(2.11) into (2.10) and then calculate suscepti-
bility and the RKKY interaction via Eq.(2.7) in all 6 relative positions of
impurities AA, AB, BB, AC, BC, CC.
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In addition, it is important to note that the second quantized tight-
binding Hamiltonian of o — T3 model

N Pk .y .
H:/W\DkHo(k:)\I/k (2.12)
BZ

possesses the particle-hole symmetry, which is realized by antiunitary op-
erator C. It acts on the second quantized wave functions U as

A

CUC~! = S0*, S =diag(1, —1, 1). (2.13)

The invariance of the Hamiltonian 7 under the particle-hole symmetry,
CHC™!' = H, is guaranteed if the following condition is satisfied:

SHoy(k)S = —Hy(k), (2.14)

which is automatically fulfilled for the momentum space Hamiltonian in
Eq.(1.3). Below we show that this symmetry gives restrictions on the
sign of the RKKY interactions, similar to the graphene case considered in
Ref.[59].

2.4 RKKY interaction of impurities on dice lat-
tice

As was noted before, there are 6 different relative positions of impurities.
The corresponding exchange interactions are

Jaa(R) = 7;% cos® O faa(R)Io(R, 1, T), (2.15)
JeB(R) = h2f% sin® © fpp(R)Io(R, 1, T), (2.16)
Jeo(R) = ;%fcc(R)Io(R,mT), (2.17)
Ta0(R) = oz cos* O fac(R) (R 7). (2.18)
Jpc(R) = hif% sin? © fpo(R)IL (R, i1, T), (2.19)

Jap(R) = % Sin2(2@)fAB(R)IQ(R, w, T). (2.20)
F
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In these expressions we introduced short-hand notations R = R; — Ry
and C' = 3\*h%d?/64nt>. The temperature-independent functions f,,
describe oscillations from contribution of different K points for impurities
placed on w1 and us sublattices

Juu(R) =14 cos (K — K') R, (2.21)
fap(R) =1+ cos[(K — K')R — 4¢)],

fBA(R) =1+ cos[(K — K')R + 4¢), (2.22)
fac(R) = fon(R) =1 - cos(K — K)R~29), (2.2
foc(R) = foa(R) = 1 - cos(K — K)R+29).  (2.24)

The functions f,, ,, are the only ones which depend on the direction of the
vector R while other functions are direction-independent. In the graphene
limit, © = 0 or © = 7/2, only three interactions are left, which correspond
to coupled lattices C and A (B). The AB interaction type vanishes in both
graphene cases and reaches its maximum value in dice model © = 7/4.
The frequency integrals on the right-hand side of the expressions are

IR T) = [ d“’f((:)l (2.25)
—c0 e T

v (0 (5]

We find that the most interesting is the AB case, which cannot be re-
duced to any known graphene cases due to the lattice geometry, which

f(w) =1Im

corresponds to the appearance of the Hél)(z) function. For the functions

H(()l)(z +ig) and H{l)(z—i—z’a) we can take the limit € — 0 in the integrand,
however, this is not the case for Hél)(z + ie) due to its more singular be-
havior when z — 0 which is a reflection of a special role of the flat band

with w = 0. Near w = 0 we find the singular term in the following integral

(w4 ie)? (Hél) ((°"+15)R)>2 ~_ 16(hwp)!  8(hwr)? (2.26)

hvp T2 RY(w + ig)? m2R?
hence
, +ie)R\\ 2 32ew(hvp)*
I 2 (WM ((w )) ~ ;
m | (w - ie) ( 2 hvp T2 RY(w? 4 2)%’
32ew(hvp)* B 16(hvp)*

§'(w), &— 0. (2.27)

%
T2 R4 (w? + £2)2 R4
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Adding and subtracting the term 16(hvg)?*/72R*(w + ig)? in the expres-
sion

o0

: 2
L(R,p,T) = / %Im (w + ig)? (Hél) ((“H'%T)R)> I
JoeT +1 hvp
16(wp)* 16(hvp)*

_ 2.28
T2 RY(w +ie)?2  m2RYw +ig)? (228)

we can safely take the limit ¢ = 0 for the first two terms in the square
brackets while the third term produces an additional contribution

o0
dww? R\\?|  4(hwp)* 1
IZ(vau’aT) = / w_(":jw Im l(Hél) ((.U >) ] — ( UF4) T
JoeT +1 hvp mR* T cosh” 47

(2.29)

For finite p the additional term does not contribute in the zero temper-
ature limit, 7' — 0, while at zero chemical potential, ux = 0, it gives a
divergent contribution ~ —1/T.

The evaluation of the integral (2.25) with e = 0 represents a nontrivial
task due to the combination of Bessel functions. It can be written as

In(R,u,T):2(}?)37dmzjn(x)yn(x)( L,z —1),
0

zet/a 1 etr/a 4 2

(2.30)
where a = % and z = e #7T. The last term in brackets is divergent at
the upper limit, that corresponds to physical divergence at w = —oo in

Eq.(2.25). In such a case one can introduce frequency cut-off, or another
well defined regularization [59, 61]. We choose the regularization by re-
placing 22 by 2! and take the limit o = 3 only in finite expressions. We
checked that the frequency cut-off regularization gives the same result.
Eq.(2.30) is written in terms of the corresponding more general integral
I(a,v, z,a), Eq.(2.65), studied in Appendix 2.7, as follows

ﬁ’l)F 3
I,(R,u,T) = = I(a=3,n,z,a), n=0,1,

hop\3 4hvgp 1
LR, uT)=(— Ila=3,n=2 — .
2( 7/”’7 ) < R ) [ (a 7n 9 Z? a) ﬂ_RT COShQ(l,L/2T)

(2.31)
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Generally, the answer can be expressed as inverse Mellin transform (see
Eq.(2.74) or (2.79)) which is suitable for studying different physically rel-
evant asymptotics such as low and high temperature expansions, or the
behavior at large distances R.

2.4.1 Small temperature expansion

To find small temperature corrections at finite chemical potential, one can
apply the Sommerfeld expansion for the frequency integral (2.25) rewriting
it in the form

(B, p, T /dwf +T/d”3 /‘+Tef)+—1f(u—va)
/ dw f(w 2T2f( )+ O (z>4. (2.32)

Using the first equality, one can evaluate interaction numerically. As dis-
cussed in Appendix 2.7, we can find all terms of the expansion in powers
of T'/u. Here we present only two lowest terms of this expansion, which
are given by (2.85).

. h'UF 3 1 30 2 2 1
In(R, 1, T) = (R) [ﬁG% (krR) ‘ 0,3,34+n,3—n
27T3/2T2 ( 2 1
=~ 6N (krR)? ;o (2.33)
T2 | 335 +mi-n

where we defined the Fermi momentum as kr = p/hvp. Clearly, non-
analytic in the temperature term in I (2.31) does not contribute in the
Sommerfeld expansion. For zero temperature, using the value of Meijer
function at zero argument,

( ‘ 2,1 ) NG s (230
0,3 2:2 ’

+n7—n 8

we get for exchange integrals of undoped o — T3 system

hvp cost © 3hvp cos? ©
JQA(I{)::_”AJ%EF“*CVAA( ), Jic®R)= “‘%}g“‘*ijC( ),
1 2
JO(R) = 22M0EsnT20) b gy (2.35)

8R3
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For © =0, J44(R) and J4,(R) coincide with expressions derived in [61,
68]. [Note that our definition of the constant C' coincides up to a sign
with Ref.[68] while Ref.[61] uses a different definition.] The minus sign for
the exchange interaction means ferromagnetic coupling for spins while the
positive sign corresponds to antiferromagnetic one. We see that couplings
J5, J9¢ describing the interaction of impurities on different sublattices
are of antiferromagnetic nature in undoped « — T3 system, like in the
case of graphene [58, 59, 61]. For angles © close to w/4 (dice model) the
coupling J9 5 is significantly larger than graphene-like couplings: |J4g| >
|J9¢] > |J94]- All couplings feature 1/R3 behavior familiar in graphene.

At finite doping, the short distance (or small kz) behavior is given by

i 3
Taa(R) = J° ,(R) - 32(?; R) (m ( "’gR> +y— ;)] (2.36)
Jac(R) = J4c(R) |1 - m(]f;R)g] ; (2.37)
Tan(R) = JO5(R) |1 - S(Zf)g} . (2.38)

Expanding Eq.(2.33) at large values kpR, we find the following re-
sults for the exchange interactions when both impurities are on the same
sublattice AA or couple to different sublattices (AC and AB, for example):

1
Jaa(R, j, T) = %JgA(R) [kFRsin(QkFR) + 7 cos(2krR)

27272 R2

- e (kFRsin(QkFR) _ icos(2/~cFR))] , (2.39)

8 )
Jac(R, 1, T) = B—WJXC(R) [kFR sin (2kpR) + 7508 (2krR)

22 R2T? 1
—_— i - 4
e (kFR sin (2kpR) + 7 €08 (ZkFR)) , (2.40)
8 . 17
Jap(R,u, T) = —FJAB(R) krpRsin(2kpR) + Y cos(2kpR)
s
2?12 R? _ 13

One should note that the exchange interactions oscillate with a distance R.
The terms with sin(2krR) in square brackets are equal in all cases while
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— U
— Jac

— Jas

Figure 2.1. RKKY interactions as functions of krR at zero temperature and
finite chemical potential calculated through Meijer G-functions. (Left panel)
RKKY interactions normalized to their values at © = 0 and divided by krR.
(Right panel) RKKY interactions (solid lines) versus their asymptotic expansions,
Eqgs.(2.39)-(2.41), at T' = 0 (dashed lines) with the same normalizations.

more decreasing terms with cos2kp R are different and have the largest
amplitude in case of magnetic impurities situated on sublattices A and B.
Zero temperature behavior is given by first two oscillating factors in square
brackets. A comparison of Eqs.(2.39)-(2.41) with the exact formulas (2.33)
shows that these asymptotic expressions work quite well for kpR > 0.5 in
AA case and kpR > 1.5 in AB case (the right panel in Fig.2.1). We note
that while the normalized couplings J44/ Jg 1 Jac/ ch oscillate in phase,
the coupling Jap/JY 5 oscillates out of phase (see left panel in Fig.2.1).
Physically this is related to the fact that A atom does not interact directly
with B atom but only indirectly via the hub atom C.

We also compare the Sommerfeld expansion (2.33) with numerically
calculated interaction (via the first expression in (2.32)) at temperature
T = 50K and chemical potential y = 0.1eV (see Fig.2.2). The approx-
imations work very well in a large interval of distances. As one can see

from the asymptotic expressions (2.39)-(2.41), the temperature correction
2272 R?
g(wa)Q

grows with distance. Thus, when ~ 0.5, the next terms in expan-

sion (2.82) become important.

2.4.2 Large distance behavior at finite temperature

In this section we present an exchange interaction in physically relevant
case of large distances and finite temperature, thus obtaining more general
asymptotic than in Eqgs.(2.39)-(2.41). For this purpose we use the general
expansion in powers of T'/u (See Eq.(2.87) in Appendix 2.7). However,
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Figure 2.2. (Left panel) Numerically calculated interactions (solid lines) are
compared with the second-order Sommerfeld expansion (2.33) (dashed lines).
The chemical potential equals © = 0.1eV and temperature 7' = 50 K. Distances
are measured in terms of the lattice constant a; = v/3d = 0.246 nm. The expan-
sion parameter in Eq.(2.82) equals % ~ 0.3. (Right panel) AB interaction at
R = 20a; and p = 0.01€V (solid line) and Sommerfeld expansion Eq.(2.33) with
additional term from Eq.(2.29) (dashed line). The nonmonotonic dependence on
temperature comes from an additional term in integral (2.29), while the nonsin-
gular part remains constant due to very small value of (krpR)?. Also we note
that the sign of interaction changes with temperature.

instead of taking several terms of this expansion we sum up the leading
asymptotic terms in series. The obtained Eq.(2.91) allows us to recover
approximations similar to those in Ref.[68] using one general expression.
Here we present the result for the new AB-type interaction integral

8 R 15
Jap(R, 1, T) = ——JY5(R)—F} |kpRsin (2kpR) + — cos (2krR)
15 hup 4
+ T By cos (2kFR)} , (2.42)
hvp

where we used the following definitions in analogy with Ref.[68]:
T T
smh( z ) tanh( T )

hp hvp

Again in this case the term with cos(2kpR) in square brackets has much
larger magnitude comparing to the other two interactions Ja 4, Ja¢c, which
are similar to graphene case in [68]. This is an interesting property of AB-
type interaction.

As was mentioned in Ref.[68], the term which is proportional to the
product F}F> should have a nonmonotonic dependence on temperature.
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Here we should note that depending on relative distance between impuri-
ties, other terms in square brackets in Eq.(2.42) can destroy this effect.

2.4.3 Zero chemical potential

The results in the case of zero chemical potential are not given in the
literature in its fullest form even for graphene. Only partial results can
be found in the recent paper [64]. Here we discuss the asymptotics for
low and high temperature which follow from expansion of the expression
(2.79).

Firstly, we start from the low temperature limit. In fact, it is easier
to determine a low temperature expansion of the integral (2.25) itself.
Making replacement = — ax in Eq.(2.69), we find

hor
R

To(u=0) = ( )3 [—zcg,n + 4d? /0 © ahd Jn(ax)Yn(ax)] . (2.44)

et +1

where a is defined in Eq.(2.30). Expanding the product of Bessel functions
near zero, and then performing integration over x, we find the following
expressions for interactions:

Jaa(R,0,T) = JY4(R)x

1+ 2208 (—6¢3) In(a) — 66'3) + C3)n(16) — 9))]
(2.45)
Jac(R,0,T) = JS(R) [1 — 16“:;((3)] , (2.46)
Jap(R,0,T) = J%5(R) [1 - 1;2”1 - 8“2553)] : (2.47)

where ((z) denotes the Riemann zeta-function. Note that the leading
temperature correction is of order T2 (or T3logT) instead of T? in the
case of finite chemical potential (see left panel in Fig.2.3). In addition one
should note the presence of singular 1/7" term in the AB interaction. As
was shown in Eqgs.(2.26)-(2.29), this term comes from singular behavior of
Hy function, and is related to the effects of flat band. The effect of this
term is demonstrated on right panel in Fig.2.3. Such singular behavior
of the AB interaction at low temperature can be used as a benchmark of
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flat band physics in experiment, for example, in the recently discovered
systems [7, 23].

The case of high temperatures (or large distances) is much more com-
plicated. The details of calculation are presented in Appendix 2.8, and
here we present main results for the AA, AC and AB cases:

16a° m 1
RO — (R L 2.4
Jaa(R,0,T) = Jy4( )Sjnh(Zﬂ-a) <tanh(27ra) 4a>’ (249
164 m 3
Jac(R,0,T) = J4-(R — 2.49
AC( gl ) AC( )381nh(2ﬂ'a) (tanh(?ﬂ'a) + 4a> 7 ( )
164 m 15
o ROT) = 10 (R 2) . (250
4B(R,0,T) s )15 sinh(27a) (tanh(QTra) * 4(1) (2.50)

The main difference between the last expression for the AB interaction
and the AA, AC cases is the changed sign of interaction in Eq.(2.50)
comparing to Eq.(2.47). This change comes from the additional term in
Eq.(2.29), which is related to existence of flat band, and exactly cancels
1/R* term in integral, see Appendix 2.8. As is seen, all exchange inter-
actions exponentially decrease at large RT > 1 in the absence of doping.
Mathematically this comes from the structure of Mellin-Barnes integral
(2.93), for details we refer the reader to Appendix 2.8.

"o 100 200 300 400 500 o 100 200 300 400 500
Temperatue T (K) Temperatue T (K)

Figure 2.3. Temperature dependence of normalized interactions AA and
AB is compared with asymptotic expressions at small values of parameter a
(2.45),(2.47) and expansions (2.48), (2.50) at large values of a. (Left panel) Non-
monotonic behavior of J44 integral, which was discussed in detail in Ref.[68].
(Right panel) Behavior of relative AB interaction, which has opposite sign com-
paring to J% 5 at zero doping, and becomes very strong as T' goes to 0. Such
behavior represents a special feature of the v — T3 model and is directly related
to the existence of flat band.
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2.4.4 Sign of interaction at zero chemical potential and
temperature

For completeness it is worth noting the sign difference between J9 5(R)
and the limit ¢ — 0 in Eq.(2.47) (which is divergent). For bipartite
lattices, the signs of interactions J°(R) in undoped case and for zero
temperature are fixed by general considerations based on particle-hole
symmetry, which result in theorem proved in [59] (and generalized in [71]).
Here we find that the same arguments with particle-hole symmetry (2.13)
contain subtleties, which do not allow to fix the sign of J9 5.

Using the fact that the ground state is particle-hole symmetric, we
find the following symmetry restriction for Green’s function:

Go(Rl — RQ,Tl — ’7’2) = <é\P1(R1, Tl)\P;(RQ, 7’2)(?_1>
= —SG%(RQ —R1,7'2 —7'1)5, (2.51)
where the operator € and the matrix S are defined in Eq.(2.13). Substi-

tuting this into susceptibility at zero temperature, we obtain

Xpuss (R1 — Ry) = / drtx [P, Go (Ry — Ro:7) P, SGE Ry — Raim) S

(2.52)

Calculating the trace, we find susceptibility in terms of single elements of
GO (,,.7 7—)

Xpupu(T /dT (Go)2,u(r,7), xaB(r /dT (Go)ag(r,7),

xac(r /dT (Go) AC(T T), xBco(r /dT (Go) BC("“ 7). (2.53)

By using the Fourier transformation of Eq.(2.8),

o(r,7) = [ /BZ o(k, iw) exp(—iwT + ikr), (2.54)

one can easily check that the elements of Green’s function in imaginary

time representation Goy, , (7, 7) are real. Then, (2.53) gives the following

signs for interactions at zero temperature and doping:
0 0 0 0

Juu _ ‘]AC _ JBC -1 JAB

o 18l el 185l

= 1. (2.55)
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Clearly, the sign of J9 5 does not agree with our result (2.35). However,
one should note that this theorem fixes the sign of interaction only if
the integrals in (2.53) exist. This is not the case for the elements Goap
and Gopa, because the frequency integral in (2.54) diverges at the origin.
The divergence comes from the pole at w = 0, which is a manifestation
of highly-degenerate flat band. Therefore we cannot fix the sign of such
interaction a priori, and should find it from the physically relevant limiting
cases, p — 0 or T' — 0, and the answer depends on the order of these
limits.

2.5 Conclusions

In recent years, there was an increasing interest to materials which host
fermionic excitations with no analogues in high-energy physics [15]. In par-
ticular, the so-called pseudospin-1 fermions provide a platform for study-
ing exotic physical properties such as transport anomalies, topological
Lifshitz transitions, as well as dispersionless flat bands which may lead to
the realization of many very interesting strongly correlated states. Quasi-
particle excitations with pseudospin one can be realized in many ways, as
we discussed in Introduction.

In this paper we provided results for the RKKY interaction of mag-
netic impurities, placed on sites of 73 lattice, mediated by a background
of pseudospin-1 fermions. Our calculations are performed mainly in the
low-energy linear-band approximation where we managed to obtain gen-
eral analytical expressions for the RKKY interactions which are expressed
in terms of Mellin-Barnes type integrals for finite chemical potential and
temperature. This allowed us to obtain analytically all asymptotics from
one expression. The asymptotic behavior at large distances was analyzed
in detail. In particular, we found, that oscillatory behavior at large dis-
tances was controlled by the same two parameters, the distance between
K-points and Fermi wave vector, as in graphene.

Our results show that there are three types of interaction, two of them
(for impurities on hub and rim sites) can be reduced to graphene case while
the third one (between impurities on different rim sites) is new. This new
type of interaction, which comes as a special feature of T3 lattice geometry,
becomes very strong at small temperatures and doping. Physically this is
an effect of the flat band, which results in a singular behavior of Green’s
function at w = 0. For bipartite lattices, it is known that the signs of
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RKKY interactions at zero temperature and in the absence of doping are
fixed by general considerations based on particle-hole symmetry, which
result in the theorem proved in [59] (and generalized in [71]). We discussed
the subtleties of this theorem, as applied to the 73 lattice, related to the
existence of a dispersionless flat band. The breakdown of the theorem for
the interaction J9 5 is refered to the divergence of the Green’s function at
zero energy due to flat band. The divergence is regularized in the presence
of finite temperature and /or doping, but taking the limits y = 0 and 7' = 0
depends on the order of these limits what is reflected in the last term in the
integral Iy(R, u,T') of Eq.(2.31). This dramatic change of behavior could
be utilized to reveal the presence of a flat band in experiment and can
be tested, for example, in recently discovered flat-band systems, such as
kagome metal FeSn [23], Lieb-like lattices in covalent-organic frameworks
[9, 10] or the electronic Lieb lattice formed by the surface state electrons
of Cu(111) [7]. The RKKY interaction may lead to the realization of
magnetic order in these materials.

The described strong temperature dependence in o — T3 lattice sys-
tems may manifest also in Friedel oscillations. The last ones could be
detected using STM-based quasiparticle interference measurements [94].
As is known, the flat band emerging in tiny-angle twisted bilayer graphene
results in a strong sensitivity to perturbations leading to strongly corre-
lated states including superconductivity [1]. While the RKKY interaction
was already studied in bilayer graphene [68, 71], the corresponding calcu-
lation for twisted bilayer graphene is still ahead.

2.6 Appendix: Green’s function in coordinate-
frequency representation

The contribution to the retarded Green’s function in r space (2.10) from
one K point is given by Fourier transform

1 d’k ,
Gff (R1 ~ Ro..) = ¢ — / Wezkmrl‘ﬂag(k,w Vi), (2.56)
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Using the expression for Green function in the low energy model (2.9) and
replacing wave numbers by derivatives, we write

1
G(Jf(r,w,g) = ;X

w? +sin? O”?v30?  —iwcos Ohvpd_ ¢ —3 sin(20)(hvpd_ ¢)*

—iw cos OhvpOy ¢ w? —iwsin Ohvpo_ ¢ X
—25in(20)(hvpds ¢)? —iwsin Ohwpdy e  w? + cos? O(hvpdy)?
1 d2k ikr
/ _c . (2.57)
OBz (27‘(’)2 (w + 16)2 — (hUFki)Q

Here 04 ¢ = £0, £1i0,. Now we integrate over the angle and then use the
formula 2.12.4.28 from book [95],

00 pU+1
/0 mdaz =2"K,(cz), ¢>0, Rez >0, (2.58)
and get

F) = [ 2 't _ 7%% Jolklx])

) (27)% (w+ie)? — (hopk)? / 21 (w +ig)? — (hvpk)?

1 —ifr|(w + >)

= K 2.

27‘(‘(77/UF)2 0 ( hvg ’ ( 59)

where JoandKy are the Bessel’s functions. Using the relation between
Macdonald’s functions and the Hankel function of first kind,

2'L _imv _am |I‘|(UJ—|—Z€)
(1)) = 2 i _ Iriwtie)
HP(z) = ~—e PRy (7)), 2= o (2.60)
we find
1 (1) ’r|(w+i€))
F(r)=— gV (BT 2.61
() = =Tz o ( hop (2:61)

Next, we evaluate all matrix elements of Green’s function. Let’s calculate
all needed derivatives

iw?

2492 _ (1)
(hUF) arF(T) - 4(hUF)2HO (Z)7 (262)
. iweTEe
hop (£0, +i0,) F(r) = gmﬂw (2), (2.63)
iw2et2iEo

(hwp)2(£0, £ i0,)2F (1) = a7 (2). (2.64)

 4(hop)?
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Substituting these expressions back to Green’s function, we find result
which is given by Eq.(2.11) in the main text. Note that all elements of
the Green function are proportional to w.

2.7 Appendix: Evaluation of the interaction in-
tegral

In this Appendix we consider the integral

0o 1 p
- a—1 _
I(a7y,z7a)_20/dl‘i€ Jo (@) ¥y (2) (Zex/a+1+ex/a+z 1)7

—1<Rea< 1l (2.65)

In the region 0 < a < 1 we can calculate the terms in round brackets sep-
arately, for example, the term with —1 can be evaluated using Eq.2.24.3.1
from the book [96],

Co = Oodzzo‘_lJl,(z)Yl,(z) _ L TEOTE+Y) (44
o/ VT (BT (14 v - %)

which gives the following values for « =3 and v =0, 1, 2:

1 3 15
C31=——, 03,2 = ——. (2.67)

30 16

716 T 16
Thus, we can rewrite the integral as follows
I, v, z,a) = —2Cq, + J(a, v, 2, a), (2.68)

where, for v > 0 and Rea > 0,

1 n z
zet/a 41 et/a 4

J(a,v, z,a) = 27odxxa_ljy ()Y, (z) < > . (2.69)
0

We calculate the last integral using the Mellin transform

J(a,v,z,8) = / daa®* " J(a, v, 2, a)

1 z
— a—1
2/ drx® " J,( / daa®" (zex/a 1 + ala 1 z> . (2.70)
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After the change a — az and then a — 1/a Eq.(2.70) takes the form
J(o,v, 2z, 8) = / dzz® T LT, (2) Y (2)Q(s,2), 0<a+s<1, (2.71)
0

where

_ —s—1
Q(s,z) = 2/0 daa (ze“ 1 + g z) , Res<0. (2.72)

The function Q(s,z) possesses the symmetry Q(s,1/z) = Q(s,z). The
integral over x in Eq.(2.71) is evaluated using Eq.(2.66). There exists the
range of parameters «, s where the Mellin transform J(«, v, s, 2) is defined.
We obtain for 0 < a+Res <0, v >0:

L v+ 99T (%)

J(o,v,8,2) = — Q(s, 2), (2.73)
27T (ST (v 41— of2)
hence
y+ioco
1 T + a+s
(o, v, 2,a) = —2Cy, — 5 / dsa™* v +f+) (%5*) Qs, p
i (e S a+s
. 270 (SHE) D (v 41 - )
(2.74)
where the contour separates poles of the function Q(s,z) (at s = 0 and
s =2n+1, n=0,1,..., see below) from poles of gamma functions in the

numerator. The integrals in Eq.(2.72) can be evaluated explicitly through
the polylogarithm function [97] and we get

Q(s,2) = —20(—s) [Li_s(—1/2) + Li_s(—2)] . (2.75)

The function Lis(z) has the following properties. It is an analytical func-
tion of complex variables s, z. For fixed z, it does not have poles or branch
cuts in a finite region of complex s-plane, the point s = oo is the only (es-
sential) singularity. For fixed s, Lis(z) does not have poles and essential
singularities but has a cut in the z-plane along the interval [1, oo], where
it is continuous from below side of the cut. It has the symmetry property
with respect to complex conjugation Lig«(2*) = Li}(2) for z not belonging
to the interval (—o0,0).

Analytic continuation of Lis(z) into the region |z| > 1 can be per-
formed by means of the formula (see Eq.(1.11.16) in [98])

Lig(2) + €™ Li, (i) = (FQZ;)) eims/2¢ (1 - % + ln2(;iz)) , Res <0,
(2.76)
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where ((s, q) is the Hurwitz (-function. When s is a negative even integer,
s=—=2m,m=1,2,..., we get Li_,,(—2) + Li_,, (—1/2) = 0. It follows
then from Eq.(2.75) that Q(s, z) has poles only for s = 0 and odd positive
s=2n+1,n=0,1,..., while for even positive s = 2n the poles of I'(—s)
are canceled by zeros of the sum of polylogarithm functions. Applying
this formula to Eq.(2.75) we get

Usiz) = (QW)SC(}S(TFS/Q) {C (1 Ty ; 2" 12) Jr<<1 +Séi l;jﬂ .

(2.77)
Near s = 0 the function Q(s, z) behaves as
2

Q(S,Z) = _ga (278)

then moving the contour in Eq.(2.74) to slightly right of the point s = 0
(v > 0) and calculating the residue at s = 0, we get

Y4100
T T a+s
I(a,v,z,a) / dsa™?® (v+ %5 T (%5%) Q(s, z)
27‘1’27 -~ 2\/’11 <a+1+ I/+1— a+s)
(2.79)

[the residue at s = 0 cancels the first term in Eq.(2.74)].

Expanding the functions ((s,1/2+iv) (where v = 1;—2) in series around
v = 0, we find the following representation of the function Q(s, z) near

the point z = 1:
2
Q%) = = Gy costns 2)

DET(1+ 5+ 2k)C(2k +145,1/2) [(Inz\%*
XZ T(1+ s)(2k)! (27r> ‘

(2.80)

This expansion can be used to find a high temperature expansion of
Eq.(2.79), hence the integral (2.25), when |u|/(27T) < 1.

To obtain the expansion at large |v| = |p|/(27T) > 1 we start from
the asymptotic expansion [99]:

1o (25 = 1) Byl(s + 2k - 1)
4(37(1) = F(s) Z (Qk)!(q —_ 1/2)s+2k—1 ’

k=0

(2.81)
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where By are Bernoulli numbers. For the function Q(s,z) we get the

asymptotic series at large |v|:
(2172 — 1) BoyI(s + 2k)

= (-1
(2k) w2k

2 . (2.82)

Qs 2) = — (2 |v|)*T (s + 1) ,;

The first terms of the expansion of Q(s, z) at small z (large |v|) are:

2 [(s+2) T7(s+4) 1
Qle.2) == 2r[o[)*T(s + 1) [F(S) T 02 T sme00 Y (vfz)] ‘)
2.83

Hence, for small z (or p/T > 1) we obtain, keeping two lowest terms,

X

y+ioco
1 o T+es)re)
I(a,V,u)—% / dsu 2 /AT (a+1+s>r(y+1_a+5)
¥—100 2 2
(s ' i1+ s+l
(3) 1 T (1+ ) = }’_LLR _kpR. (2.84)
VF

Changing s — 2s and calculating integrals we get equivalent expressions

L 30,2 a1
I = — ’
(04>V>u) ﬁG24 u ‘ 0’%7%_’_”’%_1/
1 30 9 atl 1
——G 202
T Gz ‘%,%,%+u,%—

_ #Gm u2‘ %7 %1 (2.85)
e\l g s nd vy ) @

where we used Eq.8.2.1.17 from [96],
mn (a'pfl)ab:l:l — (_ 1\l m—=1n+1 = la (apfl)
am (z‘ T Il G b Z| o ] (250

The first term in Eq.(2.85) corresponds to the case of zero temperature,
and for « = 3, v = 0,1 it agrees with the result of Ref.[61]. In general, the
expansion of the expression (2.82) over 1/|v| corresponds to the expansion
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over T'/u (Sommerfeld’s expansion). At large krR, Eq.(2.85) gives for
interested cases a« = 3,v = 0, 1, 2 the results in Eqgs. (2.39)-(2.41).

From our final formula (2.79) we can obtain an expansion for y near
zero by means of Eq.(2.80), and an expansion for T < p using Eq.(2.82).
To find a large kr R expansion at fixed RT'/hvp we consider the expression
(2.79) using Q(s, z) represented by the asymptotic series (2.82),

(=1)F (1 —22+1) By,
I, v, z,a) Z ((2]{:)!0% )

)T (k+3)T (k+ 52
(=) T (1 v - o)

Y+i0o (V+a+s)r(
/ds 2rav)”*® T
'y 100 ( 2 >F( )

_l)k (1 _ 22]971) BZk
N ;;) (2k) w2k

40 1 q lta

2°0 "2
x G5 | (2mav) ‘k‘k—l-Q,%,%—l-V,%—I/ , (2.87)
where we used the duplication formula for I'(2k + s) and T'(1 + s). Since
2mav = kpR, we consider the asymptotic of Meijer function at large

krpR > 1. For @ = 3 and nonnegative integer v we get

7172 ~
frngov )

[—27rav sin(4rav) + (k — v? — 1/4) cos(47rcw)] .
(2.88)

Gl ( (2mav)

ket
(—1)(k+l’)(27rcw)2k

N

Using the representation for Bernoulli numbers

1-2k k+1 dt t2k
1-2 Bop = (—1 ™ R 2.89
( ) 2k ( ) O/C ol 2( t) ( )

we get after performing the summation over k,

I(3,v,2,a) / 2at sin(4at) cos(2kr R)
cosh

[e=]

42 + 1

+ cos(4at) ('MR sin(2krR) +
ﬁ’UF

cos(QkFR)> ] . (2.90)
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Calculating the integrals over ¢, we finally obtain

v41 2R? hvp(4v? —1)
(hvp)? 4R

+7Fycos(2kpR)], kpR> 1, (2.91)

I(3,v,z,a) = (—1) Fy |psin(2kpR) + cos(2krR)

where F} and F» are defined in Eq.(2.43). The last expression for v = 0, 1
leads to the same expressions as were found in graphene for exchange
interactions [68], while the expression for v = 2 is completely new and
corresponds to interaction between impurities on rim sites in considered
pseudospin-1 fermion system.

2.8 Appendix: Zero chemical potential and finite
temperature

Asymptotics of the integrals I,, with n = 0,1 were at least partially ana-
lyzed in graphene literature, except the integral I5. However, in the case
of zero chemical potential, ;4 = 0, such an analysis was not performed to
the best of our knowledge. The evaluation of corresponding integrals in
the large distance limit poses a rather complicated task. This is because
the leading correction is given by exponentially small term, and thus any
power series decomposition can not give the desired result. However, our
formula (2.79) allows us to analyze the case pu = 0 straightforwardly. First,
we write the function Q(s,z = 1) from Eq.(2.80) in the form

Q(s,l):—2C(1+3’1/2) 4 F(1+S>F(1_S>i( 1

(2m)5 cos(ms/2)  mtl 2 2 ) = 2k + 1)t
(2.92)
where Re s > 0. Then for the integral (2.79) we obtain
9 0 1 y+i00
a —s—1
I(Ck,V,l,Cl) = ﬁ];)% / dS [7ra(2k+ 1)]
- y—100
I‘(V_l_aJrS)I‘(LJrS)I‘ s\ p(1l=s
x 2 )1 (45) (2) 0<y<Ll (2.93)

D (o) T (v +1 - of)
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Finally, making the change s — 2s — 1 we get the expression in terms of
Meijer functions,

0,2
I(Oél/la ZG24<7T 2k+1)’0;1y—|—a%1 al_y).

» 2
(2.94)

The function G34(2) is an analytic in z function in the sector |argz| < 7.
To find asymptotic behavior of J(a, v, 1,a) at large a, we use two terms
of asymptotic expansion of Meijer function at large argument and then
evaluate the sum. Below we present results for three cases v =0, 1,2:

2a? us 1

1 1 = - - — 1. 2.

(3,0,1,a) sinh(27a) (tanh(27ra) 4a> y &2 (2.95)
2a? s 3

1(3,1,1 = — 1. 2.96

(3.1,1,0) sinh(27a) (tanh(27ra) + 4(1) s (2:96)
4 2a? s 15

1(3,2,1 = — — — 1. 2.97

(8:2,1,0) ma  sinh(2ma) (tanh(27ra) * 4a> 4= (2:97)

The last expression contains the power decreasing term ~ 1/a in contrast
to the first two expressions. This is because the corresponding Mellin-
Barnes integrand has one pole (at s = 1) to the right of the integration
contour while the integrands for a = 3 and v = 1, 2 do not contain poles at
all in that region. Hence they have only exponentially decreasing terms,
for example, the first correction is exponentially small, ~ a? exp(—27a), at
large a > 1. On the other hand, since the expression for v = 2 decreases
as ~ 1/a the corresponding integral in Eq.(2.30) has 1/R* decrease with
a distance. However, as we find from Eq.(2.29) in main text, this power-
decreasing term is exactly canceled by the flat-band correction.



Chapter 3

Gap generation and flat
band catalysis in dice model
with local interaction

3.1 Introduction

The experimental discovery of graphene [22] draw attention of condensed
matter physicists to the systems with relativisticlike quasiparticle spec-
trum. It was shown [15] that in crystals with special space groups more
complicated electron spectra could be realized with no analogues in high-
energy physics where the Poincare symmetry provides strong restrictions.
One remarkable example is a possibility to possess strictly flat bands [100,
101], whose high degeneracy was shown to be stabilized by permutation
symmetries [102] (for a recent review of artificial flat band systems, see
Ref.[92] and Ref.[103] where many systems with pseudospin-1 fermions
have been discussed). The dice model is the paradigmatic example of
such a system with a flat band which hosts pseudospin-1 fermions [11].
The dice model is a tight-binding model of two-dimensional fermions
living on the 73 (or dice) lattice where atoms are situated both at the
vertices of hexagonal lattice and the hexagons centers [11, 80]. Since the
dice model has three sites per unit cell, the electron states in this model are
described by three-component fermions. It is natural then that the energy
spectrum of the model is comprised of three bands. The two of them form
a Dirac cone and the third band is completely flat and has zero energy
[13]. All three bands meet at the K and K’ points, which are situated at
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the corners of the Brillouin zone. The 73 lattice has been experimentally
realized in Josephson arrays [16, 17], metallic wire networks [18] and its
optical realization by laser beams was proposed in Ref.[19].

Perfectly flat bands are expected to be unstable with respect to generic
perturbations such as the presence of boundaries, magnetic field, Coulomb
impurities, and disorder. In a recent paper [89], we showed that, remark-
ably, the energy dispersion of the completely flat energy band of the dice
model is not affected by the presence of boundaries except the trivial re-
duction of the number of degenerated electron states due to the finite
spatial size of the system. It was shown also that the flat band of the
dice model remains unaltered in the presence of circularly polarized ra-
diation [104, 105] and magnetic field [12]. The electron states of gapped
pseudospin-1 fermions in the dice model for impurities with short- and
long-range potential were studied by us in Ref.[[14]] leading to qualita-
tively different results. Indeed, it was found that while the flat band
survives in the presence of a potential well, it is absent in the case of the
Coulomb potential.

It is well known that a soft kinetic spectrum favors the gap genera-
tion. For example, the low energy electron spectrum &(p) ~ |p|™ in ABC-
stacked multilayer graphene becomes more flat with n. The interaction
parameter 7, defined as the ratio of inter-electron Coulomb interaction
energy to the Fermi energy, scales like rg ~ ngfn)/z [106], where ng; is
the electron charge density. Obviously, the electron-electron interactions
become more important at low electron density as the number of layers
n increases in ABC-stacked multilayer graphene. This suggests that the
gap generation in chiral multilayer graphene should be enhanced [35-37]
as the number of layers n becomes larger. This conclusion agrees with
the experimental findings. Meanwhile no gap is observed in monolayer
graphene at the neutrality point in the absence of external electromag-
netic fields, gap 2 meV is reported in bilayer graphene [38-41]. The
recent experiments [42, 43] demonstrate the presence of gaps of almost
room temperature magnitude ~ 25 meV in high mobility ABC-stacked
trilayer graphene. A large interaction-induced transport gap up to 80 meV
was quite recently observed experimentally in suspended rhombohedral-
stacked tetralayer graphene [44].

Obviously, the flat band represents the most extreme case of a soft ki-
netic spectrum where the kinetic energy is completely quenched. The
above mentioned experimental results suggest that the generated gap
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should have the largest magnitude in the flat band system. This motivates
us to study the gap generation in the dice model. A recent theoretical
study of the band structure of magic angle twisted bilayer graphene [107]
also shows the crucial role of the flat band and the possibility of large
gap generation. This provides an additional motivation for the present
study. We would like to add also that since the pseudospin-1 fermions
with flat band were already realized in kagome metals such as FeSn [23]
and in electronic Lieb lattice [7], our results for the flat band catalysis of
gap generation can be tested experimentally.

To get an insight into the gap generation in the dice lattice we con-
sidered in this paper a model with local interaction. We studied both
intravalley and intervalley types of gap and analyzed their free energies.

The paper is organized as follows. The dice model and its general
properties are considered in Sec.3.2. In Sec.3.3, we study the intravalley
gap generation. The intervalley gap generation is investigated in Sec.3.4.
In Sec.3.4.3, we calculate the free energy for intra- and intervalley gap
states and discuss the phase diagram of the model. Technical details of
calculations are presented in Appendices 3.6, 3.7, 3.8.

3.2 Model

The lattice of the T3 (dice) lattice model is schematically shown in Fig.1.1.
The tight-binding equations are given by system (1.1) (with equal hop-
pings ¢ between atoms C and A, B).

There are two values of momentum where fi = 0 in tight-binding
Hamiltonian (1.3) and all three bands meet. They are situated at the
corners of the hexagonal Brillouin zone

CEQE). 0-E(hg) w

For momenta near the K and K’ points, the function f; is linear in q =
k—¢K, e, fi =vrp(€qe —iqy), vF = V/3ta/2 is the Fermi velocity, and
£ = = is the valley index. In addition, we set A = 1 for convenience.
The low-energy Hamiltonian for electron states of the dice model in both
valleys has the form

0 Eky — ik, 0
Ho(k,&) = | &k, + ik, 0 Chy — ik, | . (3.2)
0 Eky + iky 0
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Here we absorbed dimensional constant vz //2 into the definition of mo-
menta k = (vp/v/2)q (this k should not be confused with the initial
k in the Brillouin zone in Eq.(4.25)). The Hamiltonian acts on three-
component wave functions 97 = (14, %c,¥5). The electron states at the
K’ point are described like in graphene by the interchange of the A and B
spinor components. The two valley Hamiltonian, Hy(k,+1) @& Hy(k, —1),
is time-reversal invariant because of the relation Hj(k,§) = Ho(—k, —§),
which can be directly checked for Eq.(3.2). The time-reversal operator
T for the dice model is defined in the same way as in graphene: it in-
terchanges valleys, changes the sign of momentum, and contains complex
conjugation operator [108]. The spectrum of the Hamiltonian consists of
three energy bands £+v/2|k|, 0. Clearly, two bands form a Dirac cone and
one band is completely flat.

Although electrons interact through the Coulomb interaction V(x —
y) = €2/|x—y], to get an insight into the gap generation for quasiparticles
in the dice model we will study the gap generation for a local Coulomb
interaction Vigeq (€ — y) = Ud%(x — y). This significantly simplifies the
analysis because the gap equations are algebraic in the Hartree—Fock ap-
proximation rather than the integral ones as for the genuine Coulomb in-
teraction. The interaction Vj,.q is attractive between electrons and holes.
There are two main possibilities of order parameters of the exciton type,
namely, the intravalley and intervalley pairing which will be investigated
in the two subsequent sections.

We will study the gap generation by using the Baym—Kadanoff for-
malism [109-111]. The corresponding effective action for the quasiparti-
cle propagator G in the Hartree-Fock (mean field) approximation in the
model with the local four-fermion interaction has the form (for a similar
consideration in the case of graphene, see, e.g., [112])

(G) = —iTr [LnG'S + ($7'G —1)]

+5 [ {06 o6@ o) - Gl ). (33)

where T'r and Ln are taken in the functional sense, S is the free propagator
related to Hamiltonian (3.2), and trace is taken over the valley and spinor
components. Let us begin our analysis with the case of the intravalley gap
generation.
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3.3 Intravalley gap

First of all, let us consider possible intravalley gap terms in the dice model,
whose dynamical generation will be analyzed below. Obviously, the most
general momentum-independent intravalley gap term is given by

mi ¢ a
Hy,=1| ¢ may b |. (3.4)

a* b ms3

It is easy to check that parameters a, b, and c lead to an energy dispersion
relation which is anisotropic in momentum space. Since it is natural to
expect that the solution with the lowest energy should be isotropic in a
rotation-invariant system, we will set @ = b = ¢ = 0 in what follows. Then
mq, me, and mg are possible mass terms and. The electron states at the
two different valleys are independent, therefore, m; could be valley depen-
dent (note that valley-polarized states are well-known in graphene [113-
115]). Next we find the following characteristic equation which determines
the energy spectrum of the Hamiltonian Hy(k, &) + H,ap:

(my — ¢) ((m2 —&)(my —¢) — k:2) te—my)k?=0, k=k|. (3.5

Clearly, there are three solutions of the above equation. Two of them
tend to e(k) — 42k at k — oo and describe the upper and lower
energy branches of the non-perturbated Hamiltonian (3.2). Obviously, if
m1 = —ms, then the middle branch tends to the flat energy band € = 0 of
the free Hamiltonian (3.2) at large |k|. Therefore, we will assume in what
follows that m; = —mgs = m. In this case, Eq.(3.5) takes the form

(e — ma)(m? — ) + 2ek* = 0. (3.6)

The examples of spectrum defined by this equation are shown in Fig.3.1.
It is easy to check that € = 0 is the exact solution of Eq.(3.6) for all k if
mo = 0. The flat band solution ¢ = 0 is realized also if m = 0. In what
follows, we will study only solutions with m # 0 and msy # 0 when the flat
band is absent. Equation (3.6) implies that the particle-hole symmetry
could be preserved even in the case mo # 0 if we consider the mass term
—mg at the valley & = —. Since the choice of the sign of m is irrele-
vant for the energy dispersion, without loss of generality we can assume
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Figure 3.1. Energy spectrum defined by Eq.(3.6) for three values of mso (a):
ms = 0.35m, (b): mg = m, (¢): my = 4m. At the middle panel the crossing
point of two bands is shown. Here energy € and momenta k are measured in
units of m.

that m takes the same value in both valleys. Thus, we have the following
intravalley gapped Hamiltonian at valley &:

0 Ehy — ik, 0 m 0 0
He = | ko + ik, 0 Ehky—iky |+ 0 €ma 0
0 Eky + ik, 0 0 0 -m

(3.7)

It is worth noting that this Hamiltonian for mo = 0 possesses the intraval-
ley particle-hole symmetry C = AK

0 0 1
CHe(k)+ He(k)C=0, A=|0 -1 0 |, (3.8)
1 0 O

where K is the complex conjugation. The relation above can be checked
straightforwardly. The existence of this particle-hole symmetry explains
why the energy spectrum is particle-hole symmetric in a given valley for
mz = 0. The second term in Hamiltonian (3.7) defines an ansatz for
the full inverse propagator in the theory with the Hamiltonian Hy+ Vjpcai,
where gap parameters m and mg are determined by solving the Schwinger—
Dyson equation.
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3.3.1 Gap equations

Varying the Baym—Kadanoff action (3.3) with respect to G, we obtain
the following Schwinger—Dyson equation in the Hartree-Fock (mean field)
approximation:

. i 2U [ dwd?k
GOp) =S p) iy [ ThFGw . (39)

where we retained only the exchange contribution because the Hartree
contribution vanishes at the neutrality point of the considered particle-
hole symmetric state. Note that H does not mix states from the two
valleys, therefore, the Schwinger—Dyson equation (3.9) for the intravalley
gaps is diagonal in the valley indices. The additional factor 2/ v% appears
due to the definition of k below Eq.(3.2).

As was discussed above, we study the gap generation in a neutral
particle-hole symmetric system with meo and —mg mass terms in the val-
leys + and —, respectively. Therefore, there is no need to introduce the
chemical potential. However, the valley dependent chemical potential &,
with opposite signs in the two valleys could be dynamically generated.
Hence it should be added to the Hamiltonian H¢. Such chemical poten-
tial defines filling at particular valley £&. The corresponding gap equations
for m, mo, and u, are derived in Appendix 3.6. It is useful to perform
the Wick rotation w — iw in the gap equations (3.55)-(3.57) and inte-
grate over w and polar angle ¢. Then we obtain the following system of
equations for p,,m, and ma:

A

U/kdk k% + 1 (mg —10) |
v = 5 sign|uy, — ro| + C.p. |, 3.10
2 'U%‘ / 2 (Tl _7"0) (TO _TZ) g [IU‘ 0] D ( )
U PRak [ ( )
ma —To .
m=m-— sign|p, — ro| +c.p.|, 3.11
U%O/ 2T [(To—rl)(ro—rg) gnlp ol p} (3.11)
U Ak‘dk kQ—m2+m2r0
mo = —— sign|py, — ro| + C.p.| 3.12
2 U%O/ 27 l(m—rl) (ro —m2) gnlu o p] (312)

where c.p. means summation over two terms with cyclic permutations of
roots 7o, 71, and ro. Here rg, 1, and ro are functions of k£ defined in
Appendix in Eq.(3.52) and describe the momentum dispersion of energy
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bands. The symmetry under permutations of g, 71, and 79 is obvious in
these equations. Here we also introduced an ultraviolet cutoff A for energy,
which is of order ivpm/(ayv/2), where a is the lattice constant a = 2.46 A,
and we take vy = 10%m/s as for graphene [115]. This cutoff determines
the range of applicability of the low-energy model.

3.3.2 Properties of gap equations and critical coupling con-
stant

Before solving the gap equations numerically, we should note several their
algebraic properties. At first, if a certain set m, ms, u, is a solution,
then sets with changed signs of masses and valley chemical potential, i.e.,
—m, ma, iy and m, —ms, —u, are also solutions. This follows from the
symmetry properties of roots r, defined in Eq.(3.52).

Another important property is that there are no solutions of the gap
equations (3.10)-(3.12) for weak coupling U. This can be shown in the
following way: nontrivial solutions are possible for U — 0 only if there
are poles in the integrands at k = 0. This can happen only if two bands
meet, i.e., rj(k = 0) = r;(k = 0). Near the k£ = 0 point the denominator
is linear in k, and the integral over d’k cancels this singularity. In other
words, there are no infrared singularities and therefore nontrivial solutions
require a critical value U, for their appearance.

Further, let us find the critical coupling constant above which a non-
trivial solution exists. Near the critical value, both gaps m, mo and the
valley chemical potential pu, should tend to zero. Since there are no in-
frared singularities, the critical coupling constant can be found from the
ultraviolet limit of the gap equations at large k. In such a limit, the gap
equation (3.11) reduces to

A
U [kdk 1

m = m—z/——, (3.13)

VE 21 2k

which results in the following coupling constant for m # 0:
27r\@v% v%

= ——— ~ 8.80—. .14
U, A 8.89 A (3.14)

Finally, let us proceed to numerical solution of the gap equations. It is con-
venient to measure U in terms of v%/A. The gap equations (3.10)-(3.12)
form a set of coupled nonlinear equations. We solve them numerically by
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Figure 3.2. Solutions M = m, ma, p, for the system of gap equations (3.10)-
(3.12) as a function of coupling constant U. The critical value U, of coupling
constant, estimated in Eq.(3.14), is marked by dashed vertical line.

using standard iterative methods (see, for example, Ref.[116]). Guessing
initial points in a wide range for both masses and valley chemical poten-
tial, we were able to find solutions just above the critical constant (3.14).
The corresponding results are shown in Fig.3.2. Near U = U, gaps m, my
are small and valley chemical potential u,, is still several orders of magni-
tude smaller. All these dynamical parameters grow quickly with U. We
determined also the corresponding critical exponents by using numerically
obtained solutions near U.. We found that the dynamical parameters scale
asm ~ (U —U,.), mg ~ (U—U)™, and p, ~ (U — U,)33.

3.4 Intervalley gap

Since the denominator in the gap equations (3.10)-(3.12) contains the dif-
ference of energy dispersions of two bands, this difference is approximately
like that in graphene or two times less. This is the mathematical reason
for the existence of a nonzero critical coupling constant for the gap gener-
ation like in graphene. However, there is the middle completely flat band
in the dice model. This suggests that it might be favorable to consider
an intervalley gap which couples the electron and holes from different val-
leys. Additional reason to study such a gap is that similar valley-polarized
states are well-known in graphene [113-115]. As we will see below, the
most crucial property of the intervalley gap is that the difference of the en-
ergy dispersion of the flat bands in the two valleys does not increase with
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k at large k. The most general two-valley Hamiltonian which describes
the intervalley pairing is given by

_(Hy P

where we used the short-hand notation Hf = Hy(k,+) for the free Hamil-
tonians in the K and K’ valleys defined by Eq.(3.2), and matrix P de-
scribes the invervalley gap and, in general, is arbitrary. Since

THyT'=Hf, T=

= o O
O = O

1
01, (3.16)
0

it is convenient to exchange the A and B components of wave functions in
the K’ valley multiplying them by 7. Then the intervalley Hamiltonian

(3.15) takes the form
Hf F
H;, = B , 3.17
( FT —Hf ) (3:17)

where its block diagonal elements differ only by sign and F = PT~!.
Hamiltonian (3.17) acts on six-component wave functions

wT = (¢§a¢g7¢§a g/awé{/7wA/) .

In order to determine the gap equation for the intervalley gap, we need to
calculate Green‘s function

—1
1 (w-Hf F
GW‘)—M—( Fi w+Hg> o (319

where F' should be determined self-consistently from the Schwinger-Dyson
equation which we derive below.
3.4.1 Ansatz and gap equation

Let us to consider the following ansatz for the intervalley gap with diagonal
matrix F whose elements, however, are different:

F = diag (A, Ag, A) (3.19)
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and, without loss of generality, we assume that A and As are real. This
specific ansatz, whose first and third diagonal elements are the same, is
consistent with the intervalley particle-hole symmetry (compare it with
the particle-hole symmetry (3.8) for the intravalley electron and hole pair-
ing) because the anticommutator of the operator C;, = AKV with Hj, is
Zero

{Civs Hi} =0, V= ( i ) | (3.20)

Here A is defined in Eq.(3.8), K is the complex conjugation, and V acts
on the intervalley indices. The particular form of matrix V is motivated
by the order of sublattice wave functions in 6-component spinor and is
in agreement with Eq.(3.17). Note that since the intervalley particle-hole
symmetry is preserved, it is no need to introduce the valley dependent
chemical potential u, like we did in the previous section for the case
of intravalley pairing, where my breaks the intravalley particle-hole sym-
metry. Green's function (3.18) for the intervalley gap function (3.19) is
derived in Appendix 3.7.

Using this Green’s function, we readily find that the Schwinger-Dyson
equation leads to the following gap equation:

o [dwd®:k B
F=i— 3.21
"2 / (2m)3 detlw — Hy)’ (3:21)

where B is the off-diagonal block of Green’s function defined in Eq.(3.61).
The determinant in the denominator equals

det[w — Hy] = (W? — A?)(w? — a®)(w? - V?), (3.22)

where

a2, b? = % (4k2 + A2 AZE|A - Aoly/8K2 + (A + A2)2) . (3.23)

The corresponding spectrum is shown in Fig.3.3 for several values of A and
As. We will find below that Ay < A for solutions of the gap equations,
therefore, panel (c) describes the most relevant case. Equation (3.21) after
the Wick rotation w — iw gives the equations for gap parameters which
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Figure 3.3. Energy dispersion for As = A (panel (a)), Ay = 0.35A (panel (b)),
and Ag = 0.02A (panel (c¢)). Here w and k are measured in units of A.

can be written as follows:

2U [dwd’k [ A B C
A= T/ 3 2 st 2t 2 2|
v S (21)3 lw?4a?  w?r4+b? WP+ A
AW / dwd®k | Ag(a? — A?) —2Ak?  Ag(A? — b?) + 2AK?
2T ) 23 | (@@= (@ +w?) | (@2—0) (P +w?) |
(3.25)

(3.24)

where a? and b? are defined in Eq.(3.23) and coefficients A, B, C' are

Ao a*A — a?(A3 + AA3 + 2AK? + Agk?) + A(AAs + k) (AA; + 2k2)
- (a2 _ b2) (a2 _ AQ) ’
2AK? (k2 — A2 + AAy)
B=Alaed), C==r (3.26)

The structure of the gap equations (3.24), (3.25) implies that we can
assume without loss of generality that A > 0 and leave the sign of Ag
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undefined. Then integrating over frequency and angle, we obtain (a,b > 0)

2U (Mkdk 1 |KE%*(a® + alg — k?)
A=— — b
v%/o 2r a+b | ala—">b)(a+ A) +laeb)+
Ao(AA, + 3K?)
2
+ 5ab , (3.27)
2U [Akdk 1 [A(AAs +2k?) Ay
Ay — 22 — 2
2 v% /0 2r a+b 2ab + 2 (3.28)

The above equations form a coupled system of equations for A and As.
Note the symmetry under the exchange a <> b. We will solve this system
numerically in Subsec.3.4.3. As we argued above, the flat band should
play the principal role for intervalley gap generation. Therefore, before
finding numerical solutions to the gap equations (3.27) and (3.28), it is
instructive to study in the next subsection the intervalley gap generation
by retaining only the flat bands in the two valleys.

3.4.2 Flat band approximation

To study the intervalley gap generation in the flat band approximation
(FBA), we should find explicitly the corresponding flat band electron
states. First of all, by using Eq.(3.2), we obtain that the normalized
states of zero energy of the free Hamiltonian Hy are given by

g (k) = Vé <O—£ﬁ, (3.29)

where k4 = k; £iky. In order to proceed and consider the intervalley gap
generation, we should determine the eigenstates of Hamiltonian (3.17) in
the subspace composed of flat band states in two valleys, i.e.,

HyU = E7, (3.30)
where W consists of the flat band states (3.29) in two valleys with two
unknown constants C7 = N and Cy = NC'

k k

WT:N<LO —*.c,0, C*). (3.31)
k.’ k_

The eigenstate equation (3.30) for F' = diag (A, Ag, A) gives two nontrivial

relations

E-AC=0, A-EC=0. (3.32)
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Note that the gap As is not present in the above equations. Clearly, the
system of equations (3.32) means that there are two solutions

C=1 E=-A, C=-1, E=A. (3.33)

Obviously, the two former degenerate flat band solutions in two valleys
are now split in energy by 2A.
Green‘s function connected with the flat band states has the form

T
LN AN N N

Grp(w k) = —S— 8 4 —228, (3.34)
where
1 k k 1 k k
To_ = M ot T _ - Mt _Mt
\Il—A — 47'[' <1) 07 k‘,’ ]-7 07 k?) ) \I]A 47‘[‘ (1) 07 k‘,’ 17 05 k?) .
(3.35)

In order to study the gap generation, we should consider the off-diagonal
elements of the matrix Ggrp. Let us consider the upper off-diagonal block
(the consideration of the lower off-diagonal block gives the same results).
Since the element 25 of the matrix G gp is zero, we conclude that Ay =0
in the flat band approximation. The elements 14 and 36 of the matrix
Gpp coincide. Therefore, the ansatz with F' = diag (A, Ag, A), whose
11 and 33 elements are the same, is indeed consistent. Thus, we have
the following gap equation in the flat band approximation defined by the
element 14 or 36 of the matrix Gpp:

2U [ dwd®k 1 1 1
.
vi ) (2m)3 4m w—A w+A
iU /dwd% A
(2m)3 w2 — A2+45°

= 3.36
o (3.36)
Integrating over w and introducing a cut-off A over momentum, we easily
find the following gap in the flat band approximation:

UA?

A= 2
8#20%

(3.37)
Clearly, the critical coupling constant is zero like in the case of the mag-
netic catalysis of the gap generation [117] in a model with local four-
fermion interaction in 2 + 1 dimensions. Note that there is no trivial so-
lution again as in the magnetic catalysis case. The calculated gap (3.37)
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Figure 3.4. Numerical solutions of the gap equations (3.27) and (3.28).

is quadratically divergent and is much larger than the gap in the lowest
Landau level (LLL) approximation. The reason is that Green‘s function
in the LLL approximation in fermion systems with relativistic-like energy
dispersion and dynamically generated mass m is quite similar to the flat
band Green'‘s function (3.34)

o wyy —m

Srrr(q) = e T8 (1 —iv172) (3.38)

W2 —m2
except that it contains an exponentially decreasing factor in momenta q
(here 79, 71, and o are the Dirac y-matrices). Therefore, the correspond-
ing solution to the gap equation is proportional to the magnetic field
strength |eB| rather than the cut-off squared A? (see Eq.(64) in [117]).
This is the reason why the intravalley gap is so large.

In addition, we should note that the flat band approximation in the
model under consideration can be obtained as a large momentum limit of
gap equations. Assuming that A, Ay < A, we can approximate coeffi-
cients a,b in (3.23) as follows:

a?, b? ~ 2k, (3.39)

Substituting this back in Eqgs.(3.27) and (3.28), we find the following so-
lutions for gap parameters:

A UN v 3
2 87 2_8771)%—\@UA_1—\@A/AA'

(3.40)
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These expressions extend the results obtained in the two-band FBA dis-
cussed above and incorporate corrections from other energy bands for
As. Before proceeding to the numerical analysis, it is instructive to es-
timate the values of generated gaps. Using cut-off A = vp7r/(av/2), we
find A = 7U/(16a?). For local Coulomb interaction, we can use the corre-
sponding estimate in graphene Vi = €2/3/(an) ~ 3.3¢V [118]. This gives
the coupling constant U = Vi /Qpz (here Qpz = 2/(v/3a?) is the area of
the Brillouin zone), we find A = 0.56 €V. Interestingly, the obtained result
qualitatively agrees with the study of gap generation in twisted graphene
bilayers near a magic angle [107], where the flat band is present. Indeed,
due to the very large length of the moire lattice unit arpg ~ 12nm, the
corresponding gaps are suppressed by factor a? /QQTBG leading to gaps of
order few meV in twisted bilayer graphene. Finally, we note that it is
crucial that there are two flat bands in different valleys and our analysis
shows that the presence of a single flat band is not sufficient for the gap
generation for an arbitrary small coupling constant.

3.4.3 Numerical analysis of solutions and their free energy

In the numerical analysis, it is convenient to measure U in units of v%/A.
Like in Sec.3.3.2 we use the iteration method to solve the gap equations.
The corresponding numerical solutions are presented in Fig.3.4 and are
compared with the flat band approximation result.

One should note that gap Ay is one order of magnitude smaller that
gap A for small values of U such that UA/U% < 2. For example, at
UA/v: = 1.4 we find A =~ 0.06A, Ay ~ 0.005A. However, Ay grows
much faster with coupling constant U, approximately as U2, which quan-
titatively agrees with Eq.(3.40) at small coupling constant. UA/v% > 4,
the FBA solution starts to deviate from the exact solution. Of course,
we should note that the low-energy model is not applicable when gaps
become of order A.

Among all solutions of the Schwinger Dyson equation the stable one
is selected as the solution with the lowest free-energy density. The free
energy density of a certain solution is determined by the value of the
Baym-Kadanoff effective action (3.3) for the corresponding extremum of
the Schwinger-Dyson equation dI'(G)/0G = 0 which takes the form [112]

I=—iTr {Ln G1S + % (S‘lG — 1)} : (3.41)
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Figure 3.5. Numerical results for the free energy density ) as a function of
coupling constant U. The free energy density 2,4, for the intravalley gap
solution is given by Eq.(3.65) and €, for the intervalley gap solution is defined
in Eq.(3.67).

The free energy density is given by Q = —I'/T'V where TV is a space-
time volume. Integrating by parts the logarithm term and omitting the
irrelevant surface term (which does not depend on gaps), we find

 Tdw 2 [ 2k 06— (w) L, L 0S(w)
Q—z/%v%/wtr{—w[aa} Glw) + 57 w) = ]

5[5 @ew 1) } (3.42)
The technical details of calculation of the energy density of the intravalley
and intervalley gap solutions are presented in Appendix 3.8. Here we
present the results of numerical evaluation by using Eqs.(3.65) and (3.67)
and plot the free energies for both types of gaps in Fig.3.5. Clearly, the
intervalley gap solution is always preferable including the region above the
critical coupling constant (3.14).

3.5 Summary

We studied the gap generation in the dice model at the neutrality point.
We found that there are two main intravalley and intervalley types of the
electron-hole pairing which pairs the electron and hole states in the same
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and different valleys, respectively. The neutrality of the system provides
an important reduction of the number of order parameters. Indeed, it
turned out that the particle-hole symmetry restricts the number of pos-
sible order parameters to three in the case of the intravalley gap and the
intervalley particle-hole symmetry gives two independent order parameters
for the intervalley pairing. Thus, there are three and two gap equations
in the case of the intra- and intervalley gap generation, respectively.

To get an insight into the gap generation in the dice model and reveal
the role of the flat band, we employed a local four-fermion interaction in
our study. The main technical advantage of local interaction is that the
gap equations are algebraic and admit an efficient numerical and partially
analytic analysis. Our main finding is that the intervalley gap is generated
for an arbitrary small coupling constant unlike the intravalley gap which
requires a critical coupling constant. These qualitatively different results
are due to the crucial role which plays the flat band in the intra- and
intervalley gap generation.

Indeed, the intravalley gap pairs the electron and hole states in the
same valley, therefore, it cannot pair states from the flat band only be-
cause such states cannot be the electron and hole ones simultaneously. In
contrast, the intervalley gap relates the electron and hole states in flat
bands from different valleys. The dispersionless band has a singular den-
sity of states that strongly enhances the intervalley gap generation leading
to an extremely large gap proportional to the coupling constant times the
area of the Brillouin zone. This result agrees with the heuristic argument
that the completely flat band is the most favorable for the gap generation
[119-122]. The intervalley gap generation in the dice model is also qualita-
tively similar to that in the case of magnetic catalysis in (2+1) dimensions
in fermion systems with relativistic-like energy spectrum [117]. Indeed,
magnetic field produces completely flat Landau levels and a fermion gap
is generated for an arbitrary small coupling constant and is proportional
to the degeneracy of the lowest Landau level defined by the inverse of the
magnetic length squared [=2. Since the magnetic length is typically much
larger than the lattice constant (e.g., in graphene, [ is 26 nm at B=1T
and the lattice constant a = 0.246 nm), the intravalley gap is strongly
enhanced in the dice model by factor i?/a? ~ 10* compared to the gap
generated due to the magnetic catalysis. Thus, we conclude that the flat
band catalysis is very efficient indeed. The underlying physical reason
is very simple. Due to the dispersionless flat band, the integration over
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momentum leads to a gap proportional to the area of the Brillouin zone,
thus, very strongly enhancing the gap. This means that even if the mid-
dle band is not completely flat, still the intervalley gap generation should
be very efficient and robust. Finally, we note that our results emphasize
and shed additional light on the important role of flat band in the gap
generation for magic angle twisted bilayer graphene.

3.6 Appendix: Intravalley Green‘s function and
gap equations

Green‘s function of quasiparticles in the dice model with intravalley gaps
at given valley £ in momentum space equals

1 1 Gun D FE
Ge(w, k) = = B (G H ,
el ) w—He+ &y detlw — He + o] C }7212 Ga3
(3.43)

detlw — He + &) = (w0 + Epty — Ema) (W + Epp)? — m?) — 2k (w + Epy),

where the diagonal matrix elements are

Gi1 = (W + Epy +m)(w + Epy — Ema) — k2, (3.44)
Gog = (w + &py)? — m?, (3.45)
Gz = (W + &po — m)(w + Epy — Ema) — K, (3.46)

and the off-diagonal elements are

D= (w+&u+mhks, E=(K) B=(w+&u +mks,
H=(w+&m—mk, C=()% F=(+&u—mk, (347)

and k* = (Eky — iky)/V/2 and kS = (Eky + ik,)/ V2.
Clearly, all off-diagonal terms in G¢(w, k) depend linearly or quadrati-

cally on ki and k{, therefore, all such terms vanish after integration over
momentum in Eq.(3.9). Hence the Schwinger-Dyson equation gives three
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equations for p,, m, and my for the diagonal terms. They are

22U [ dwdk (w A+ Epe) (w4 Epy — Emg) — K2
Sho = _Zv%/ (2m)3  det|w + i0sgn(w) — He + Epy] (3.48)
_2U [ dwd?k m(w + &y — Ema)
"= ZE / (2m)3  det|w + i0sgn(w) — He + &y’ (3.49)
U [ dwd*k (w+ Epy)Ema + Kk —m?
smz = Zv%/ (27m)3 det[w + i0sgn(w) — He + Epe] (3:50)

Note that Eq.(3.49) for gap m is explicitly homogeneous unlike Eqs.(3.48)
and (3.50) for p, and mo. As we stated above, we seek solutions with
m # 0, otherwise, the flat band with € = 0 is realized and it is not clear
how to define a half-filled state.

Since & equals + in two valleys, in fact, the system of equations (3.48)-
(3.50) consists of six equations for three unknowns p,, m, and mo. It
is convenient to change the variable w — £w on the right-hand side of
these equations to see that this system of equations is consistent. In order
to calculate the integral over w in the above gap equations and make
it explicitly convergent we represent the integrands as I(w) = [I(w) +
I(—w)]/2 utilizing the symmetric integration in w. The denominators in
the integrands is convenient to write in terms of roots of the cubic equation

det[w — He + &) = (W + &y — ma) (w +Epo)? —m?) = 2k (w + Eppy) = 0
(3.51)
which are given by

1 3qg | 3 2
TnzwnﬂLMv:%%—Zm —g cos(3 arccos (213 —p)_gn>7

with n = 0,1, 2 and where

1+ 25 2m3 2 K\ 2m3
g="2 (1 Tz ZMa ) T2 (2 (g N ) S ) g 53y
m 3 27m? m \3 m?2 27m?

Thus, the determinant can be conveniently rewritten as

detlw — He + {po] = (W + Epo — 10) (W + Epo — 11) (W + Epto — 12). (3.54)
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Then we obtain

_iU/deQk <(w+/‘v)(w+/‘vm2)k2 _ l My —> — [y, 1)

=702 ] e 7 detlw +i6 — He + ) my — —msy
(3.55)
- iU / dwd?k m(w + py — m2) Py = — [y, (3.56)
vy ) (2m)3 \detlw +id — He + &) mg = —mg | )7
— iU / dwd?®k [ (w+ py)ma + k* —m? I B R gt U0
272 ) (2n)3 \detlw+i6 — He + €] | m2— —ma | )

(3.57)
where § = Osgn(w). This form of equations is convenient for further
integration over frequency leading to Eqgs.(3.10) - (3.12) in the main text.
3.7 Appendix: Intervalley Green‘s function

For Green‘s function of the intervalley gap ansatz (3.18), we find the
following explicit expression:

1 A B
Gij = det|w — H;y] ( C D ) ’ (3:58)

and the determinant in denominator equals to

detlw — H] = (w? = A?) [w? — w?(4k" + A2+ A3) + (2K + AA)?].
(3.59)

The elements of the matrix A are
Ay =w (A% = w?) (A3 - w?) + 2" + &2 (A2 + 24,4 - 307))
App = k_ (M - w2> (AAQ tok? - w2) ,
Az = K2 w (A2 —2AA, — 2% + w2) ,
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Aoy =k (A2 - w2) (AA2 ok w2) :
Agy = w (A2 ~ wz) (A2 oK? - w2) :
Agz = k_ (A2 - w2) (AAQ 1 2k% — w2) :

Ag = Kw (A2 = 280, — 2k + w?),
Agp = by (A2 0?) (ADg +28% —u?) |

Ay =w (A% = w?) (A3 - w?) + 2k" + &2 (A2 + 24,4 — 307)) .
(3.60)

It turned out that B = C' and the elements of B are
By = A (A% = 0?) (A3 - w?) + 20K + k2 (3A%4, — (24 + Ag)w?)
Bis = (A —A9)k_w (A2 - w2> ,
Big = —k% (A28, = 200 + Agw? 4 20K?)

Bor = (A = Ay) (—kyJw (A% = w?),
Bay = (A2 - w2) (Az (A2 - w2) + 2Ak2) :
Bag = (A = Ay) (—k-Jw (A% = w?),

Byt = —k% (A2Ag — 2007 + Agw® + 2AK?)

Bay = (A = Ay) kyw (A2 —w?),

By = A (A% = w?) (A3 = w?) + 2AK" 4 k2 (3A%A4,; — (24 + Ag)w?) .

(3.61)
Finally, the clements of D are

Dy = w ((M _ w2> (Ag -~ w2) okt 4 k2 (A2 F2M0A — 3w2)) :
Doy = w (A% — w?) (A2 4 282 — o?),
Doi = =k (A% = w?)(2k° — w? + AA),
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D3 = kiw(72k2 + A? + w? — 2AA2),
D1y = —k_ (A% —w?)(2k? — w? + AAy),
D32 = —k‘+(A2 — w2)(2k2 — w2 + AAQ),

Di3 = K2 w(—2k* + A? +w? — 2AA,),

Dog = —k_ (A% — W?)(2k% — w? + AA),

Da3 = w ((A2 - wQ) (Ag - w2> 1okt 4 k2 (A2 T 2MLA — 3w2)) .
(3.62)

In the main text we use the diagonal elements of B to write the gap
equations in the explicit form. Note, that off-diagonal components vanish
after integration over polar angle ¢ in momentum space.

3.8 Appendix: Evaluation of free energy

In this Appendix we present the detailed calculation of the free energy
density for intravalley and intervalley gap states in the dice model. The
final results are given by Eqgs.(3.65) and (3.67).

Using expression (3.42) for the Baym—Kadanoff free energy, we denote
the integrand as

Ok, w) = tr {S WG -1 [3‘;1(“)0(@ 5w 25w (“)] } |

2 Ow ow
(3.63)

First we evaluate the trace and perform summation over valleys, decom-
posing the result into fractions. Next it is convenient to perform the Wick
rotation w — iw. For the intravalley gap state, we obtain

Qintra(k Zw) - _871{:2 - ((,uv - TO) X
’ w? + 2k2
m?(3ma — 2r¢ — ) — 2k (470 + p10) + r0(3ropy — ma(ro + 24y)) ny >
(r1 —10) (ro — 72) (o — 70) % + &?) )
(3.64)

where (c.p.) denotes cyclic permutation of r;. The integration over fre-
quency w is easily performed and we come at the free energy density for
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the intravalley gap state given by

A
1 kdk
Qintra = 5 / - |:2\/§k +
Vi / T
(—2k2 (4ro + py) + m2 (3mg — 219 — py) + 70 (3ropy — ma (ro + 24uy))
2 (rl — ’I“o) (’r‘o — 7‘2)

x sign [py — o] + c.p.)}, (3.65)

This expression is invariant under the change of sign m — —m or (ma, ) —
(—ma, —py). Using the numerically found solutions from Sec.3.3 (see
Fig.3.2), we evaluate the integral over k. The corresponding results for
the free energy are shown in Fig.3.5.

In the case of the intervalley gap state, we obtain for the integrand in
the Baym—Kadanoff free energy (3.42) after the Wick rotation w — iw

- A? 8k?
Qolkow) = a2 ~ o
N A? (2A% + w?) + Adw? + 12AAk? + 8K% (2K + w?)
@+ D)+ 7) |

(3.66)

Expanding the middle fraction and performing integration over w, we find
the free energy density for the intervalley gap state

A
in — _12 @ |:w _ 2\/§k+
vV / 21 2
a?A% + A% (a® — 2A3) + 8k (a® — 2k2) — 1244,k
( 2a (a? — b?) tlaeh)|

(3.67)

The free energy density €2 for the intervalley gap from Sec.3.4.3 is shown
in Fig.3.5 by red dashed line.



Chapter 4

Optical conductivity of
semi-Dirac and
pseudospin-1 models:
Zitterbewegung approach

4.1 Introduction

The optical studies of electronic systems is one of the main sources of in-
formation about charge dynamics in different condensed matter systems:
high-Tc superconducting cuprates [123, 124], graphene [125-130], topo-
logical insulators [131] together with Dirac and Weyl materials [132-134].
Recently it was shown [15] that in crystals with special space symmetry
groups more complicated quasiparticle spectra could be realized with no
analogues in high-energy physics where the Poincare symmetry provides
strong restrictions. Some of such systems possess strictly flat (dispersion-
less) bands [92, 100, 101] with high degeneracy potentially leading to a
large enhancement of some physical quantities.

In the present paper we develop the method to calculate frequency-
dependent optical and Hall conductivities in low-energy models containing
also new types of quasiparticles. The presented method is based on the
solution of the Heisenberg equations for the time-dependent quasiparticle
velocity operators, which also describe the phenomena of zitterbewegung
(trembling motion) [47, 135]. The formulation of this method is very
similar to the proper time approach of Schwinger [136] and the obtained
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expressions extend previously derived formulas for longitudinal conductiv-
ity in Refs.[137, 138]. We rewrite the Kubo formula through quasiparticle
velocity correlators, and use the solutions of the Heisenberg equations. We
demonstrate the applicability of the described method to the semi-Dirac
model and gapped pseudospin-1 models of the dice and Lieb lattices. As a
result, we obtain closed-form analytic expressions, which in turn are used
to investigate the dependence of conductivities on frequency, gap size and
temperature.

The phenomenon of Dirac points merging in two-dimensional materials
has received much attention in the literature [139-141]. Such system was
realized experimentally in optical lattices [142] and in microwave cavities
[143]. The analytical and numerical calculations of optical conductiv-
ity for semi-Dirac systems were discussed in several recent papers [144—
148]. Quite recently the magneto-conductivity of the semi-Dirac model
was studied [149].

The dice model is a tight-binding model of two-dimensional fermions
living on the 73 (or dice) lattice where atoms are situated both at the
vertices of hexagonal lattice and the hexagons centers [11, 80]. Since the
dice model has three sites per unit cell, the electron states in this model
are described by three-component fermions and the energy spectrum of
the model is comprised of three bands. The two of them form Dirac cones
and the third band is completely flat and has zero energy [12, 13]. The
75 lattice has been experimentally realized in Josephson arrays [16, 17],
metallic wire networks [18] and its optical realization by laser beams was
proposed in Refs.[12, 19]. The optical and Hall conductivities for the
a — T3 model were studied in Refs. [49, 150-152]. We show that our
method allows one to obtain fully analytic expressions for the case of S,
model even without magnetic field, thus extending the previous results.

Another example of pseudospin-1 system considered in this paper is
the gapped low-energy model of the Lieb lattice [21]. Due to the presence
of flat band in spectrum [21, 153, 154], the Lieb lattice served as a platform
for theoretical studies of many strongly-correlated phenomena - ferromag-
netism [20, 155] and superconductivity [156, 157]. The Lieb lattice was
realized in many experimental setups: arrays of optical waveguides [8,
158] via the surface state electrons of Cu(111) confined by an array of
carbon monoxide molecules [7], in vacancy lattice in chlorine monolayer
on Cu(100) surface [159] and in covalent organic frameworks [9, 10].

The chapter is organized as follows: in Sec.4.2 we present the most
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Figure 4.1. Spectrum given by Hamiltonian Hgep; in Eq.(4.9). The values of
gap parameter are (a) A =1, (b) A =0 and (¢c) A = —1. We choose units
v =1, a = 1. The panel (a) represents a fully gapped regime, while the panel (c)
corresponds to the regime with two Dirac cones separated by 24/A/a along the
x-direction.

general formulas for the optical and Hall conductivity in terms of quasi-
particle velocity correlators. In Sec.4.3 we apply the method for a simple,
but physically reach semi-Dirac model with merging Diral cones. Next,
we apply the described approach to calculate the optical conductivity of
the gapped dice model. For this purpose in Sec.4.4.1 we solve the Heisen-
berg equations for the dice model with gap and discuss properties of the
quasiparticle dynamics. Combining the results with general formulas for
conductivity in Sec.4.4.2, we find the optical and Hall conductivity and
analyze their dependence on external frequency. Finally, in Sec.4.5 we
perform similar calculation for the Lieb lattice model, whose underlying
matrix algebra is much more complicated. In the Appendices we present
the details of Kubo formula transformations and conductivity integrals
evaluation.

4.2 Expression for conductivity through particle
velocity correlators

The method described below is an extension of the approach used in
Ref.[135] to an arbitrary pseudospin model with different dispersions. We
start the derivation from the Kubo formula for frequency-dependent elec-
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trical conductivity tensor written in the following form [138]:

v

(w+ie)V

X {<T,w> —~ % / dte' TN Ty (5[, (t), J,(0)])] (4.1)
0

o (W) =

where V' is the volume (area) of the system, p = exp (—SH) /Z is the
density matrix with the Hamiltonian H in the grand canonical ensem-
ble, Z = Tr exp(—fH) is the partition function, 8 = 1/kgT, and J,
are the current operators. The diamagnetic or stress tensor (7,,) in
the Kubo formula (4.1) is a thermal average of the operator defined as
T = O*HJO(A*/c)9(AY /c). In the case of a linear dispersion law the
term with (7,,) in Eq.(4.1) is absent. In what follows we set h = 1 and
restore it in the final expressions.
The important symmetry properties of the conductivity are

Reo,(w) = Re oy (—w), (4.2)
Imoy, (w) = —Imoyu,(—w). (4.3)

Using the representation of conductivity tensor through the correlation
functions of currents (see Ref.[137] and Appendix 4.7) and expressing them
in terms of time-dependent particle velocity correlators, we arrive at the
following general expressions:

e? [
Red () (@) = 3= [ dBp(E) [f(E) = f(E+w)

X /_ O:O dte™" (v, (1)0,1(0)) . (4.4)

where the velocity operator v, (t) = ef'v,(0)e~"'. Here we defined the
microcanonical average of an operator A at given energy E as

A

Tr[0(E — H)A]

e = Te[0(E — )]

(4.5)
where Tr[6(E — H)] = p(E)V and p(E) is the density of states (DOS). It
is easy to check that the last expression is real using

(v(u(=1),3(0))

*

= (v (0)) (4.6)
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The expression (4.4) for T' = 0 is in accordance with Ref.[160] for diagonal
conductivity. The numerator in Eq.(4.5) can be represented using the
Fourier transformation:

PN Vo[ . A A
Te[6(E — H)A] = o /_ dse'®s Tr [e7 "5 A]

— Vo= iEs dzp —iH(p)s A
= o [ dse / oz e Alp)). (4.7)

Similarly, for the imaginary antisymmetric part of conductivity we have

e? o0
I 0y1() = -1 [ dBp(E) [F(E) = J(E + )
y [ o:o i (v, (£)0,)(0)) . (4.8)

We note that the integral over ¢ is purely imaginary due to the property

(=02 ), = = (oD (),

E
To calculate Im oy, 3 (w) and Re oy, ,(w) we use the Kramers-Krénig

relation (4.60). The equations (4.4) and (4.8) together with Egs.(4.5) and
(4.7) allow one to obtain the final result after two Fourier transformations.

4.3 Optical conductivity of the semi-Dirac model

In this section we analyze the conductivity of the semi-Dirac model, which
was extensively used to describe the low-energy physics of phosphorene
[144, 147, 148, 161, 162]. The main feature of such model is that it mixes
linear and quadratic terms in the Hamiltonian

Hoorni = (A + api) Oz + Upyoy. (4.9)

The dispersion defined by this Hamiltonian consists of two bands:

£r = :t\/(ap% +A) 2 4 v2p2. (4.10)

The spectrum described by Eq.(4.10) is presented in Fig.4.1. By tuning
the gap parameters, one can achieve a completely different types of spec-
trum - fully gapped, one band-touching point or two band-touching points
separated by 21/A/a distance along p, momentum.
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Writing the Heisenberg equations for this Hamiltonian, we find

v(t) = CC% = —i[z(t), Heemi(t)] = (2ape(t)oe(t), voy (1)), (4.11)
% = —i[Pu Hsemi} =0. (412)

From the first equation we find that velocity depends on momentum p,(t),
which does not evolve as a result of the second equation: p,(t) = p.(0).
Also, velocity depends on the Pauli matrices, which evolve with time ac-
cording to another Heisenberg equation:

do(t)

— = il (t), Heemi = 2[p(0) x o (1)]. (4.13)

Here we used notation p(0) = [A + ap?, vp,,0] and the fact that the com-
mutator of the Pauli matrices is [05(t),0;(t)] = 2ig;j,0%(t). Cross means
the vector product of p and . The initial condition for the Pauli matri-
ces is 0(0) = (o4, 0y, 0), thus the operator o(0) is in the Schrodinger
picture, i.e., it is time independent.

Equation (4.13) describes the time evolution of the pseudospin degree
of freedom in terms of Pauli matrices acting on states in Hilbert space.
Such an unusual temporal evolution of matrix operators first appeared
in the original paper by Schrodinger [48] on the zitterbewegung of the
electron described by the Dirac Hamiltonian. It is clear from Eq.(4.13)
that the pseudospin vector o(t) precesses around the vector p. Below
we demonstrate that similar Heisenberg equations describe the dynamics
of pseudospin degree of freedom for another matrix types depending on
effective Hamiltonian of quasiparticles.

The Heisenberg equation above gives a system of differential equations
for matrices 6;(t) = P;jo;(t), P;j = 21Dk, whose solution is

oi(t) = (M), B)o;0). (), (B) =

)

Py cos(2pt)+P3  Papy(l—cos(2pt)) Py sin(2pt)
~2 =2

P P v
Puby(1=cos(2it))  PReosCP) 4R} ppsinpn) | | (4.14)
. oo ;
__ Py sin(2pt) Pa sin(2pt) cos(2pt)
P p

Here we denoted p = /p2 + ]5@2!. The time-dependent velocity is obtained
from these solutions by combining them with Eq.(4.11). The velocity v;(t)
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contains zitterbewegung terms which stem from the oscillatory terms (the
cosine and sine terms) in Eq.(4.14).

The zitterbewegung phenomenon was first regarded as a relativistic
effect related to the Dirac equation and describing “trembling” or oscilla-
tory motion of the center of a free wave packet [48, 163]. The appearance
of zitterbewegung phenomena in graphene and other two-dimensional con-
densed matter systems [47, 135, 164] indicates that the effect is not purely
relativistic, originating from inter-band transitions between states with
positive and negative energy. The direct experimental observation of the
zitterbewegung became recently possible in a Bose-Einstein condensate of
ultracold atoms [165].

We now proceed by calculating the traces of velocity products with ma-
trix exponential of the Hamiltonian as they appear in Eq.(4.7). Due to the
anisotropy in the electron dispersion, the conductivity is also anisotropic,
therefore, we present the results of its calculation in separate sections.

4.3.1 Optical conductivity in xx-direction

We start with the evaluation of real part of optical conductivity in the
x-direction. For this purpose we start with the calculation of trace which
has the form as in Eq.(4.7):

2. 8u2n2
Tele e (us(0)] = [ (50
(U2p§ cos ((s — 2t)ey) + (api + A) 2 cos (seq) > (4.15)

Next we substitute this result into the expression for the real part of the
xx longitudinal conductivity (4.4), and calculate the Fourier transforms
over t and s. The result has the form of double integral:

2 00 2,2
Reaws() = S [~ S0 - S(B+w) [ atp™5P

X [5 (E+eq) (Upr/é (w+2e_)+6(w) (api + A)2>
+0(E+eo) (v2p§6 (W+2e4) +0(w) (api + A)2> ] . (4.16)

The procedure of integration over momentum depends on the sign of
A parameter, and is described in details in Appendix 4.8. The main trick
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Figure 4.2. Real part of longitudinal interband ac conductivity in x- and y-

directions (top and bottom plots) as a function of frequency for the fixed values of

gap A for the semi-Dirac model. The frequency is measured in units of wy = v?/a.
2

The normalization parameters are og =

2
Zﬂ‘g for the x-direction and o =

e*v
2nhy/a

for the y-direction. The values of gap parameter are (a) A/wg =1, (b) A/wy =0
and (c) Ajwy = —1.
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in calculation is to introduce modified polar coordinates, which take into
account the anisotropy of dispersion (4.10) in each case A < 0, A = 0 and
A > 0 with the proper regions of integration. As a result, we were able
to express all integrals in terms of complete elliptic integrals. The results
for the real part of interband ac and intraband dc conductivities are:

Re o () = sgnwi2 v2wla [f (_w) —f (w)] X

20(14] - lw/2DET A/,
201 /2] ~ |ADIF(24/[w])
X 1671'3/2 . (417)
(1)’ a0
20(|w/2| — A)IF* (24 |w)), A > 0.

The integrals I7*, I§*, and similar integrals occurring below, are defined
in Appendix 4.8, they are given in terms of complete elliptic integrals of
the first and second kind.

We plot the conductivity Re o€ (w) as a function of w at different

values of A in upper plots of Fig.4.2. In all plots we set T'a = 0.1, and
absorb v and a parameters into normalization constant og. As is seen, the
behavior of the conductivities at small frequencies, w < 2|Al, is radically
different for A > 0 and A < 0: the case A > 0 corresponds to insulating
phase while A < 0 corresponds to metallic phase.

The analytic expression (4.17) allows one to get asymptotes at small
and large w, for example, in the most interesting case A < 0 they are

2 vV |Ala W

w — 0,

. e PR
Reol(w) ~ =4 U 8T eotor (4.18)
o \/1“}7“5‘1{7;&), W — 00.

In the intraband part of conductivity with 6(w) the result contains
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Figure 4.3. Real part of xx (a) and yy (b) intraband dc conductivities as
functions of the gap A for different values of chemical potential. The temperature
is equal to T = 0.1wp in both cases with wy = v?/a. The pronounced peak at
w4 = 0 in panel (b) manifests the possibility of dc transport through the charge-
neutrality point.

integral over energy,

o

dE|E3/?

E—p
2T

e2\/a
ArhvT J - oo cosh?2 (

wntra
Reo,,

(w) = d(w)

A

20(1A8] = [EDIF*(A/IED) -
+20(|E| = |AD I (A/|E])
X 33/2 _ (4.19)
T0vare(3)” A=0,
20(|E] - A)E*(A/|E),  A>o.

The integral over energy can be evaluated analytically only in the special

case of zero temperature T — 0. We plot Re o as a function of the
gap parameter A in Fig.4.3. One can observe the monotonous decrease

with growing A for all values of chemical potential.

4.3.2 Optical conductivity in the y-direction

For the longitudinal conductivity along the y-direction the technical de-
tails of calculation are very similar to the xx-case. They are presented in
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Appendix 4.8. The results for interband ac optical conductivity are:

e sy 1 (5) 1 ()

20(|A| = [w/2) ¥ (2A/|w])+ A <0
+20(|w/2| — [ANIT (24 w]) ’

v a1 (4.20)
20(|w/2| — AV IZY(2A ) |w)), A>0.

They are presented in Fig.4.2 in lower panels for all three different cases of
A. As is seen in the lower panel in Fig.4.2(c), the optical conductivity in
the y-direction diverges at the point w = —2A for A < 0. This divergence
was also observed in numerical calculations in Refs.[146, 147]. Using our
exact expressions, we can derive asymptotic expansions in the integrals
I§Y(2A/|w|) and I{Y(2A/|w|) at w = 2|A] for negative A. Expanding the
integrals near this point up to leading order, we find:

1 JIN

IV 2A/|w)wsoial, = \ﬁlog w24 + const, (4.21)
1 2|A
Ii/y(2A/]wa_>2|A‘7 ~ ﬁ log ’2A‘|—’w -+ const. (422)

The logarithmic singularity has the same amplitudes from both sides. In
Ref.[147] this singularity was related to the joint density of states for
initial and final states involved in an optical transition, hence the van
Hove singularity appears at w = 2|A|, while the density of states itself
has a van Hove logarithmic singularity at w = |A|. The density of states
for the considered system was derived in Ref.[140], it is expressed also in
terms of complete elliptic integrals of the first and second kind.

We also present the asymptotes for the case A < 0 at small and large

v Tw
e? { |Ala 32T cosh? 3 w — 0,

Reo_inter(w) ~ i I‘Q(i)

vy ~ o (4.23)
Vwa 2y

w — Q.
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For intraband dc optical conductivity we find

2

intra — ¢ - - : |E|
Reay, " (W) = 6(w) 1o r [w cosh” <%) Vo

20(]A| — |ENIEY(A/|E|)+ A <O

+20(|E| - |ANIY(A/|B])
X9 verz (1) o

3ﬁ4 ’ o0
e(lE] - MEAED, A0

Interband and intraband conductivities were studied recently in Ref.[147]
at zero temperature, the authors have obtained also asymptotic expres-
sions at small and large frequencies. We checked that their asymptotics
follow straightforwardly from our analytical results for T = 0 while at
finite temperature we get different dependence for Re U;’;t” (w) when w
goes to zero.

Finally, in Fig.4.3 we plot intraband parts as functions of the gap A for
different values of chemical potential. The interesting feature presented in
Fig.4.3(b) is the appearance of a small peak near A = 0 on the negative
side at small chemical potentials. This peak can be related to the crossing
of saddle point level with chemical potential. At zero chemical potential
this peak appears only at small A values and attain maximum for A ~ 0,
which shows that temperature-broadened van Hove singularities intersect
with the Fermi level and allow transport even at zero frequency. Such
signature can be used as a manifestation of the regime that is close to
topological transition with A in dc transport measurements.

4.4 Optical conductivity of gapped dice model

4.4.1 Solution of the Heisenberg equations for the quasi-
particle in dice model

The T3 (dice) lattice is schematically shown in Fig.1.1. The correspond-
ing tight-binding Hamiltonian is expressed through the function f, =
—V/2t(1 + e~ka2 4 o—iKaz) with equal hoppings ¢ between atoms C' (green
hubs) and A, B (red, blue rim sites) [12, 80] and the corresponding energy
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Dice Lieb/ﬁ

Px Px

Figure 4.4. Possible interband transitions which contribute to optical conduc-
tivity and define frequency thresholds for gapped dice and Lieb lattice models.

spectrum is [13]

Eo = 0,
1/2
e+ = +V/2t|3 4 2(cos(a1k) + cos(azk) + cos(azk))| (4.25)

where a; = (1, 0)a and ay = (1/2, v/3/2)a are the basis vectors of the
triangle sublattices and a3 = a2 — a1 with the lattice constant denoted
by a.

There are two values of momentum where fi = 0 and all three bands
meet. They are situated at the corners of the hexagonal Brillouin zone

B T
a \3" 3 a 37 V3

For momenta near the K and K’ points, the function f3, is linear in p =
k—¢K,ie., fr =vp(€py —ipy), vp = V/3ta/2 is the Fermi velocity, and
& = &£ is the valley index. In addition, we set i = 1 for convenience. The
low-energy Hamiltonian near K(K’) ¢ = +1 three-band-touching point
reads:

Hdice = UF(p:rS:L" + gpySy + pZSZ)a (427)
with a constant gap vpp, and pseudospin-1 matrices S; are

1 0 — 0
53;272

1 1
0 L Sy=—| i 0 —i|,
1 V2o & o

010
101
010
10 0

s =100 o0 |. (4.28)
00 —1
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These matrices form a closed algebra with respect to commutator opera-
tion: [SZ, Sj] = iEiijk.

The S,-type term in the Hamiltonian Hg;.. describes the spectral gap,
which can be opened by adding on-site potential on A and B sites [14],
in the Haldane model [151] or dynamically generated in special cases of
electron-electron interactions [166] and in the Floquet setup under circu-
larly polarized radiation [167, 168].

Let us perform analysis for K (¢ = 1) valley, and then account for
K’ valley with proper sign changes. The Heisenberg equations for the
coordinate and momentum operators in this case take the form:

o(t) = ‘% — i[z(t), Haiee] = vpS(2), (4.29)
W —ifp(t), Haw = 0. (4.30)

Again, using the solution of the second equation, that states p(t) = p(0),
we arrive at the following Heisenberg equation for matrices S;:

ds;(t . )
dt( ) = 77’[Si(t)v Hdice] = ZBij(t), (431)
with
0 Pz —Dy
Pyj =ivpeijppr = vp | —p. 0 ps |- (4.32)
Py Dz 0

The solution of this equation has the form
Si(t) = () 5;(0), (4.33)
ij

where the matrix exponential is

( eiPt) _
ij

(pf, +p§) cos(ptvp)+p2 PapyC—pp: sin(ptvp) Pap-C+ppy sin(ptvp)

p? p? p?
pzpy C+pp: sin(ptvgp) (p?ﬁrpﬁ) Cos(thF)erg pyPzC'—pps sin(ptvgp)
> 2 )
p p 5 5 p 5
pzp=C—ppy sin(ptvr) ppz sin(ptvp)+pyp-C (Pz +py ) cos(ptup)+p3
2 2 2
p p p

(4.34)
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Here we used the notation p = /p2 + pg + p? and C' = 1—cos (ptvg). The
eigenvalues of the matrix P are tvpp, 0. The matrix exponential greatly
simplifies for the gapless case with p, = 0 (compare with Eq.(4.14)):

(eiPt) (p-=0)=

ij
Py cos(ptvp)+pi  papy(1—cos(ptvp))  pysin(ptvr)

2 2
V4 p P
— | pepy(—cos(ptvp))  PEcos(ptvr)+py  _ pusin(ptop) | (4.35)
p? P’ p
Dy sm}()ptvp) D smz()ptvp) cos (thF)

Thus, from the solutions (4.33) and (4.34) we find the time-dependent
velocity operators:

(p2 + p2) cos (ptvr) + p2
v, (t) =vp e S+

Dzpy(1 — cos (ptvr)) — pp. sin (ptor)
P2 Sy+

P2p=(1 — cos (ptur)) + ppy sin (ptur) g >
2 z )
p

_l’_

n (4.36)

1-— t i t

vy () —vr (pxpy( cos (p UFg) + pp-sin (ptur) o
p
(P2 + p2) cos (ptvr) +p;
== Y8+
p
PyP=(1 — cos (ptvg)) — ppy sin (ptur) g )
2 z) -
p

" (4.37)

Below we insert these results into Eqgs.(4.4) and (4.8) to evaluate the lon-
gitudinal and Hall conductivities. Again, we see that the velocities v;(t)
contain zitterbewegung terms which stem from the oscillating terms.
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4.4.2 Longitudinal and Hall conductivities in massive dice
model

Substituting the obtained velocities into Eqgs.(4.5),(4.7) and performing
Fourier transform over pairs of (s, E) and (¢,w) variables, we find

mv}5(E) (p2 Z”Z) (6 (w — por) + 8 (w + pur) +

2, .2 2 _ .2
+ 1058 (E + pup) (p +pz5(w — pur) + i p2p25(w)) +

2p?
2 2 )
+ 7038 (B — pup) (p 2;2% (w+ pop) + 2 p2p25(w)> . (4.38)
2
—iHs VEPz
Fis Tr [e” Moy, (H)0,)(0)] = Zf x

§(w = pvr)O(E + pur) — 6(w + pvr)d(E — pur)
— 5(E)6(w + pop) — 6(w — va)} | (4.39)

where the double Fourier transform is defined as

© dtds

Fisf(t s) = [ - Weiwt%s £t 9) (4.40)

Using the first expression in the general formula for longitudinal conduc-
tivity, we find:

e? o0 dE
e ah [5(W) /—oo 4T cosh? (%) ’
2 2,02
« 20 (18] - due) +
w2 4+ A2q2
+ 2 80 () — Aur) (o) - mwnl )

where we relabeled p, = A > 0 and took into account the presence of
two valleys that contribute equally. Note that the term proportional to
O(Jw| — Avp) defines the energy threshold after which the transitions
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from and to flat band become possible. However, no special threshold
is present for transitions between the two dispersive bands, which means
that only transitions through flat band are possible. This was already
pointed out for the gapless dice model in Refs.[49, 152]. In addition we
note that in the gapless limit the obtained expression agrees with that
obtained for arbitrary pseudospin models with the same matrix algebra
(S5, Sj] = ig;j Sk in Ref.[169].

Similarly, for the imaginary part of the Hall conductivity in one valley
we find
2
O (] = vplpl) [F(wl) = (D] (442)

w
Note that the Hall conductivity is proportional to the gap parameter p,
and the sum over two valleys with different signs of p, will lead to the
zero total Hall conductivity. This is because the system is T-invariant,
and the operation of T-invariance interchanges K and K’ valleys [14].
These conductivities are shown in Fig.4.5 for different values of chemical
potential and temperature.

Using the Kramers-Kronig relations, one can evaluate the real part of
the Hall conductivity, see Eq.(4.106). At zero temperature we find the
following expression:

Imop, (w) =

_Supps max(|pl,vpps|) +w
Arhw max(|ul, vr|ps]) —wl’

Reoyy(w) = (4.43)

At the energy w = max(|u|,vr|ps|), there is a logarithmic divergence
in the Hall conductivity. For large energies, w — o0, this expression
approaches zero as ~ 1/w?. This expression is very similar to those ob-
tained in graphene-like systems (see, for example, [170, 171]). The dc limit
w — 0 leads to the quantized Hall conductivity Reo,, = —e?sign(p.)/h
for |u| < vp|p.| in the absence of a magnetic field [172].

4.5 Optical conductivity of the Lieb model

In this section we evaluate the optical conductivity of the gapped Lieb
model [21] using the method presented above. The main complication
arises in solving Heisenberg equations for matrices: due to commutation
relations the whole set of the Gell-Mann matrices enters the calculation.
Below we show how one can still perform calculation and arrive at rela-
tively simple expression for the conductivity. We start with description
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Figure 4.5. Panels (a) and (b): the real part of optical conductivity for gapped
dice and Lieb lattices given by Egs.(4.41) and (4.52) at temperature T' = 0.1Avp.
Panel (c): the real part of intraband dc conductivity which is the same for both
lattices (for dice lattice in a single valley).
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of the main properties of the Lieb lattice and corresponding low-energy
model.

4.5.1 Lieb lattice and low-energy model

The Lieb lattice is schematically shown in Fig.1.2. It consists of three
square sublattices, with atoms placed in the corners and in the middle
of each side of big squares forming a line-centered-square lattice. The
tight-binding Hamiltonian, described in Ref.[21], reduces to the following
low-energy model near the center of BZ ky, = = + gz y:

Avp  Upg 0
Hriep = | vrgz —Avp vpgy |, (4.44)
0 vrqy Avp

where the site energies are set as eg = e = —e4 = Avp. In terms of the
Gell-Mann A-matrices the Hamiltonian takes the form

Ao A8
Hpjep = v {/\1% + Aoy + A (3 + A3 — \/§>} . (4.45)

Here )¢ is the 3 x 3 unit matrix. The energy dispersions defined by this
Hamiltonian are given by three bands, one is flat band and the other two
are dispersive bands (see Fig.4.4c):

g0 = Avp, e+ = Tup /A2 +¢2 + ¢2. (4.46)

Let us check the T-invariance of this Hamiltonian. The operator T" should
contain complex conjugation, the change of the sign of both momenta and
contain the proper matrix transformation in sublattice space:

TH(q)T™'=H(-q), T=FK. (4.47)

In the absence of the gap the matrix F' has the form

1 0 0
F=|0 -1 o]. (4.48)
0 0 1

Thus we conclude that the gap presented in Ref.[21] does not break T-
invariance. Consequently, the Hall conductivity is zero in this model in
the absence of a magnetic field.
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4.5.2 Solution of the Heisenberg equations

The Heisenberg equations for the coordinate and momentum operators
are very similar to that obtained in previous sections: velocities evolve
with time as the corresponding matrices in the Hamiltonian near g, and
¢y, and the momenta do not evolve at all. The nontrivial part comes
from the equation that describes the evolution of matrices. The system of
equations for the Gell-Mann matrices has the form:

d;(t .
dt< ) —i[Ai(t), Hriep] = vrAijA;(t), (4.49)
where we used the commutation relations [\, \g] = 2ifi;\; with fir;

being the structure constants of the su(3) algebra, hence the matrix A;;
has the form:

0 —2A 0 0 Qy 0 0 0
2A 0 —-2q; —qy O 0 0 0
0 24, 0 0 0 0 —qy 0
- 0 Qy 0 0 0 0 —qz 0
A= g, 0 0 0 0 0 0 0 . (4.50)
0 0 0 0 —qq 0 2A 0
0 0 @ @& 0 —2A 0 —3q
0 0 0 0 0 0 V3gy 0
For the eigenvalues of the matrix vpA;; we find:
CLLQ = 0, a3,4 = :|:2ip’l)p
ase = +ivp(A —I—p), arg = +ivp(p — A), (4.51)

where we defined p = |/¢2 + ¢2 + A?. The initial conditions for velocities

are v;(0) = vpA1, vy(0) = vpAg. After calculation of the matrix expo-
nent exp[At], we find velocities at time ¢ by taking the corresponding rows
in resulting matrix - the first for v, and the sixth for v,. The solutions for
v, and vy are defined as vectors in the Gell-Mann basis - see Eqgs.(4.108)
and (4.109) in Appendix 4.11. The identity matrix is not present because
it does not evolve with time and the coefficient before this matrix is zero.
Next we evaluate the conductivity using the obtained solutions v, ,(t) and
previously established method.



4.6 Conclusions 87

4.5.3 Optical conductivity

Performing trace evaluation and using the double-Fourier transform, we
arrive at the following final answer for the optical conductivity of the Lieb
lattice in the x-direction (see Appendix 4.11):

e2 o dE
Re 0pe(w) = S 5(@/ x
4h [ —oco 47T cosh? (%)

E2 _ A22

s [ ()1 ()

f(Avp — |w|) — f(Avp) n f(Avp) — f(Avp + M)} .
2 2

_l’_

(4.52)

For the conductivity in the y-direction we find the same answer.

The physical meaning of the terms in Eq.(4.52) is the following: the
first term corresponds to intraband dc conductivity, the second term de-
scribes interband transitions through the gap - that is why the threshold is
2Avy, and the last term corresponds to transitions between flat and upper
dispersive band. This conductivity is presented in Fig.4.5 in comparision
with gapped dice model. Qualitatively, the behavior of conductivities in
both models is similar.

The interesting difference compared to the dice model conductivity
(4.41) is the presence of both dispersive-to-dispersive band transitions
and dispersive-to-flat band transitions in the interband ac part of optical
conductivity (schematically shown in Fig.4.4c).

4.6 Conclusions

In the present paper we further developed the approach of Refs.[47, 135]
for calculating longitudinal and Hall conductivities of systems with arbi-
trary pseudospin and dispersion law of quasiparticles. The conductivities
are written through quasiparticle velocity correlators at time t for states of
energy E which also describe the phenomenon of zitterbewegung. For non-
interacting systems the Heisenberg equations for velocities can be solved
that allows one to significantly reduce the complexity of the conductivity
calculation and obtain in some cases closed-form analytic expressions. The
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method under consideration is well adapted also to the presence of impu-
rities in the system. The velocity correlators in this case can be computed
numerically utilizing time dependent Schrodinger equation with averaging
over impurities [138, 173].

We applied this method to evaluate the optical conductivity of the
semi-Dirac model, which is an example of low-energy theory with anisotropic
spectrum. We obtained exact expressions which allowed us to identify the
signatures of topological phase transition with gap closing and merging
Dirac points. The previously unobserved result is the peak in the in-
traband dc conductivity along the y-direction at zero chemical potential
when the two Dirac cones nearly merge with each other. Physically, one
would expect that this is related to the intersection of broadened van Hove
singularities with the Fermi level. Such an intersection leads to the ap-
pearance of a number of propagating states carrying a nonzero current. At
low temperatures, nonzero transport through the charge-neutrality point
may indicate the appearance of a topological phase transition.

In addition, we analyzed two gapped pseudospin-1 models that corre-
spond to dice and Lieb lattices. The optical conductivities for the con-
sidered gap parameters were not studied previously. The key physical
difference that we observed is the fact that in the gapped Lieb model all
transitions between three bands (dispersive-to-flat, flat-to-dispersive and
between two dispersive) contribute to the optical conductivity at large
frequencies, while in dice lattice only transitions to and from flat band
play a role.

4.7 Appendix: Derivation of general conductiv-
ity expressions from Kubo formula
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4.7.1 Expression of the conductivity tensor through re-
tarded correlation function

It is well known that the conductivity (4.1) can be written through the
Fourier transform of the retarded correlation function IIj,,,(#):

I, () = —i0(t) ([Ju(8) 1. (0)])

i K (w + ie)
o (W) = /;Ta
ITV, (w + ie
K(w+ig) = <TV>5W “(V) (4.53)

The function 11, (w) can be obtained by analytical continuation from its
imaginary time expression (wa(w) = II,, (iwm — w+ie)). For nonin-
teracting fermions, using the Matsubara diagram technique for evaluating
T-ordered product of operators we get

1 1
II = T j 4.54
v (#m) n_z_:oo ' {ju — HojViQn — wm — Hp ( )
In the energy representation it takes the form
> 1
I, (iwn) = aff ;8o , _ , . (455
m) Z‘]“ v n:Z_OO (1, — Ep) (iQ — iwm — Eq) (4.55)

The summation over the Matsubara frequencies can be easily performed,
thus we get

Z f(Ea) — [ (Ep)
a3 Ba B 4.56
(im) Ju v — Eg +iwy, (4.56)

where f(FE) is the Fermi-Dirac distribution function, f(E) = 1/(exp(8(E—
w)) +1). We now write
af 78a __ 70af 78 af Ba
J P J = J{ JV} + J[u JV] ) (4.57)
where Jg,Jy = (Judy + o) /2 and Jy,Jy) = (Judy — JuJdy) /2 denote
symmetric and antisymmetric parts of the tensor J,J,, respectively. Us-

ing hermiticity of the current it is easy to show that the symmetric part
Jiudyy 1s a real quantity while the antisymmetric part Jj,J,) is the purely
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imaginary one. Therefore, after performing analytical continuation over
frequency, we find the real symmetric part of o,

2
Re 0,1 (w) = % P [ f (Ea) — £ (E))6 (B — Ep +w), (4.58)

)

where we used the relation j, = —ev, between the current density and
the velocity (e > 0). Accordingly, for the imaginary antisymmetric part
of o, we have

7T€2
Im o, (@) = 7 % tm (070" [f (Ba) = f (E)] 8 (Ea — Bg +w).
’ (4.59)

To restore remaining imaginary and real parts we can use the Kramers-
Kronig relationships,

i @) = —L P [7 LR )
Reop,,)(Q) = % P.v. /o:o W. (4.60)
Writing
6(Ea—Eg+w)=/_oo dES (E — Eo) 6 (E — Eg +w) (4.61)

we have for the symmetric part

Reoyy(w)
7'l'€2 S
" Vw az; /_oo BV 08 (E — Ea) 8 (E — Es +w) [f (Ea) — f (Ep)]
7T€2 ’oo
- /m AELf(E —w) - F(E)] Tt [v,8(E — H)o,)3(E ~ H - w)] .
(4.62)

In the last line we replaced the eigenvalues E, g by the Hamiltonian and
sum over eigenstates by the trace over quantum numbers describing the
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system eigenstates. Similarly, for the imaginary antisymmetric part we
find:

me? [o°
m o) = J [ dBU(E =) = £(B)
x Im Tr [U[u5(E — H)v,6(E — H — w)} . (4.63)

Using the relation between traces and velocity correlators averaged at
fixed energy (see Sec. 4.7.2), we find the results presented in the main
text, Eqgs.(4.4) and (4.8).

4.7.2 Relation between trace and time-dependent velocity
operators

Let us consider the term Tr[v,6(E — H)v,0(E — H — w)] in the expres-
sions (4.62) and (4.63) for interband ac conductivity. Also, J,(t) is the
actual current measured experimentally, the corresponding total current-
density is obtained by differentiating the Hamiltonian with respect to the
vector potential,

o0H
Ju(r,t) = ———— . (4.64)
! 6 (Au(r,t)/c)
Using the representation for the first delta function,
1 [ ~
S(E—H)=_— [ dteE-1t 4.
(B H) = o [ a0, (4.65)

and the cyclic property of a trace, then changing the variable of integration
FE — FE + w, we can write

TﬂW&E—EﬂwﬂE—H—wﬂ:é;/zﬂmeﬂME—HwAwmmﬂ

(4.66)
Defining the microcanonical average of an operator A at given energy F,

o T[6(E - H)A
(A)p = BB (4.67)

where Tr[0(E — H)] = p(E)V is the total density of states (DOS), we get
the following expression for the symmetric ac conductivity through the
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correlator of velocities:

Re oy, (w / dEp(E) [f(E) — f(E +w)] / dte™ (v, (t)0,3(0))

(4.68)
It is easy to check the reality of the last expression using the relationship
*
(0pu(=t)0) (0)) = (vgu(®)vy (0)) .
The expression (4.4) for T = 0 is in accordance with Ref.[160] for
diagonal conductivity. Similarly, for the imaginary antisymmetric part of
conductivity we obtain

PR

62 ¥
m0y,)(@) = 5T [ dEp(E) [f(E) - J(B +w)

x / i (vy,(t)0,)(0)) (4.69)

To calculate Im oy, 3 (w) and Re oy, ,(w) we use the Kramers-Kronig re-
lation (4.60).

4.8 Appendix: Momentum integration in expres-
sions for conductivity of the semi-Dirac model.

In this Appendix we discuss technical details regarding evaluation of lon-
gitudinal conductivity in the semi-Dirac model. Following Ref.[137], one
can express the diamagnetic term (7,,,) appearing in Eq.(4.1) as

oa) _ 2 [ 5 fler(pl) — S (ex(r) (q)( 12 B4 p) + e )
( - o],

Vv 2m)? 2
o, (27) e(p)
(4.70)
where ®(p) is defined by model Hamiltonian (4.9) as
A 0 ®(p) _ 2\ _ .
Hsemz = (@*(p) 0 > y CI)(p) = (A + apx> Py (471)

Thus, only the (7,;) contribution is nonzero. After substituting the exact
form of the dispersion and taking derivative of ®(p), we find that the term
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(Tyx) is real:

(Tax) _ 2/ d’p 2a (A + ap?)
|4 (2m)?  er(p)

The contribution of this term into optical conductivity does not depend
on the frequency and we neglect it in our studies.

To evaluate the real parts of longitudinal optical conductivity along the
x- and y-directions, we first calculate traces with time-dependent velocity
operators which are obtained from Eqs.(4.11) and (4.14),

T [~ Heemisug, (v, (0)] =

[f (e+(p)) = f(=e+(P))].  (472)

- / d2p 8a’p (v pacos ((s — 2t)52) + (ap? + A)Q cos (55+)) , (4.73)
20 =

Tr(e” ”m’svy(t>vy(0)] -

. / a2p 207 {(api +A)% cos ((s —22t)5+) +v?p; cos (S&F)} L (474)
(2m)2 £+

Here the notation e, = ¢4 (p) was used. As described in the main text, we
then make Fourier transforms over ¢ and s to obtain the delta-functions
under integrals which technically simplify integrals. The resulting expres-
sions for longitudinal optical conductivity are:

e2 oo a2p>
Reowa(w) = " [ S2F) — B + ) [ dtp® P

X {6 (E+e4) <v2p§5(w—28+)+5( apx—i-A )

+ 0 (E—¢ey) <v2p§6(w+28+)+5( ) apx—FA )] (4.75)

e2 oo
Reoyy(w) :%/_mcéf[f(E)_f(E‘i‘w)]/deEix

[o e (i 2) 0 200 ¢ o)
(8 -2y (a2 +8) %0 @+ 2e) +%0@pR)] . (470

To perform the integration over momentum, we use the symmetry p, —
—Pz, Py — —py of the integrals and the following change of coordinates
that simplifies square root in e:

ap? + A = Lcos ¢, vpy = Lsing, ey = L. (4.77)
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For the functions even in p, and p, we can write

/dzpf D Py) = 4/dpzdpyf(pm,py)

7 ] 2LO(Lcosp — A)f LCOSgb—A’LSin(ﬁ C4s)
/ v Va(Lcosg— A)" | | a v

0

The presence of the theta function takes into account that the regions of
integration of the L and ¢ variables will be different depending on the
sign of the A parameter. In what follows, we extensively use the following
integral (Eq. 3.197.8 from book [174]):

/ 2 Nz + a)Mu — )" Nz = a T B, v) o Fy (—)\, Vi L+ v —u) ;
0 a
(4.79)

with arg % < 7. Performing the momentum integration in Eqgs.(4.75),
(4.76) by means of Eq .(4.78), we obtain:

/d2p[...] = 2:)/a/dL /d¢L,/(Lcos¢—A)9(Lcos¢—A)x
0 0

[5 (E+1L) (sin2 $0 (w — 2L) + §(w) cos? qﬁ)
+§(E-1L) (sin2 60 (w + 2L) + 6(w) cos® ¢>)} , (4.80)

/d%[...]:j%]odL/\/L(ij% 0(Lcos ¢ — A)x
0

[cos? ¢(0 (E + L) § (w — 2L) + 6(E — L)é(w + 2L))
+sin? 60(w)(3(E + L) + 6 (B — L))] . (4.81)

The integration over angle depends on the sign of A. For 1 > ¢ = A/L >
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0, we find the following four integrals:

I (9) = /Od)L V/cos ¢ — sin? ¢ dg

= 2? 23+ 61 E(k) — (3+0)(1+ 6K (k)] (4.82)
1570) = [ " e S eos? ¢do

- ‘1/55 [(1+6)(20 = 9)K (k) + (18 — 46%) E(k)] , (4.83)
(5) = OL% _ 23ﬂ (148K (k) — 26E(k)],  (4.84)
3 (5) = OL% _ {f (1= 26)K(k) + 90B(R)],  (4.85)

where K (k) and E(k) are complete elliptic integrals, k = \/1%6, and

¢1, = arccos(d). To calculate the above integrals we made the variable
change x = cos ¢, then used Eq.(4.79), the relation

oFi(a,b;c;2) = (1 — 2)"%F (a,c - b;c; . i 1) i (4.86)

and Egs. 7.3.2.18, 7.3.2.20 and 7.3.2.75 from the book [96].

Case A < 0: in this case the angular integration is separated into two
regions,

—lAl
éc {{O,arccos T } , L >|A|, (4.87)

[0, 7], L <Al

This example can be seen as integrating with the centers in the Dirac
point. Performing integration over angle in Eqgs.(4.80), (4.81) we find the
following: the integrals for L > |A| are the same as in A > 0 case with
the changes A — —|A|. The integrals for L < |A| (]6| > 1) are different
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and have the following form:

0 < -1)= /7T \/cos ¢ + |6] sin? ¢ dp

145 6]+ 1[(3+ 8 E(K) - 16](0] - VE(K)]|,  (4.88)

If* (0 < —1) :/ \/cos ¢ + |6 cos® ¢ dop
0

- 3 61+ 1 [(9 — 267 B(K) + 2051(13] - VE ()], (4.89)

wy sin? ¢ do B
e < - /\/T V191 1[BBG — (18] - DE(K)]
(4.90)
T _cos’ ¢dgp
0 \Jcosp + 0]

3¢6\T[ 200](|8] + EK) + (1 + 20 K(K)] , (4.91)

Yo <-1) =

!/ 2
where k' = ’/7|5\+1'

Evaluating the integrals over L in all these cases gives the following
results for longitudinal conductivities in the z— and y—directions:

4|E’3/2a1/2 y

(Y

e2 o0
Reo,(w) = g [ dB[f(E) = f(E+w)

20(|A[ - [E]) (I5*(A/|E]S (w + 2E) + IT*(A/|E|)d(w)) +

, A<O,

) T2OUEI—[AD UT(A/IEDS (w + 2B) + I*(A/|E)6(w)) =
%[25@ +2E) + 38(w)], A =0,
20(1E| = A)[IT*(A/|EDd(w + 2E) + I5*(A/|E)d(w)] A >0,

(4.92)
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and

G o0 v/ |E|
Reoy,(w) = g [ dBUA(E) — F(E+o) ™0
20(|A] = |E|) (IF/(A/IE)d(w + 2E) + I (A/|E])d(w)) + A<0
:r21@(|E\ — AN (IY(A/|E)é(w + 2BE) + ITY(A/|E)§(w)) ’
X S (50 + 28) + 26(w)) A=o,
20(|E| - A) [Igy(A/|E|)5 (+2E) + (A E))5(w)) A0,
(4.93)

Separating interband ac and intraband dc parts, we find the results given
by Eqs.(4.17) and (4.19) together with (4.20) and (4.24) in the main text.

4.9 Appendix: Longitudinal conductivity of the
gapped dice model.

First we evaluate traces of commutators with matrix exponential of the
Hamiltonian:

, v% cos (psvr) (2 (p2 + p?) p? cos (ptur) + 4p2p?
Tr [e =0, (t)v,(0)] = r ( ( ! Z) - >+

2pt

v (2 (pz + pz) (p? sin (psvp) sin (ptvrp) + p® cos (ptvp)))

+ . , (4.94)
2p
, v (cos (psvr) (2 (p2 + p?) p? cos (ptug) + 4p2p?

Tr [e_szvy(t)vy(O)] S ( ( ’ 2;4 ! >) +

ve (42 (p2 + p?) (p* sin (psvr) sin (ptop) + p? cos (ptop)))
+ ) . (4.95)

2p
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Next, we Fourier transform this expressions twice with respect to ¢t — w
and s — FE, and integrate over the polar angle

Fis'Tr [e_iHsvz(t)vx(O)] =
= §(E) <7”)% (p* +p2) 6 (w — pup) N % (p? + p?) 0 (w —|—va)> N

2p? 2p?

2 (2 4 02) 8 (w — B 5
+ 6 (E + pur) (””F (p +p22132 (w = pvr) 7’ ];zz)UF (W ))+

2 (2 £ p2) 6 2 _ 2,25
+6(E — pup) (”F (p +p2z;2 (w+por) | 7P ];z2)UF (w)>.

(4.96)

Due to isotropy of the model we get the same result for the Fourier trans-
form JFy s Tr [e= 50, (t)v,(0)].

The longitudinal conductivity is given by the expression

2 [e.¢] o0
Reoya(w) = " [ dEIf(E) - f(E +w) / Frs Tr [ o0, (80, (0)].
—0o0 0
(4.97)
where k = |/p2 + pg. Finally, performing integrations we find
2 A2
Re 0 (w) = [ / 1ok E+°") o (B —a) LA
|E|
f=w) = fw) w? +A2 }
- A 4.
+ L L ol - ), (1.95)

where in the last equality we took into account that vpp, = A > 0. This
expression appears in the main text, Eq.(4.41), in slightly different form
and is plotted for different values of parameters.
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4.10 Appendix: Evalution of Hall conductivity
o,y in gapped dice model

Let us evaluate the quasiparticle velocity operator averages for the Hall
conductivity. First, we evaluate the matrix traces:

tr TSP (1, (1)1, (0) + vy (D) (1)) ] =
— 2va9”py (cos (pur(s — t));zQC s (psvp) + cos (PtvF)), (4.99)
tr [ e85 (1, (110, (0) — vy (D) (0))] = 2LEL=L(PUP(s 1)) = sin(ptop))

p
(4.100)

The first trace vanishes after the angle integration. Thus the symmetric
part is absent for the Hall conductivity, as expected. For the antisymmet-

ric part we find (again k = ,/p2 + p2):
Tr[6(E — H) (vz(t)vy(0) = vy (t)v2(0))] =

kdk 2v%p, (sin (pvp(s —t)) — sin (ptog))
T on / dse / - - -

p
_ V/ kdk 2vp, "
(2m) p
0
e PP (B + pop) — ePUFUS(E — pug) .
[ 5 — §(E)sin(ptvr)| .  (4.101)

Next we perform integration over time and find

[ O:o dte™! Tr [§(E — H) (vg(£)vy(0) — vy (£)v4(0))] = (4.102)

= V/OO /-cdk%%’pz (5(“) — pup)d(E + pur) — §(w + pvp)d(E — pur)
0 2

_5(E)5(w —I—pvp)z—ié(w—pvp))'
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Thus, for the imaginary part of the Hall conductivity we find

203
im0 () = 5 2o / kel 2EP= / dE[f(E) — f(E + hw)]

X (=6(w — pup)d(E +va) + 6(w + pup)d(E — pvp)+
+ 0(E)[6 (w +por) = 8(w — pup)]) =

. rk
4hw

(w +pur)[f(pvr) — f(pvr +w) + f(0) = f(w)] =

— 6(w — por) [ (—pvr) — F(—pup +w) + £(0) - f<w>1). (4.103)

Also in the first line we canceled p(E) and V with the normalization
Tro(E — H). The factor 1/2 in the first line of the last equation accounts
for the definition of the antisymmetric part of the tensor. Now we can
integrate over momenta and obtain

62

Im o, (w > 0) = 1,VFP=9 (w—vplp:|) (f(W) = f(=w)), (4.104)
e2

Imop, ) (w < 0) = @Usz@ (—w —vplp:|) (f(~w) — f(w)).  (4.105)

Combining these formulas together we arrive at Eq.(4.42).
Now using the Kramers-Kronig relation we can evaluate the real part:

1 ¥ dwlmo (W)
Ror o) =L . [ 00

e? Usz / dw |W’ _UF|pzD (f(|w|)_f(_|W|)) (4106)

ww—Q)

It is easy to check that Re o, ,(€2) is even function in © by changing the
integration variable. The integral simplifies for the zero temperature when

fwl) = F(=lwl) = 0 (p = |wl) = 0 (Jw] + 1) = =0(jw| = |p)).  (4.107)

Thus, Eq.(4.106) gives Eq.(4.43).
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4.11 Appendix: Conductivities of the Lieb model.

The system of equations for the Gell-Mann matrices is given by Eq.(4.49)
with the initial values A\;(¢ = 0) = \;. The solutions for the v,(t) and
vy(t) are defined as vectors in the Gell-Mann basis (the identity matrix is
not present because it does not evolve with time and the coefficient before

this matrix is zero): v,(t) = vp (eAt) y Aj, vy(t) = vp (eAt)6j Aj where
(eAt) ~and (eAt> _are
1j 67

(1j) = (4.108)
A2g2 cos(2ptvp)+pq§ (pcos(ptur) cos(Atvp)—Asin(ptvr) sin(Atvg))+(p?—A2)q2 T
P A7)
cos(ptvg) (2Aq§ sin(ptvp)+pq sin(AtvF))—l-Aqg sin(ptvp ) cos(Atvg)
p(p?—A4?)
qo sin(ptvg) (A(2q%+q§) sin(ptvp)—i—pqg sin(AtvF))
p*(p?—A%)
gy sin(ptvp) (2Aqg sin(thF)—f—p(q;—qg) sin(AtvF))
TG ,
gy sin(ptvp) cos(Atvg)

p
quqy (=A% —p? cos(ptur) cos(Atvp )+A2 cos(2ptvr )+ Apsin(ptvp) sin(Atvg)+p?)
p?(p?—A2)
_ 429y (—=Asin(2ptvr)+Asin(ptvr) cos(Atvg)+p cos(ptur) sin(Atvr))
p(p*—A?)
\/gqxqg sin(ptvp)(psin(Atvgr)—Asin(ptvg))
pP*(P*—A%)

(67) = (4.100)
Gz y (—A2 —p? cos(ptvp) cos(Atvp)+A2 cos(2ptvr ) +Apsin(ptvr) sin(AtvF)+p2) T
p*(p?—A2)
Gz gy (—Asin(2ptvp)+Asin(ptvg) cos(Atvp)+p cos(ptvg) sin(Atvg))
T _AZ
qy sin(ptvp)(A(2¢2+42) sin(ptvp ) —pg? sin(Atvr))
(742
Gz sin(ptup) (p(q?c —q,f/) Sin(AtvF)—l—QAqg sin(ptvp))
p*(p?—A%)
gz sin(ptup) cos(Atvr)

p
pg2 (p cos(ptvr) cos(Atvg)—Asin(ptvg) sin(AtvF))—&-Aqu, COS(thUF)+(p2—A2)q,§
(7 22)
Ag2 sin(ptvp) cos(Atvp)+pg2 cos(ptvr ) sin(Atvp)+Aq?2 sin(2ptvr)
p(p>—A2)
V3qy sin(ptvr) (pgs sin(Atvr)+AgZ sin(ptvr) )
B p?(p*—A%)
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Integrating over ¢ and s in Eqs.(4.4), (4.7) we find:

Ream(w):27r7r2wF /dE[f( f(E+w)] / { (E — pvp)
00 0
25 (w . A2
y (A  (w+2p F>p—;6< w)(p* — A7) (;Ap;) 5wt (o A)UF))

+ 0 (E + pvp) X

<A25 (w = 2por) +0(W)(P* — A%)  (A+p)d((p+A)vr — W)>
p? 2p

+5(E—A’UF)X

((5-2) oo+ (5 +3) 6w+ o+ apn) |
(4.110)

where k = ,/q¢2 + qu. At the same time we find Imop, ) = 0 after taking

the trace of the product of velocities. Next, we calculate the integrals
which involve the delta-functions, first we integrate over E and then over
momenta, we get the expression

o0

e? 1
Reoy,(w) = 5 [6(w) [ pord
e 0z (w) 1 (w)A purpd(pur) <4Tcosh2((pvp — M)/QT)+
vF
1 p2 o AQ
+ 5 5—+
AT cosh®((pvp + p)/2T) P

O(jw| — 2AvE)

23 1(2)-1(3)-
43 (F(Bur — fol) = f(aop))] + LA LEE DTy

which is in fact Eq.(4.52) in the main text after restoring i. The remaining
integral can be evaluated in terms of the polylogarithm functions.



Chapter 5

Stackings and effective
models of bilayer dice
lattices

5.1 Introduction

The search for novel materials with unusual dispersion relations is one of
the major topics in modern condensed matter physics. There are several
successful examples of this search that lead to vigorous research direc-
tions. Among them, graphene is, perhaps, the most well-known example
of a solid with an unusual dispersion relation. Indeed, at low energies,
graphene’s electron quasiparticles are described by a two-dimensional (2D)
Dirac equation [22, 108, 175]. The 2D Dirac spectrum can be also real-
ized at the surface of three-dimensional (3D) topological insulators [176—
178]. Finally, the 3D linear energy spectrum appears in Weyl and Dirac
semimetals [179-183].

Intermediate between 2D and 3D materials are layered systems. The
energy spectrum of these systems can be engineered by stacking the lay-
ers in a certain order. The electronic properties of the corresponding
few-layer systems can be drastically different from their single-layer coun-
terparts. For example, bilayer graphene in the Bernal (A — B) stacking
reveals a quadratic quasiparticle spectrum in the vicinity of band touch-
ing points [108, 184, 185]. This leads to a different integer quantum
Hall effect [184, 186] and optical response [187] compared to single-layer
graphene.
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Recently, there is a surge of interest in materials containing even more
exotic energy spectra with flat bands. Among these systems, perhaps, the
most well-known is twisted bilayer graphene (TBG) [1, 6, 188-192]; see
also Ref. [193] for a review. In essence, TBG is composed of two layers
of graphene rotated with respect to each other by some angle. It was
shown [189, 190] that for the specific, so-called “magic", twist angles, 2D
isolated flat bands appear in the energy spectrum of TBG. The presence
of flat bands is directly related to the nontrivial properties of TBG includ-
ing interaction effects such as superconductivity near integer band-filling
factors [1, 6, 191, 192, 194].

While TBG receives significant attention nowadays, historically, the
appearance of flat bands was predicted a few decades ago in Kagomé [195],
dice or T3 [11, 80], and Lieb [20] lattices. A Kagomé lattice consists of
equivalent lattice points and equivalent bonds forming equilateral triangles
and regular hexagons; each hexagon is surrounded by triangles and vice
versa. A Lieb lattice is described by three sites in a square unit cell where
two of the sites are neighbored by two other sites and the third site has
four neighbors. In essence, a dice lattice has a hexagonal structure with an
additional atom placed in the center of each hexagon. The central atom
acts as a hub connected to six rims while each of the rims is connected
to three hubs; see also Fig. 5.1(a) for a dice lattice. If one of the rims is
removed, a conventional honeycomb (graphene) lattice is restored. In the
rest of this work, we focus on dice lattice as a representative system. As
for experimental setups, dice lattices were proposed in artificial systems
such as optical lattices [12, 19]; see Ref. [92] for a review. As an example
of the experimental realizations of dice lattices, we mention Josephson
arrays [17] as well as optical realizations [19].

The lattice structure of the dice model with three atoms per unit cell
leads to three bands in the energy spectrum which is similar to that in
graphene albeit with Dirac points intersected by a flat band [13]. The
corresponding low-energy spectrum can be described in terms of spin-1
fermions, which have no analogs in high-energy physics. The flat band
leads to strikingly different physical properties with a paramagnetic re-
sponse [13, 196] instead of the diamagnetic one as in graphene [197] being
a representative example. To the best of our knowledge, multi-layer dice
lattices were not investigated before and, as in multi-layer graphene, are
expected to be different from their single-layer counterparts.

In this work, we combine two vigorous research directions related to
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exotic lattices and heterostructures by studying the properties of bilayer
dice lattices 1. We classify nonequivalent commensurate stackings of dice
lattices and formulate the corresponding tight-binding and effective low-
energy models. Depending on the type of the stacking, the low-energy
spectrum comprises Dirac points intersected by flat bands, three-fold-
corrugated bands, tilted bands, or even a semi-Dirac spectrum. For the
semi-Dirac spectrum, the energy bands are anisotropic with a linear dis-
persion relation along one direction and the quadratic dispersion along
the other [139]. For all four nonequivalent stackings, the sets of band-
crossing points originating from different layers are separated in energy
with the separation determined by the interlayer coupling constant. The
obtained bilayer models are illustrated by calculating the density of states
(DOS) and the spectral function. Being strongly modified by the inter-
layer coupling, the DOS and the spectral function provide an efficient way
to distinguish the stackings and set up the stage for the investigation of
the optical response in our forthcoming work [199].

The paper is organized as follows. We discuss the key properties of
a single-layer dice lattice in Sec. 5.2. The commensurate stackings are
classified as well as the tight-binding and effective models of a bilayer dice
lattice are formulated in Sec. 5.3. The spectral functions and the DOS
for each of the four stackings are presented in Sec. 5.4. The results are
summarized in Sec. 5.5. Technical details concerning the derivation of
the effective models, low-energy spectral functions, and the properties of
the bilayer lattices at larger coupling constants are presented in Appen-
dices 5.6, 5.7, and 5.8, respectively.

5.2 Single-layer dice lattice

As a warm-up and to set up the stage for the discussion of the bilayer
dice lattice, we present the model and the key properties of a single-
layer dice lattice. In the essence, a dice lattice is a hexagonal lattice
composed of two sublattices (denoted as A and B) with additional sites (C'
sublattice) placed in the center of hexagons. The resulting inter-sublattice
connections are shown in Fig. 5.1(a). As one can see, the atoms of the C'
sublattice act as hubs that connect to six neighbors, while the atoms of
the A and B sublattices (rims) connect only to three neighbors.

!Bilayer dice lattices should not be confused with the double-layer lattice studied in
Ref. [198].
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Figure 5.1. Panel (a): The schematic representation of single-layer dice lattice.
The A, B, and C sites are denoted by red, blue, and green dots. Panel (b): The
energy spectrum given in Eq. (5.3) along the I' = K — M —TI" line in the Brillouin
zone (inset). Here, ¢ is the hopping constant.

In the basis of states corresponding to the A, C, and B sublattices,
the tight-binding Hamiltonian reads [13]

0 —t>; e 19 0
H(q)=| —tX; e'a9;j 0 —t3; e~iad | (5.1)
0 —t>; €199 0

where t is the hopping constant, q is the wave vector in the Brillouin zone,

and
51:(],{0,1}, 52—(1{?,—;}, 53_61{—?,—;} (5.2)

denote the relative positions of the sites A with respect to the sites C; a is
the distance between the neighboring A and C sites. The same vectors but
with the minus sign denote the relative positions of sites B with respect
to sites C. In this model, the A and B sublattices are equivalent.

The energy spectrum of Hamiltonian (5.1) reads

g =0, €4 = it\/é\l 14 gcos (\@aqw) + gcos <\g§aqx> cos (2aqy>.
(5.3)

In essence, the dispersive bands 1 are the same as in graphene where the

quasiparticle spectrum contains two nonequivalent Dirac nodes K and K.

We show the corresponding energy spectrum in Fig. 5.1(b).
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In the vicinity of the Dirac points, Hamiltonian (5.1) can be linearized
and reads as
H¢(k) = hop (£S:ks + Syky) (5.4)

where k = q — K¢ is the wave vector measured relative to the Dirac points
located at K¢ = £47/(3v/3a) {1,0}, corresponding to K (£ = +) and K’
(¢ = —) points, and vp = 3ta/(\/2h) is the Fermi velocity. Further, we
introduced the following spin-1 matrices:

0 —i 0
Sy=—=1i 0 —i |. (55
0

Se = —=
V2 v 0

V2

S = O

1
0
1

S = O

The corresponding energy spectrum contains a Dirac point intersected by
a flat band

€0 =0, e+ = +hvrpk. (5.6)

As we discussed in the Introduction, heterostructures made of different
stackings of single-layer graphene is a major topic in graphene physics.
In the next section, we will introduce and study the simplest multi-layer
dice lattices composed of two commensurately stacked single-layer dice
lattices.

5.3 Bilayer dice lattice

5.3.1 Stackings of bilayer dice lattices

For the bilayer dice lattice, there are a few ways to commensurately stack
two dice lattices. The most obvious way is to have the sublattices of the
same type in two layers aligned with each other. Therefore, we call this
type of stacking the aligned AA — BB — CC' stacking. Other stackings
can be obtained starting from the aligned stacking by rotating or shifting
one of the layers. A commensurate stacking is obtained by rotating one
of the layers around a C' site by 7/3. In this case, the sublattices A and
B in one of the layers are aligned with the sublattices B and A of the
other layer. Because the hub atoms C remain aligned, we dub this type
of the stacking the hub-aligned AB — BA — CC stacking. We notice that
the A and B sublattices have different connectivity compared to the C
sublattice. Therefore, a nonequivalent stacking is realized for rotating
around an A site by 7/3; rotation around a B site (with the resulting
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AC — BB — C A stacking) is equivalent since the sublattices A and B are
assumed to be interchangeable within each of the layers. This results in
the mized AA — BC — CB stacking where the sublattices B and C in
one layer are aligned with the sublattices C' and B in the other, i.e., hubs
and rims intermix. Finally, we can shift one of the layers with respect
to the other by a lattice constant. For the corresponding commensurate
stacking, the sublattices A, B, and C in one layer are aligned with the
sublattices C, A, and B in the other. We call this type of the stacking
the cyclic AB — BC' — C A stacking. Other stackings are either equivalent
or non-commensurate.

Certainly, it would be interesting to determine which of these com-
mensurate stacking has the lowest energy. Such an analysis would depend
on the realization of the dice lattice and is beyond the scope of this paper.
We find it instructive, however, to remind the corresponding results for
bilayer graphene. Bilayer graphene can exist in the Bernal-stacked A — B
form and, less commonly, in the A — A form, where the layers are exactly
aligned. Using the quantum Monte Carlo methods, it was found that the
Bernal stacking is more energetically favorable [200].

Thus, there are four nonequivalent commensurate stackings in a bilayer
dice lattice: (i) aligned AA— BB —CC, (ii) hub-aligned AB — BA—CC,
(iii) mixed AA — BC — CB, and (iv) cyclic AB — BC — CA. We model
interlayer hoppings in these stackings by the following inter-layer coupling
Hamiltonians:

100 00 1

HY =gl o 10|, H™=g4lo01 0|,
00 1 100
100 001

H™ =gl 0 0 1|, H9Y9=g¢|10 0], (5.7)
010 010

where ¢ is the coupling constant. In writing Eq. (
the nearest-neighbor tunneling. For simplicity, the
all sites are taken to be equivalent.

The tight-binding Hamiltonian for a bilayer dice lattice reads as

Hyoi(q) = ( Hq) M ) , (5.8)

.7), we assumed only
oupling constants for

o ot

H! H(q)

where H(q) is given by the single-layer tight-binding Hamiltonian (5.1)
and H. is defined by one of the coupling Hamiltonians in Eq. (5.7).
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Before discussing the effective models, it is instructive to analyze the
discrete symmetries of the tight-binding Hamiltonian (5.8) and compare
them with their counterparts in a single-layer dice lattice.

5.3.2 Discrete symmetries

Discrete symmetries including charge-conjugation, time-reversal, and in-
version symmetries play an important role in many systems allowing for
the classification of electron states and order parameters. The single-layer
dice lattice respects all of these symmetries as well as possesses the C'5 ro-
tational symmetry. The coupling Hamiltonian of the bilayer lattice might,
however, break one or more of the discrete symmetries. We summarize
the symmetries in Table 5.1 and provide a more detailed discussion below.

on erati Time- I .

Dice lattice arsg er-g;)[ﬁ;]&ga o reversal s n;iséf;l
y y symmetry Y Y

Single-layer MoK 13K Wo

Aligned 2 % 2

AA— BB - CC MK, MpK I3K Wi, W

Hub-aligned o > X

AB— BA—-CC MK, MK EV Wi, W

Mixed X

AA—BC -CB ] ft i

Cyclic A

AB — BC — CA ] tlt i

Table 5.1. Symmetry properties of the tight-binding Hamiltonian for a bi-
layer dice lattice (5.8) in different commensurate stackings. The tight-binding
Hamiltonian of a single-layer dice lattice is given in Eq. (5.1) and the coupling
Hamiltonians are defined in Eq. (5.7). The symmetry matrices M; o and Wi o
are defined in Egs. (5.10) and (5.13).

We begin our symmetry analysis with the charge-conjugation or particle-
hole symmetry (C-symmetry). The operator of the charge-conjugation
symmetry is defined as

CH(q)C™' = —H(q). (5.9)

The correspondmg operator necessarﬂy contains the complex conjugation
operator K and a matrix, i.e., C' = MK. For the aligned AA— BB —CC
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and hub-aligned AB— BA—CC stackings, there are the following matrices
M:

0 0 1
My =1,0My and MQIiTy®MO with My=|0 -1 0]. (510)
1 0 O

Here, 7 is the vector of the Pauli matrices defined in the layer space
and My is the charge-conjugation symmetry matrix for a single-layer dice
lattice [166]. No charge-conjugation symmetry exists for the mixed AA —
BC — CB and cyclic AB — BC — C A stackings.
Let us proceed to the time-reversal symmetry (7-symmetry), which is
defined as
TH(q)T™" = H(-q), (5.11)

where 72 = 1 because we do not explicitly include the spin degree of free-
dom for the dice lattice. It is straightforward to check that the single-layer
dice lattice is time-reversal symmetric with 7' = K. Since the interlayer
coupling in Eq. (5.7) is real, all stackings considered in this work are
time-reversal-symmetric.

Finally, let us analyze the inversion symmetry (P-symmetry). This
symmetry changes sign of momentum and interchanges sublattices leaving
the Hamiltonian invariant. The operator of the inversion symmetry is
P= WIlq—_q where the matrix W satisfies the following equation:

WH(q) = H(~q)W. (5.12)

In a single-layer dice lattice, the sublattices A and B interchange under
the inversion symmetry. The corresponding matrix Wy is given by the
antidiagonal 3 x 3 matrix [89]. For aligned AA — BB — C'C and hub-
aligned AB — BA — C'C stackings, we find the following matrices:

0 0 1
Wi=1aWy and Woy =7, Wy with Wy=|0 1 0]. (5.13)
1 0 0

As with the other discrete symmetries, the aligned AB— BA—CC stacking
preserves the inversion symmetry of the dice lattice. As for the hub-aligned
AB — BA — CC stacking, the interchange of the layers is equivalent to
the rotation by m/3 with respect to sites C. Since the bilayer lattice in
the hub-aligned stacking retains the C3 rotation symmetry, it is also in-
variant with respect to the interchange of the layers. On the other hand,
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the mixed AA — BC — C B stacking breaks the inversion symmetry. This
follows from the fact that the mixed stacking explicitly distinguishes one
of the sublattices (A-sublattice). It is interesting that the cyclic stack-
ing is inversion-symmetric albeit the corresponding symmetry operator
necessarily involves the interchange of layers, i.e., only the Wy matrix in
Eq. (5.13) is valid. The interchange of layers compensates for the change
made by the in-plane inversion and restores the cyclic order of atoms.

5.3.3 Energy spectrum and effective models

In this Section, we present effective low-energy Hamiltonians for bilayer
dice models and compare their energy spectra with those of the tight-
binding counterparts. In the derivation of the effective models, we follow
the standard approach used, e.g., for bilayer graphene. The details of the
derivation of the effective models can be found in Appendix 5.6. The ef-
fective models are derived assuming strong interlayer coupling compared
to momenta in the vicinity of the Dirac points, i.e., g > hvpk. In addi-
tion, in writing linearised effective models, we focus on the K point; the
Hamiltonian for the K’ point can be obtained by replacing k, — —k,.
As we show in Figs. 5.2-5.5, while the dispersion relation is strongly
modified by the inter-layer coupling, the band-crossing points remain gap-
less. The inter-layer coupling shifts the points in energy: instead of a dou-
bly degenerate band-crossing point at g = 0, there are two band-crossing
points located at +¢. Effective models are able to capture the most signif-
icant features of the dispersion relation in the vicinity of the band-crossing
points. To simplify the notations, we consider effective models only for the
band-crossing point at g; the effective models and the energy spectrum
for the band-crossing point at —g can be obtained by the replacement

g— -9
Aligned AA — BB — CC stacking

We start with the simplest, aligned AA— BB—CC, stacking. The effective
Hamiltonian in the vicinity of the K point is

H® = gl + hop (S - k). (5.14)

As one can see, in the leading nontrivial order in hvrk/g, the effective
model for the AA — BB — CC stacking comprises two copies of the single-
layer linearized Hamiltonians (the other copy is obtained by replacing
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Figure 5.2. The energy spectrum of the tight-binding Hamiltonian (5.8) for the
aligned AA — BB — CC stacking along the I' — K — M — T line in the Brillouin
zone (panel (a)). The tight-binding and effective (see Eq. (5.15)), energy spectra
at the K point and £ > 0 are compared in panels (b) and (c), respectively. In all
panels, we set g = t.

g — —g), see Eq. (5.4), separated by 2¢ in energy. The energy spectrum
is given by Eq. (5.6) where the positive and negative branches are shifted
by g, respectively, i.e.,

€0 =9, €1 =g+ hpk, and e =g — hvpk. (5.15)

We present the energy dispersion for the tight-binding Hamiltonian
(5.8) in Fig. 5.2(a). The energy spectrum in the vicinity of the K point
is compared with that of the effective model in Figs. 5.2(b) and 5.2(c),
respectively. Notice that the flat band remains intact. Furthermore, both
tight-binding and effective Hamiltonians are particle-hole symmetric.

Evidently, the evolution of the energy spectrum with the inter-layer
coupling constant is drastically different from that in bilayer graphene.
While the band-touching points in the latter remain at zero energy, the
band-crossing points in a bilayer dice lattice become separated in energy.
The energy spectrum at € = 0 contains nodal rings around K points. The
cross-section of such a nodal ring is shown in Fig. 5.2; see also Fig. 5.8 for
the spectral function.

Hub-aligned AB — BA — CC stacking

In contrast to the aligned stacking considered in Sec. 5.3.3, the hub-aligned
AB—BA—CC stacking requires one to include the second-order in fivpk/g
terms to reproduce an anisotropy of the energy dispersion. The corre-
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sponding effective Hamiltonian reads

) hop [0 10 oy 2g2 10 -1
He(ff):g]lg—i—ﬁkzx 10 1 +<ﬁ) i 0 2 0
010 10 1
—_— 010
+—=(K2—k2)| 1 0 1 |. 5.16
\/54(y ) 010 1)

The second-order terms are responsible for the asymmetry of the energy
spectrum. We have the following energy spectrum in the vicinity of the
K point:

(hUFky)2
= —_— '1
€0 g+ 29 N (5 7)
_ (hwrky)? wa\/ 204 4 2 2 _1.2]?
&1 =g+ 49 + 4g (th) kiy +g9 [4]{590 — a(kz — k'y)] , (5.18)
_ (hvpky)? hUF\/ 214 o o2 2 _1.2]?
2= g+ G = T (o) + g [k, —a(k2 — k2)] . (5.19)

If hwp/g > a, the terms containing ak? and akz, i.e., the last term in
Eq. (5.16) can be neglected. Then, the energy spectrum in Egs. (5.18)—
(5.19) corresponds to a particle-hole asymmetric version of the semi-Dirac
spectrum [139] in which the dispersion relation is linear in one direction
and quadratic in the other. The particle-hole symmetry breakdown around
each of the band-crossing points is quantified by momentum-dependent
~ (hvpky)?/g term.

We present the energy dispersion for the tight-binding Hamiltonian
(5.8) in Fig. 5.3(a). The energy spectrum in the vicinity of the K point
is compared with that of the effective model in Figs. 5.3(b) and 5.3(c),
respectively. The spectrum is clearly anisotropic with a linear disper-
sion relation along k, and the quadratic one along k,. Furthermore,
the particle-hole symmetry is broken for the effective model (i.e., the
bands in the vicinity of the band-crossing points are particle-hole asym-
metric) but is preserved in the tight-binding one; see Fig. 5.3(a). It is
interesting to notice also that the energy spectrum for the hub-aligned
AB — BA — CC stacking retains some features of the spectrum of the
aligned AA — BB — CC stacking, namely, the band remains flat along
certain directions (k,); cf. Figs. 5.2(a) and 5.3(a). In addition, the bands



114 Chapter 5. Bilayer dice

Figure 5.3. The energy spectrum of the tight-binding Hamiltonian (5.8) for the
hub-aligned AB — BA— CC stacking along the I'— K —M —TI" line in the Brillouin
zone (panel (a)). The tight-binding and effective, see Eqgs. (5.17)—(5.19), energy
spectra at the K point and € > 0 are compared in panels (b) and (c), respectively.
In all panels, we set g = t.

at ¢ = 0 intersect along lines in momentum space rather than form nodes;
see also Fig. 5.8 for the spectral function.

Mixed AA — BC — CB stacking

In the case of the mixed AA — BC' — CB stacking with the coupling
Hamiltonian defined by H™ in Eq. (5.7), we derive the following effective
Hamiltonian:

2k, k_ k2 + 5k2 0 0
m i T h2 2 T Y
gﬁ):L\/F, 2, 0 ko |+ 0 K245k 0
2V2\ ke ke 0 g 0 0 2k
0 K 2ikyk
fiwp\? 1 v
+gls — (ZF) - k2 0 2ikyk_
I\ —2ikyky —2ikyky 0
0 20k2 — k2) k2
I v Ry) Ry
— P o(k2 — k2) 0 K. (5.20)
8v2 K2 20

The energy spectrum up to the second order in momentum is quite
cumbersome. Therefore, we leave the second-order terms only in the gg
branch where they are crucial to describe the anisotropy and provide
leading order corrections at k; = 0. For other branches, the second-
order terms can be neglected compared to the leading-order linear terms.
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Therefore, we have

_ hop (hUF)2 2 2 hvp 2 2
0 = 9= ket g, (kx + 3k:y) + 150 (kx - k:y) . (5.21)

h h

o = 9t ”F ”F,/3k2+2k5, (5.22)
. h’UF hUF 9 9

2 = g+ sk ./3k +2k2. (5.23)

We present the energy dlspersmn for the tight-binding Hamiltonian
(5.8) with the coupling Hamiltonian 1™ defined in Eq. (5.7) in Fig. 5.4(a).
The tight-binding energy spectrum in the vicinity of the K point is com-
pared with that of the effective model (5.20) in Figs. 5.4(b) and 5.4(c), re-
spectively. As one can see, dispersive Dirac-like bands become anisotropic.
Furthermore, as in the case of the hub-aligned AB — BA — CC stacking,
the additional band is no longer flat but acquires a noticeable anisotropic
dispersion along all directions. Another noticeable feature of the spectrum
is the absence of particle-hole symmetry in the tight-binding and effective
models. This is qualitatively different from the hub-aligned AB—BA—-CC
stacking where the particle-hole symmetry is broken only in the effective
model; cf. Figs. 5.3(a) and 5.4(a).

Compared to the aligned and hub-aligned stackings, the energy spec-
trum at € = 0 is drastically different. As is evident from Fig. 5.4(a), the
bands no longer cross. However, the band structure retains its semimetal-
lic nature with electron and hole bands located in different parts of the
Brillouin zone.

Cyclic AB — BC — C A stacking

The effective linearized Hamiltonian for the cyclic AB— BC —C A stacking
reads

o 0 k- ki
HY) =gls+ L2 b, 0 2k |. (5.24)

2V2\ 1 ok, 0
The energy spectrum is determined by the following third-order equation:
(e—9°—Ai(e—g)+ A2 =0, (5.25)

where
27 27

Ar=To(ath)? and Ay = o (at)’k (k2 - 3K2) . (5.26)



116 Chapter 5. Bilayer dice

Figure 5.4. The energy spectrum of the tight-binding Hamiltonian (5.8) for the
mixed AA — BC' — CB stacking along the I' — K — M — I" line in the Brillouin
zone (panel (a)). The tight-binding and effective, see Eqs. (5.21)—(5.23), energy
spectra at the K point and € > 0 are compared in panels (b) and (c), respectively.
In all panels, we set g = t.

The solutions to Eq. (5.25) are

co=¢qg+2 écos larccos S—AQ i _21
0=9 3 3 oA\ 4 ) 3

E1=9g+2 écos larccos % i
1=9 3 3 24, \ 4,

1
= g + hvpk cos {3arccos {COS(\/;SD)} }, (5.28)

Eo=g+2 écos 1arccos S—AQ i —4—7T
2= 3 3 oA\ 4 ) 3

1 4
= g + hvpk cos {Sarccos [COS(\/;@] - ;T} (5.29)

In the second expressions in Eqgs. (5.27)—(5.29), we used the polar coordi-
nate system with {k;, k,} = k {cos ¢, sin ¢}.

We present the energy dispersion for the tight-binding Hamiltonian
(5.8) with the coupling Hamiltonian Héc), see Eq. (5.7), in Fig. 5.5(a).
The tight-binding energy spectrum in the vicinity of the K point is com-
pared with that of the effective model in Figs. 5.5(b) and 5.5(c), respec-
tively. As one can see, both dispersive and flat bands become corrugated

1
= g + hvpk cos {Sarccos[ (5.27)
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Figure 5.5. The energy spectrum of the tight-binding Hamiltonian (5.8) for the
cyclic AB — BC — C A stacking along the I' — K — M — T line in the Brillouin
zone (panel (a)). The tight-binding and effective, see Egs. (5.27)—(5.29), energy
spectra at the K point and € > 0 are compared in panels (b) and (c), respectively.
In all panels, we set g = t.

due to the inter-layer coupling. The corrugation has C3 symmetry, see
also Egs. (5.27)—(5.29). Despite being linear in momentum, the effective
model captures the main features of the energy spectrum reasonably well.
The particle-hole symmetry is broken both for tight-binding and effective
models.

The low-energy spectrum |e|/t < 1 is similar to that for the mixed
stacking and also shows a semimetallic behavior, see Fig. 5.5(a). The
electron and hole pockets form a rather intricate Kagome pattern at e = 0,
see Fig. 5.8(d).

5.4 Density of states and spectral function

In this Section, we discuss the spectral function and the DOS for the
bilayer dice lattices. To start with, we introduce the Green function in
the momentum space
i
Gw +i0;k) = 5.30

where H (k) is the Hamiltonian (effective or tight-binding), p is the Fermi
energy, and signs + define the retarded (+) and advanced (—) Green
functions. By using the Green function (5.30), we define the spectral
function

Alw: k) = % (G(w +i0: k) — Glw — i0; k)] \NZO. (5.31)
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While the complete information about the spectral properties is provided
by the spectral function A(w; k), another useful quantity measured in, e.g.,
scanning tunneling spectroscopy experiments, is the DOS v(w) defined as

2
(w) = / (gﬂ];ztr{A(w; K}, (5.32)

where the integration proceeds over the Brillouin zone if the tight-binding
Hamiltonian is used.

The explicit form of the Green and spectral functions is rather cum-
bersome even for the effective Hamiltonians. Only the case of the aligned
AA— BB — CC stacking is relatively simple because it corresponds to two
copies of a single-layer dice model. The Green function for the effective
model of the aligned stacking reads

1

@, 1) —
G (w; k) = D) X
1 2 U — U — 2
(m’; _kg)Q _(n gk) B 5;; (hw — g) h ](:1 FQk )
5 (hw — g) (hw — g)? L (hw—g) | (5.33)
U 2 U U 2
(7 F2k+) ﬁ\%ﬂr (hw —g) (hw — 9)2 _ gk)

Here, we used the effective Hamiltonian Hé?f) given in Eq. (5.14) and
defined

D) = det(hw — H) = (hw — g) |(hw = 9)? = (hopk)?] . (5.34)

The spectral function is

A® (k) = —iD® (W) F® ()™ (w; k), (5.35)
where
1 d (hw — g — hopk) + 6(hw — g + hvrpk)

F®) () = { ~ §(hw — } .

(5.36)

Then the DOS reads as
V@) (W) = _ A—Qé(hw —g) + |hw —g| (5.37)
27 (hvp)? | 2 ’

where A is the energy cutoff. The first term in Eq. (5.37) is related to the
flat band and the second term has the same form as the DOS in monolayer
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graphene. The DOS (5.37) is essentially the same as for a single-layer dice
model [12].

The spectral functions for the four stackings are presented in Fig. 5.6.
We focus on the energies in the vicinity of the band-touching points and
set g/t = 1. As one can see, there is a rather intricate pattern where
the particle-hole symmetry is evidently broken for all stackings except the
aligned one; see Figs. 5.6(a) and 5.6(e). Furthermore, the spectral func-
tions explicitly show an asymmetry of the energy spectrum in the vicinity
of the band touching points. The shape of the spectrum is noticeably
different for the energies below and above the band crossing point for
the hub-aligned AB — BA — C'C stacking which is related to its pecu-
liar particle-hole asymmetric semi-Dirac spectrum; see Fig. 5.3 as well as
Figs. 5.6(b) and 5.6(f). The Dirac point intersected with the tilted band
can be inferred from Figs. 5.6(c) and 5.6(g) for the mixed AA— BC —CB
stacking. Finally, the asymmetry is related primarily to the additional Cs-
corrugated band for the cyclic AB — BC' — C A stacking; see Figs. 5.6(d)
and 5.6(h).

By integrating the spectral function over the Brillouin zone, we obtain
the DOS in Fig. 5.7. As expected, the DOS has the simplest structure for
the aligned AA — BB — C'C stacking and reveals the peaks corresponding
to the flat bands at Aiw = +g as well as two sets of smaller peaks corre-
sponding to the van Hove singularities; see Fig. 5.7(a). A similar structure
of the DOS with well-pronounced peaks at iw = +g is observed for the
hub-aligned AB — BA — CC stacking with, however, different locations
of the van Hove singularities; see Fig. 5.7(b). The DOS for the mixed
AA — BC — CB and cyclic AB — BC — C A stackings has a rather com-
plicated structure with several peaks and absent particle-hole symmetry.
In both cases, there are peaks near iw = 0 and hw = —g, while the DOS
at hw = g is suppressed. Unlike the aligned and hub-aligned stackings
where the peaks at hw = +g¢ are related to flat or partially flat (having a
softer dispersion relation along one of the directions) bands, all peaks for
the mixed and cyclic stackings correspond to the extrema in the energy
spectrum. Another difference between these stackings is related to the
particle-hole symmetry. The DOS for the aligned and hub-aligned stack-
ings are particle-hole symmetric and demonstrate approximate particle-
hole symmetry around the band-crossing points (see Appendix 5.8 for the
results at larger g where the approximate symmetry becomes evident).
On the other hand, there is no particle-hole symmetry of any form for the



120 Chapter 5. Bilayer dice

-1 -05 0 05 -1 -05 0 05 -1 -05 0 05 -1 -05 0 05 1
aqy/m aqy/m aqx/m aqy/m 0

-1 =05 0 05 -1 -05 0 05 -1 -05 0 05 -1 -05 0 05 1
aqx/n

aqx/n aqx/m aqx/m 0

Figure 5.6. The spectral functions in the vicinity of the band-crossing points.
The upper and lower panels correspond to fiw/t = 0.9 and hw/t = 1.1, re-
spectively. The columns represent the results for the aligned AA — BB — CC
(panels (a) and (e)), hub-aligned AB — BA — C'C (panels (b) and (f)), mixed
AA— BC — CB (panels (c¢) and (g)), and cyclic AB — BC — CA (panels (d) and
(h)) stackings. In all panels, we set g = t. We use tight-binding models with the
spectral function defined in Eq. (5.31) and introduce a phenomenological broad-
ening I' = 0.05¢ by replacing i0 — iI" in the Green function.

mixed AA — BC — CB and cyclic AB — BC — C A stackings; this result
persists also for larger g, see Appendix 5.8.

5.5 Summary

In this work, we introduced and classified the nonequivalent commensurate
stackings for a bilayer dice (73) lattice. These four stackings are the
aligned AA—BB—CC, hub-aligned AA— BC—CB, mixed AB—BA-CC,
and cyclic AB — BC — C' A stacking. Other stackings are either equivalent
or non-commensurate. We found that the bilayer dice model demonstrates
a unique energy spectrum for each of the stackings.
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Figure 5.7. The density of states for bilayer dice lattices. Panel (a): aligned
AA — BB — CC (solid red line) and mixed AA — BC — C'B (dashed blue line).
Panel (b): hub-aligned AB— BA— CC (solid red line) and cyclic AB— BC —CA
(dashed blue line). For all stackings, we employed the tight-binding model with
the spectral function defined in Eq. (5.31) and introduced the phenomenological
broadening I'/t = 0.005 by replacing 0 — iI" in the Green function.

In all stackings considered in this work, three energy bands intersect
at the K and K’ points; the band-crossing points are separated in energy
with the separation determined by the inter-layer coupling constant g.
The spectrum of the aligned AA — BB — CC stacking resembles that
of two copies of the single-layer dice model and contains Dirac points
intersected by a completely flat in the whole Brillouin zone band; see
Fig. 5.2. The hub-aligned AB— BA—CC stacking allows one to realize the
semi-Dirac spectrum in the vicinity of the band-crossing points, for which
the dispersion relation is quadratic in one direction and linear in the other;
see Fig. 5.3. An unusual spectrum composed of a Dirac point intersected
by a tilted anisotropic band occurs for the mixed AA— BC —C B stacking;
see Fig. 5.4. Somewhat similar to the case of the hub-aligned AB — BA —
CC stacking, all bands have a semi-Dirac spectrum. Finally, the cyclic
AB— BC—C A stacking realizes an anisotropic energy spectrum with a C'-
corrugated additional band intersecting the Dirac point; see Fig. 5.5. The
low-energy spectrum, i.e., at |¢| < g, also depends on the stackings and
shows either nodal-line crossings (aligned and hub-aligned stackings) or
semimetallic behavior (mixed and cyclic stackings) where conduction and
valence bands acquire the same energy but are separated in the Brillouin
zone. Therefore, similar to multi-layer graphene structures, a multi-layer
dice lattice also holds the potential to be a flexible platform for realizing
different types of quasiparticle spectra.
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To clarify the shape of the energy spectrum and set up the stage for
analytical calculations, we derived effective low-energy models in the vicin-
ity of the band-crossing points. The corresponding models are given in
Egs. (5.14), (5.16), (5.20), and (5.24). The energy spectrum of these
models captures the main features of the tight-binding spectrum such as
the anisotropy of the dispersion relation. Furthermore, the effective mod-
els allow us to introduce effective particle-hole symmetry with respect to
the band-crossing points. In particular, both tight-binding and effective
models are particle-hole symmetric for the aligned AA — BB — CC stack-
ing. While the tight-binding model is particle-hole symmetric, there is no
particle-hole symmetry for the effective model of the hub-aligned AB —
BA—CC stacking. The other two stackings, i.e., the mixed AA—BC—-CB
and cyclic AB — BC' — C'A ones, both tight-binding and effective mod-
els are particle-hole asymmetric. The derived effective models might be
useful in various applications including the studies of transport, collective
modes, edge states, etc.

We used the obtained tight-binding models to calculate the spectral
function and the DOS in Sec. 5.4; see Figs. 5.6 and 5.7. The spectral
function provides an access to the cross-sections of the energy dispersion,
which could become rather intricate for certain stackings. The nontrivial
band structure of the bilayer dice model also has a direct manifestation
in the DOS. In particular, the flat band of the aligned AA — BB — CC
stacking leads to peaks corresponding to the band-crossing points. The
peaks are also observed for the hub-aligned AB — BA — CC' stacking
due to a soft dispersion relation of the additional band. On the other
hand, the DOS of the mixed AA — BC — CB and cyclic AB — BC —
C A stackings is dominated by the van Hove singularities related to the
features of the spectrum away from the band-crossing points. In solid-
state realizations of the dice lattice, the spectral function and the DOS
can be probed via angle-resolved photoemission and scanning tunneling
spectroscopy experiments.

In the derivation of bilayer dice models, we have made a few simpli-
fying assumptions related to the structure of the lattice and the coupling
Hamiltonian. First, we considered only commensurate stackings where
sublattices of both layers are aligned. In writing the coupling Hamiltoni-
ans (5.7), only the nearest-neighbor hopping and equal coupling constants
for all sites were assumed. The breakdown of the symmetry between the
A and B sublattices might lead to a few additional stackings. It would be
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also interesting to investigate which of the proposed stackings is the most
energetically favorable. These studies are beyond this work and will be
reported elsewhere. Finally, we notice that the rich energy spectrum and
nontrivial DOS promise unusual optical responses of bilayer dice lattices.
The studies of the optical response will be presented in our forthcoming
work [199].

5.6 Appendix: Derivation of the effective model

In this Section, we discuss the derivation of the effective low-energy Hamil-
tonians presented in Sec. 5.3.3; see also Ref. [185] for the corresponding
discussion for bilayer graphene. We focus on the dynamics in the vicinity
of band crossing points, i.e., at |¢| &= g. Then, the off-diagonal terms in the
Hamiltonian (5.8) with the coupling Hamiltonians defined in Eq. (5.7) are
assumed to be large compared to the diagonal ones, i.e., g/(hvpq) > 1.
In this case, it is convenient to transform the full Hamiltonian (5.8) into
a new basis where the part of the Hamiltonian responsible for the inter-
layer coupling, i.e., the Hamiltonian (5.8) with H(q) = 0, is diagonal.
This allows us to separate the low- and high-energy (with respect to the
band-crossing point at € = g) parts of the full Hamiltonian as

. hL u
H = ( o B ) (5.38)

where hy, and hyg correspond to low- and high-energy states, respectively.
The coupling between them is denoted by u. Now, the off-diagonal terms
are small compared to the diagonal ones. In the latter, it is convenient to
separate

hy =B +6hy, and by = b + Shiy. (5.39)

Here, h(LO) and hg) ) are large compared to dhr, and dhy, respectively. In
addition, we separate e = ¢(®) + de. For the effective model for the Dirac
point at € = g, we have hﬁo) = gls, hg)) = —gl3, and € = ¢g. The
corrections dhy,, dhy, and de are determined by deviations from the band-
crossing point, e.g., de ~ hvpk.

By using the eigenvalue equation HV = ¢V with H given in Eq. (5.38)
and ¥ = {41, ¥y}, we can re-express the high-energy states via the low-
energy ones:

Y = (el3 — hy) " uly. (5.40)
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This allows us to write an equation for i, only,
{hL +u (8]13 — hH)_l uq YL, = eYr,. (5.41)

By using Eq. (5.39) and expanding up to the leading nontrivial order in
deviations from the band-crossing point, we obtain

—1
(els — hH)_l = (E(O)]lg — hSI)) + delg — 5hH)

—1 -1
~ [1 _ (5<0>]13 - h;?)) (513 — Shy) (g<0>113 - hg))) L (5.42)

This allows us to rewrite Eq. (5.41) as

~1
[0 Ot g om [+ (085 ) ™ o (5.43)
-1 -2
X (5(0)]13 - hg))) uT} Y1, = oe {]13 +u (5(0)]13 - hg))) UT] YL

By introducing the wave function y = S'/24r,, which has a proper norm,
ie., x'x = wle + %T{wHy we rewrite Eq. (5.43) in the conventional form
H.gx = 6e x. Therefore, the effective Hamiltonian reads

Heog = S~ {nY — 015+ 6y

-1
+u l:]lg + (8(0)]13 — hg)) (5hH

(5(%13 - h§$>)‘1 uT} STV2 (5.44)

where L
S=13+u (5(0)]13 - h%?) ul. (5.45)

We use Egs. (5.44) and (5.45) to derive the effective models in Sec. 5.3.3.
While the calculations are straightforward, the intermediate expressions
are bulky. Therefore, we do not present them here.

5.7 Appendix: Spectral functions at low energies
hw =10

For the sake of completeness, let us also show the spectral function at
hw = 0 in Fig. 5.8. As one can see, the low-energy (¢ = 0) spectrum
demonstrates nodal rings either surrounding the K-points (aligned stack-
ing) or the I'-point (hub-aligned stacking); see Figs. 5.8(a) and 5.8(b). The
mixed stacking is characterized by separated patches. The most intricate,
Kagome, pattern occurs for the cyclic stacking shown in Fig. 5.8(d).
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Figure 5.8. The spectral functions at fuwv = 0. We used the aligned AA— BB —
CC (panel (a)), hub-aligned AB — BA — CC (panel (b)), mixed AA— BC —CB
(panel (c)), and cyclic AB — BC' — C'A (panel (d)) stackings. In all panels, we
set g = t. Green points represent the positions of the band-crossing points. We
use tight-binding models with the spectral function defined in Eq. (5.31) and
introduce the phenomenological broadening I' = 0.05¢ by replacing i0 — iI" in
the Green function.

5.8 Appendix: Results for g/t > 1

Let us discuss the case of strong inter-layer coupling g/t = 1. It corre-
sponds to a somewhat exotic system where the inter-layer coupling con-
stant g is larger than the in-layer hopping parameter ¢t. Nevertheless, it
might be relevant for artificial systems.

We show the energy spectrum and the DOS for the four nonequivalent
stackings in Fig. 5.9. Compared to the case of smaller coupling constant,
cf. with Figs. 5.2-5.5 and Fig. 5.7, the spectra and the DOS for the
low- and high-energy parts of the tight-binding model do not overlap.
The shape of the energy spectrum away from the band-crossing points
becomes less relevant at larger g/t for the aligned AA— BB —CC stacking.
Further, the particle-hole symmetry with respect to the band crossing
points becomes evident for the aligned AA — BB — C'C' and hub-aligned
AB — BA — CC stackings; see Figs. 5.9(a), 5.9(e), 5.9(b), and 5.9(f). In
agreement with the effective model, the anisotropy of the additional band
is suppressed at larger g; cf. red lines in Figs. 5.9(b) and 5.9(f). The
particle-hole asymmetry and complicated structure of the DOS remain
for the mixed AA — BC' — CB and cyclic AB — BC — C A stackings; see
Figs. 5.9(c), 5.9(g), 5.9(d), and 5.9(h).
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Figure 5.9. The energy spectrum (top row) and the corresponding DOS (bottom
row) for the tight-binding Hamiltonian (5.8) along the I' — K — M — T line in the
Brillouin zone at g/t = 5. The columns represent the results for the aligned
AA — BB — CC (panels (a) and (e)), hub-aligned AB — BA — CC' (panels (b)
and (f)), mixed AA — BC' — CB (panels (c) and (g)), and cyclic AB— BC —CA
(panels (d) and (h)) stackings.



Chapter 6

Orbital susceptibility of
T-graphene: Interplay of
high-order van Hove
singularities and Dirac cones

6.1 Introduction

Possible existence of two new graphene allotropes, planar tetragraphene
(or octagraphene) and buckled T-graphene composed of carbon octagons
with tetrarings, was demonstrated some time ago using the Density Func-
tional Theory (DFT) [52]. Several previous attempts to find such al-
lotropes were made in Refs.[201, 202]. It was noted that planar T-graphene
allotrope should be the most stable one after graphene while the buckled
T-graphene is not stable, and its fully relaxed state is very similar to
planar T-graphene [179]. Recently, the tetragraphene allotrope has been
predicted to possess superconductivity with critical temperature up to
around 20.8 K [203].

Some geometrical and electronic properties, as well as low-energy physics
of octagraphene were studied in Ref.[204], the phase diagrams were ana-
lyzed and the existence of Mott metal-insulator phase transitions in the
Hubbard model on square-octagon lattice was pointed out in [205-209].
In addition, structural and electronic properties of T-graphene and its
modifications were studied by DFT calculations in Refs.[210-213] and the
kinetic stability with time was analyzed in Ref.[214]. Later, it was shown
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[53] that the 2D monolayers of ZnyO2 and ZngsO4 also have nearly ideal
square-octagon lattice. In recent paper [53] the stability of multilayer
materials such as ZnO composed of square-octagon lattice was studied
with the help of DFT technique. Also it was shown that MoSs transi-
tion metal dichalcogenide with square-octagon lattice can possess Dirac
fermions with Fermi velocity comparable to that of graphene [207]. The
coexistence of Dirac fermions and nearly flat bands seems to be a very
interesting property of square-octagon lattice and motivates us to study
physical quantities such as orbital susceptibility in terms on newly intro-
duced concept of high-order van Hove singularities [25].

As is known, when the doping level approaches VHS, system can ex-
hibit strong responses such as orbital paramagnetism in two-dimensional
case [50] or chiral superconductivity in the case of graphene [26]. An
ordinary VHS in two-dimensional electron system corresponds to loga-
rithmic divergence of the density of states (DOS). The distinctive feature
of high-order VHS is a more singular, power-law divergence of DOS with
an asymmetric peak [25, 215]. At the same time, the recent studies of
two-dimensional lattices uncovered a wide family of exotic band struc-
tures [15] with flat bands and multi-band touching points, at which the
quasiparticles are effectively described by high-pseudospin Hamiltonians.
Flat bands can be considered as a limiting case of VHS with delta-function
divergence of DOS.

The prominent examples of materials with high-order VHS of different
kind are bilayer graphene with tuned dispersion with the help of an inter-
layer voltage bias [216], Sr3Ru2O7 [217] and 8 — YbAIB4 [218]. Recently
it was also shown that when a high-order VHS is placed close to the Fermi
level, density wave, Pomeranchuk orders, and superconductivity can all be
enhanced [27]. The role of high-order VHS on different types of instabil-
ities in twisted bilayer graphene was analyzed in Ref.[219]. The presence
of van Hove singularities in twisted bilayer graphene [220] can lead to
valley magnetism [221], density waves and unconventional superconduc-
tivity [222] such as topological and nematic superconductivity [223], the
so-called "high-T." phase diagram [28], Kohn-Luttinger superconductivity
[224].

The orbital susceptibility [225] measures the response of a time-reversal
invariant electronic system to an external magnetic field. To evaluate
susceptibility of T-graphene analytically and numerically we use the for-
mulas for susceptibility derived in Refs.[226] and [227]. We analyze the
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1
| 1
|- _ i _l f ot of o X
Figure 6.1. T-graphene lattice structure, which is described in main text. Each
sublattice is denoted by its own color. Black dashed rectangle encircles one

elementary cell. The hopping parameters between two small squares are ¢; and
inside each small square - ts.

role of VHS of both kinds in orbital susceptibility for electrons on square-
octagon lattice. Particularly, we show that the flat lines in tight-binding
band structure, which were firstly mentioned in Ref.[206], also represent
high-order VHS with inverse square root divergence of DOS.

The paper is organized as follows. In Sec.6.2 we describe the tight-
binding Hamiltonian of square-octagon lattice. Then, in Sec.6.3 we de-
rive effective low-energy Hamiltonians that describe bands around highly-
symmetric points in Brillouin zone (BZ). Also we identify the type of VHS
which are present in T-graphene. In Sec.6.4 we perform numerical eval-
uation of susceptibility, and then analyze the qualitative physical effects
of Dirac cones (Sec.6.4.2) and VHS using effective low-energy expansion
(Secs. 6.4.3 and 6.4.4). The role of high-order VHS is discussed also
in the Conclusions (Sec.6.5) where we summarize the obtained results.
In Appendix 6.6 we analyze flat lines in the dispersion of middle bands,
and in Appendix 6.7 we present expressions for the Green’s functions of
tight-binding and Lowdin Hamiltonians.

6.2 Tight-binding model

The square-octagon lattice consists of four atoms per unit cell which form a
small square, and is shown on Fig.6.1. According to Ref.[202], the numeri-
cal values for all nearest neighbor interatomic distances are approximately
equal to 1.429A and lattice constant a = 3.47A for T-graphene. Ref.[204]
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gives the intra-square, 1.48A, and inter-squares, 1.35A, distances, and sim-
ilar values were reported in Ref.[53]. The basis vectors of Bravais lattice
and reciprocal lattice are

a; = (aa 0)7 as = (07 CL),

b= (0.7, b= (Z0). 61

In the tight-binding model, we take hopping parameters between atoms
in two neighboring small squares to be ¢1, and inside small square t5. The
corresponding tight-binding Hamiltonian has the form [204, 206]

0 to tleikxa to
to 0 to tleikya

HTg(k:) = - tle—ikma t2 0 tQ (62)
to tle_ikya to 0

and acts on the four-component wave functions ¥ = (¥4, VB, ¥c, ¥p)
(see Fig.6.1 for sublattice labels). The above mentioned difference in in-
teratomic distances can effectively described by tuning the hopping pa-
rameters t; and to. The values of these hopping parameters can be taken
from DFT calculations: ¢; = 2.9¢eV and to = 2.5 eV were used in Ref.[204],
while t; = 2.98 eV and t9 = 2.68 ¢V were found from DFT calculations in-
side one layer of octagraphene [228].

The spectrum can be found from the equation det[el — Hry(k)] = 0,
which after simplification reduces to [204, 206]

et —2 (t% + 2t%) % + 4t113¢ (cos (aky) + cos (aky)) —
— 41313 cos (aky) cos (aky) + 11 =0, (6.3)

and has the form of depressed quartic equation. The spectrum is symmet-

ric with respect to rotations on the angle 7 in k-space, because the lattice

has a Cj point symmetry group. Also the spectrum is symmetric with re-

spect to transformations € — —e together with ky — k, =7, k) — ky = 7

(called chiral symmetry in [206]). The Brillouin zone of square-octagon
s s

lattice is a square with —2 < k;, k, < 7. The corresponding highly-
symmetric points are defined as

a a

I =(0,0), M= (i”,i”) :
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Figure 6.2. Spectrum which is given by Eq.(6.3) for three values of parameter
o = ta/t1: panel (a) o = %, panel (b) @ = 1 and panel (c) a = 3. The energy ¢ is
measured in units of hopping parameter ¢;. On the panel (b) one can observe the
three-band-touching points where the two Dirac cones meet nearly flat middle
band. Black lines denote the lines of constant energies.

and are located in the center, corners and the middle of each square site,
respectively. It is convenient to measure the energy in terms of ¢; hopping
parameter, and introduce the dimensionless ratio of hopping parameters
a = ta/t;. The 3D plots of the spectrum defined by Eq.(6.3) for several
values of a are shown in Fig.6.2, while the 2D plots along highly-symmetric
lines are represented in Fig.6.3. For @ = 1, near the three-band-touching
points I" and M, one observes almost flat middle bands [206]. These two
middle bands support completely flat energy lines, which are extended over
full BZ. Below we proceed with description of highly-symmetric points in
terms of van Hove singularities in the DOS.

6.3 Spectrum structure around highly-symmetric
points: van Hove singularities

Firstly, let us present general definitions that will be used throughout the
text. By definition, the one-electron DOS per spin is given by

- d2k
D(e) = ; /B , Tyt ik, (6.5)

with ¢ running over the band dispersions ¢;(k) found from Eq.(6.3). Due
to chiral symmetry the DOS is an even function of energy. The ordinary
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VHS with the logarithmic diverging DOS occurs at saddle point ks of a
particular band in which

Vie(k) =0 and detD < 0, (6.6)

where D;; = £0;0;¢(k) is the 2 x 2 Hessian matrix of a dispersion e(k) at
k;. Here and below we use short-hand notation 0; = 0Oy,. After proper
rotation of a basis, the dispersion around saddle point can be conveniently
represented as € — e, ~ —(p>+ 5]75 with wave vector deviation p = k — k.
The two coefficients ( and 8 are the eigenvalues of D and satisfy the
condition —(5 = det D < 0.

The high-order VHS corresponds to saddle point with the following
properties [25]:

Vike =0 and detD = 0. (6.7)

This class of VHS can be divided into two types: ¢ = 8 = 0 (multicrit-
ical VHS), or ¢ # 0, f = 0. The DOS is expected to have a power-law
divergence at such points. The position of all VHS can be found by dif-
ferentiating Eq.(6.3) and setting Vie = 0, from which we get the system
of equations:

sin(ak,) (e — t1 cos(aky))
sin(ak,) (¢ — t1 cos(aky))

0,
0.

(6.8)

Below we perform expansion of the energy spectrum of T-graphene
around highly-symmetric points and flat lines and identify the correspond-
ing VHS type with the DOS divergence.

6.3.1 I and M points

Before proceeding with calculation, we underline that previously men-
tioned symmetry of spectrum makes these two points equivalent up to
change of energy sign. Thus, the analysis around the I' point can be
directly translated to the M point and vice versa by chiral symmetry.
To find the approximate expressions for band energies around highly-
symmetric points, we perform the series expansion of spectral equation
(6.3). We write ¢ = EEO) + 6, with 550) is the energy of i-th band exactly
at the given point in k-space. Then, we expand equation into series in §
and ka (measured from the given point), and find the solution for ¢ in
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leading order. Performing this for I' point, we find the following results in
the case o > 1:

€1 alk|?a?
—~—-1-2 _— 6.9
t o+ 1) (6.9)
2
€23 4 @@ 2 2Ll4 _ A(n2 — 1\E2E2
T [a|k| 4 \/(a K4 — 4(a 1)1%;%)], (6.10)
€4 alk|?a?
—~—-1+2 _—. A1
0 + a+4(a—1) (6.11)

The numbering of bands goes from the lower one to the upper one (for
a < 1 the indices 2 and 4 should be interchanged). From expression
(6.9) one can conclude that spectrum of tight-binding Hamiltonian (6.2)
is bounded by —1 — 2a < € < 1 4 2a at zero temperature. In particular,
it follows from Eq.(6.10) that the top of band e3 has completely flat lines
along k, and k, axes.

In the case @ = 1 we find the following expansions for three upper
bands (which have triply degenerate point (see also Ref.[206])):

€1 L oo
— =~ =3+ -a’|k|7,
» + g0 |kl

2 2 2\ 2
gjwlfkgk?gag 62’4N1:|:i|k|—a (kx_ky>
t1 2|k|? T V2 16]k|?

(6.12)

The two bands €34 form Dirac cones with Fermi velocity vp = at;/ V2h
with additional square-order corrections in |k|a. The middle band e3 is
completely flat in first-order approximation, but has nontrivial anisotropic
corrections of second-order in |k|a.

The I' and M points define the energy boundaries of each band (see
Fig.6.2). For a <1 the bands are in the ranges [—1 — 2o, —1], [-1,—1 +
2a], [1 — 2a,1], [1,1 + 2a] measured in units of ¢;. It follows from the
expansions (6.9)-(6.11) taken at k = 0. We find that the gap near ¢ = 0
opens for @ < 1/2. For the o > 1 the bands’ energy ranges are €/t; €
[—1—2a,1—2a], [-1, 1] for both middle bands, and [—1+ 2a, 1+ 2a]. In
this case the gaps are opened for a@ > 1 above € = ¢; and below ¢ = —t,
respectively. These features of spectrum are manifested in vanishing DOS
in corresponding gap energy ranges, see Fig.6.3.

Next, we identify the type of VHS at e3 = 1 in o« = 1 case. For
this purpose, we evaluate the DOS contribution for each band separately,
taking the leading term in wavevector expansion. The integration over
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wavevector in Eq.(6.5) is extended to cut-off parameter A of effective ex-
pansions (6.12). Then, the Dirac cones give the standard graphene-like
result:

|E - tly

DQ(E) + D4(€) = 7Ta2t% . (613)

The evaluation of DoS for middle nearly flat band is more complicated,
but can be performed in polar coordinates:

A 2w 2.2 112
Di(e < ty) :/0 /0 ’?gi;lfalg—tﬁtl“i;(%)]. (6.14)

We emphasize the fact that the middle band contributes only for € < t;
and the corresponding DOS is asymmetric. The integration over k is easily
performed, and the integration over angle can be confined to first quadrant
with adding a total factor 4. Then, one should integrate in the limits where
the solutions under delta-function are possible ¢min < ¢ < Gmaz:

1 . 8(1—¢/t1) T 1 . 8(1 —¢/t1)
Gmin = B arcsin ( 2z | Omaz = 5 3 arcsin ez |

(6.15)
Thus, the integral for DOS becomes
1 Pmaz 4 2 A
Ds3(e <t) = — —_————— 6.16
e =5a ), Yo S havai—em 019

with the 1/4/1 — £/t divergence, as was noted previously. This power-law
divergence together with asymmetry of the DOS clearly indicates, that this
point corresponds to high-order VHS (see middle peaks of the DOS in all
panels of Fig.6.3). Below we show that this holds true for all points on flat
lines in the dispersion €3(k). Also one should note that this singularity has
larger exponent x = 1/2 (which is defined as D3(e < t1) ~ [t; —e|™") than
in twisted bilayer graphene (k = 1/4, [25]), and the same as in Srz3RusO7
[217] and 8 — YbAIB, [218] materials.

Above we have found the long wavelength expansions of spectrum for
small values of wavevector k. However, these expansions are violated if
the model parameter o approaches 1. In this case we can use another
series expansion of the spectrum: we assume that |1 —a| ~ |ka| are of the
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Figure 6.3. The spectrum of T-graphene along the closed path X —I' — M —
X and DOS for a = 1/3,1 and o« = 3/2. DOS is plotted on the right of
each spectrum, and is measured in units of a21t1. DOS is regularized with finite
broadening of levels, I' = 0.01¢; to make plots smooth.

same order. Then, we replace both terms |1 —«| and |ka| in Eq.(6.3) with
(|1 — a| and ¢|ka|, respectively, and expand the obtained equation into
powers of (. This guaranties that expansions keep contributions from both
small values |1 —«| and |ka| in the same leading order. Next, we solve the
approximate spectral equation around each band, as for Egs.(6.9)-(6.11),
and set finally ( = 1, we find

Sy _gg Batk)e s Kk
t1 8 t1 2(]{2%-1—]{75)

k2 + k2)a?
?4:1—(1—04)i\/(9”29)+(1—a)2 . (6.17)
1

The last two expressions show that the |1 — «| competes with |k|a and
their larger value defines the spectrum form in the leading order.
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6.3.2 X-points and flat lines

At X point the eigenvalues of Hamiltonian (6.2) are

e = FhV1+ 402, &y = Fh. (6.18)

The energies €1 4 belong to lower and upper and bands, respectively, and
the energies €2 3 belong to flat lines for the points in k-space, which are
situated in the middle between band-touching points. In Appendix 6.6
we show how the flat lines are related to the Cy point symmetry group
of the lattice and structure of tight-binding Hamiltonian. Performing the
series expansion of spectral equation in the same way as discussed above
Eq.(6.9) but for wavevectors around X = (0, 7), we find:

. +t[kz <1+1>—<ky—2>2<1—§(>}, (6.19)
cim el +t[k2 <1+€%>—<ky—z>2<1—§(>} (6.20)

These two dispersion relations represent ordinary VHS, defined via the
conditions (6.6). The Hessian matrix is diagonal and its’ elements are
the derivatives of above dispersion relations with respect to wavevectors,
D = diag(0y€, Oyye). The DOS exhibits a logarithmic divergence around

e =¢ef and ¢ = e: Dy4(e) ~ log (|€A_“j{ti|) These upper and lower

peaks in DOS are clearly visible on Fig.6.3.

Next, we find the series expansion of €23 bands’ dispersion around
X point. Due to chiral symmetry mentioned after Eq.(6.3), it suffices to
make expansion only for upper band, while for lower band it can be found
by appropriate change of wavevectors. Expanding the spectral equation
(6.3) for third band around energy 3 = t; into series in k,a, we find:

k2a® k2a*
~t—t L — L . 6.21
b h [ 2 4a?(1 — cos(kya)) (6:21)

kia* k2a% . :
Ta2(1—cos(kya)) < =5, since this

band has €3 < t; energy for all points in BZ. The Hessian matrix for
the dispersion (6.21) has only one nonzero component on diagonal D =
dlag( tla 0). Thus, we observe that the middle bands at X-point and

This approximation works well only for
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in other points of flat line where 1 — cos(kya) # 1 exhibit a high-order
saddle point (detD = 0). One can check that the DOS for dispersion
(6.21) has a inverse square root divergence 1/1/t; — ¢ with energy, with
benchmark asymmetry:

A

d2k k2a?
Ds(est) = / (277)26 le —h (1 ) )] - Ver2ati /1T —¢ft;

(6.22)

In Fig.6.3 we present dispersion relations for T-graphene along the path
X —T'— M — X which represents the main features in spectrum (left part
of each panel) and DOS (regularized by finite level broadening, right part
of each panel) for the values « = 1/3, 1 and a = 3/2. Note that the path
length in M —T direction is v/2 times larger than that in X — M or I'— X
directions. Our plots show that at energies Ft1v/1 + 4a? DOS exhibits
logarithmic divergences, which are the standard VHS at X points. At
the same time, the much stronger peaks in DOS correspond to flat lines
in spectrum at energies Ft; which are "high-order’ VHS. Our results for
spectra agree with the results of Refs.[204—206], however, the dispersion
€3 in Eq.(6.12) was not recognized as the one exhibiting high-order VHS.

Fig.6.3 demonstrates also evolution of DOS as the function of the
hopping parameter o. At ¢ = 0 we find that for a < 1/2 there are no
states (insulating phase), while for larger a the states are present. For
energies |e| < t; the DOS is always finite for « > 1/2 meaning metallic
behavior. On the other hand, for energies || > ¢; and o > 1 we observe
the presence of gaps in the DOS.

In Sec.6.4 we will study the behavior of orbital susceptibility around
van Hove singularities.

6.3.3 Effective models of band touching point: linear and
quadratic approximations

In the tight-binding model of square-octagon lattice the band touching
exists at two highly-symmetric points - I' and M. Since they are related
by chiral symmetry (see discussion after Eq.(6.3)), we need to build an
effective Hamiltonian only at one of these points. As was proposed in
Ref.[206], one can perform a rotation to Cy, basis utilizing the following
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unitary matrix

1 vV2 0 1
111 0o V2 -1
UC4U =35 )
211 —v2 0 1
1 0 —vV2 -1
which acts on four-component wave functions in sublattice space, defined

below Eq.(6.2). After such unitary transformation we obtain the following
first-order effective SU(3) Hamiltonian near the I" point:

(6.23)

1 0 —%’%
(1) o ia
HSU(3) =1 0 1k \/iy . (6.24)
iaky —_Q o
75 \/Qy 200 — 1

This Hamiltonian is useful for understanding how the Dirac cones emerge
in spectrum for @ = 1. The spectrum defined by this Hamiltonian is

€ 5 a?|k|?

Do, Eoad k] + (o —1)2, (6.25)
131 i1 2

where ¢ corresponds to the e3 band of tight-binding model, and e_ | to

the bands €2 4 respectively. The corresponding eigenvectors are

1

)\
* [k]

(ky’k$70)a
_ (ikea, —ikya, V2(1—¢.))
V2([kPa? +2(1—a)(1 —¢))’
U, - (—ikya,ikya,v/2(e4 — 1))
T V2(kPZ 20— D) - 1)

One should note that the linear Hamiltonian of such type does not capture
the spectral structure of middle band. Instead, the middle band is treated
as completely flat, and the corresponding effective theory is an example
of pseudospin-1 fermion models (see Ref.[229] for topological classification
of such theories). Since the aim of present paper is to analyze the role of
high-order VHS, we need to build the effective Hamiltonian that correctly
captures the dispersion of middle band at leading order in |k|a. The
needed dispersion is presented, for example, in Eq.(6.12) in the a = 1
case.

W_

(6.26)




6.4 Orbital susceptibility 139

To find corresponding effective Hamiltonian, we use Lowdin method
[230], which is also called Lowdin partitioning (the example calculation
for Lieb-kagome Hamiltonian was performed in Ref.[231]). The idea is to
perform the rotation of the full tight-binding Hamiltonian (6.2) via the
unitary transformation (6.23), and then represent it in a block-like form:

o= ( Haa | Hap ) , (6.27)
Hpgo | Hpp

where the « subspace describes SU(3) band-touching and 3 subspace cor-
responds to lower band, decoupled from other three bands by relatively
large gap. Then, the effective second-order Hamiltonian around band-
touching is written as

Ha = Haa + Haﬁ (50 - H,B,B)_l H,Bou (628)

where ¢g = e23(k = 0) = t;. For I' point this Hamiltonian has the
following form

_ a®(2a+1)k2 a’kzky _daks
@ 4(a+1) élga—i—l)) ) V2
_ 2(0) %k k a*(2a+1)k iak
Hop =7+ iy e p |0 629
iaky __taky k?a?
V2 V2 4

where £©) = t,diag(1, 1, 2« —1) . Such simple Hamiltonian is particularly
useful when the proper dispersion of all three bands is needed at leading
order.

6.4 Orbital susceptibility

In this section we study the manifestation of T-graphene spectrum fea-
tures considered above, in particular, VHS of both kinds, in the orbital
susceptibility. The susceptibility measures the response of a electronic
system to an external magnetic field and is defined standardly as the sec-
ond derivative of the grand canonical potential at zero field. The main
formula, which is most suitable in our case for numerical calculation, was
given in Ref.[232], the more general formula was derived in Ref.[227]. The
susceptibility can be represented as

poe? Im [
12R2 78 J_o

Yorb (16, T) = np(e) Tr X de. (6.30)
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Here np(e) = 1/(e®=M/T 4 1) is the Fermi distribution, po = 47 x 1077
in SI units and S is the area of the sample. The operator X is written
in terms of zero-field Green function G(k) and Bloch Hamiltonian H(k),
and J,, are partial derivatives over momenta:

X = G(k)0ZH (k)G(k)02H (k) — G(k)02, H(k)G k)02, H (k)+
+2([G (k)0 H(k),G(k)d,H(K)))>. (6.31)

The trace operation contains the integral over the BZ and the trace over
band indices:
Tr(e) = Ztr(o) =9 @ tr(e) (6.32)
o 7 Jpz 4n? ' '
The orbital susceptibility can be rewritten in several other forms, one of
them without commutator [227],

2 0o
_ Hoe Im - w
Xorb <N7T) = T om2 771'5 . nF(E) Tr {GH GH
— GH"GH™ — 4 (GHIGHmGHyGHy — GHwGHyGHxGHy)} de.

(6.33)

Here G = G(k) is the Green function and H’, HY denote the first and
second derivatives of Hamiltonian with respect to components of momenta
k; j and the trace contains momenta integration, as defined in Eq. (6.32).
The last formula can be also rewritten [227] in terms of previously found
one by Gomez-Santos [226],

poe? Im  [+o°
22 18 J_o

x GHY + % (GH*GHY + GHYGH®) GHW} de. (6.34)

Xorb (14, T') = nr(e) Tr {GH*GHYGH”

Here the first term represents the Fukuyama result [233]. Three formulas
for susceptibility are equivalent of course, and the use of a specific formula
depends on possible simplifications, for example, for Hamiltonians linear
in momenta the expressions (6.31) or (6.33) are preferred since the terms
with second derivatives H% vanish.

To check the numerical results below we use the sum rule which states
that the integral of the orbital susceptibility over the whole band vanishes:

/Xorb(:uﬂ T)d:u' =0. (635)
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The derivation of the sum rule for general tight-binding model was given in
Ref.[13]. Below we apply the formulas for orbital susceptibility to partic-
ular models, namely - tight-binding model of tetragraphene and effective
low-energy SU(3) models.

6.4.1 Application of general formulas to tetragraphene

Let us now apply the formula (6.30) to tetragraphene Hamiltonian (6.2).
Since the second derivatives Gng and 85961-[ vanish, the operator X re-
duces to

X = G(k)o2H (k)G(k)0;H (k) + 2 (|G(k)0. H(k), G(k)0,H(k)))* .
(6.36)

The Green’s function is given in Appendix 6.7. Then, calculating the
trace of X for each term separately, we find the expressions presented
in Appendix by Eqs.(6.59) and (6.60). We denote the first term with
second derivatives in (6.36) as “term 1” and the term with commutator
as “term 2”. Here and thereafter we use dimensionless energy parameter
€ — ¢/t1 to simplify the form of expressions. One should notice that the
numerators in both terms (6.59) and (6.60) are real, thus the imaginary
part comes fully from integration over energy due to the presence of sin-
gular denominators. We write the determinants as [] (¢ — ¢;(k)), where

=1
¢;(k) are band energies measured in units of ¢;.

One can use also an alternative expression (6.34) for susceptibility
obtaining shorter expression

+oo

2
Loe tlIm/
w(n, T) = -1 1
Xorb (14, T') 52
—0o0

2
denp(ti€) / Z—IZ tr {GH*"GHYGH*GH"} .
s
BZ
(6.37)

Evaluating the trace, we find

20a(e? — 1)
detle — 2 H(k

t1

4
tr {GH*GHYGH*GH"} = ( )]> sin?(k,a) sin? (kya).
(6.38)

The advantage of this formula is that the numerator is much simpler
comparing to Egs.(6.59)-(6.60). However, the larger power of denominator
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makes it harder to perform numerical calculation, since the behavior at
band-touching point is more singular.

The integrals over energy can be evaluated analytically using Cauchy
formula with residues. Next, we need to calculate the integrals over
wavevector in full BZ. They are cumbersome and can be performed only
numerically.

The numerical evaluation can be performed by sampling many points
in BZ, and replacing integral by a quadrature sum. For this purpose
we use Monte Carlo approach - it converges very fast with increasing
number of sample points for multidimensional integrals. Taking N sample
pomts in BZ, the integral over d?k is replaced by the sum [5, -4 (27r 2 (k) =

w Zj f(kj). Then, the final formula used in evaluation is

Xorb (10, T) = N Z Z res nF (t1e) fR(e) . (6.39)

j=11 1 k=k;

The residues were evaluated analytically using expressions (6.59)-(6.60),
and the band energy solutions of spectral equation (6.3) were substituted
numerically into final expressions. Here we introduced the scale factor for
susceptibility xo = poe?a®ty /12h2.

The results of evaluation for x as a function of chemical potential are
shown in Fig.6.4. We have checked that good convergence is reached for
N = 10° and N = 5 x 10° for the terms (6.59) and (6.60), respectively.
The errors of integration become in this case several orders less than the
absolute values of susceptibility. As a test, we checked that the sum rule,
which is given by Eq.(6.35), holds true with the same precision.

The orbital susceptibility exhibits standard weak diamagnetic peaks
near the edges of the spectrum, which can be easily understood from the
Landau-Peierls (LP) formula [227, 232, 234, 235],

(&
xee(p, T /fgfﬂ Z/ 8 eidye; — nyei@gyei) ., (6.40)

which takes into account only intraband contributions. Here n/;(¢) is a
derivative of the Fermi distribution function. We note that the LP contri-
bution in total susceptibility comes from the first two terms in Eq.(6.31)
which contain second derivatives.

In the case of T-graphene only the lower (upper) band gives strong
contribution to the orbital susceptibility at the lower (upper) edge of the



6.4 Orbital susceptibility 143

spectrum. This can be clearly seen from Figs.6.2 and 6.3, since at lower
(upper) edge the corresponding band in I' (M) point is separated by a large
gap from other three bands. The dispersion of this band is quadratic in
momenta, see Eq.(6.9), and both derivatives in first term of LP formula
are positive. The second term exactly vanishes, and thus the LP suscep-
tibility is negative because n’z(¢) < 0. These peaks are clearly visible
in susceptibility described by the red line (term 1) in panels a) - ¢) of
Fig.6.4 (leftmost and rightmost negative peaks). At the same time, the
Landau-Peierls formula does not capture the contribution of high-order
saddle points. This is because the large contribution from a Fermi func-
tion derivative an (€;) is compensated by vanishing determinant of Hessian
matrix that is present in round brackets.

At the ordinary van Hove points, which are placed on upper and lower
bands at X-points at the energy levels 5{{4 = Fv1+ 402, one finds strong
paramagnetic peaks. These peaks are also well-described by the Landau-
Peierls formula (6.40). Substituting series expansion (6.19) or (6.20), one
finds that only the first term in Landau-Peierls formula is nonzero, and
have positive sign due to opposite signs of 9 and 83 derivatives. More-
over, due to the divergent DOS at this energy level, the contribution of this
band dominates and leads to strong paramagnetism. This is also related
to famous magnetic breakdown phenomena [234], where the quasiclassical
approximation in terms of electronic orbits fails in the vicinity of saddle
points due to effects of tunneling from one trajectory to the neighboring
one that leads to rotation of the electron in a direction opposite to the
direction of classical rotation (see Ref.[50] for physical picture of this phe-
nomenon). Large paramagnetic peaks coming from the Landau-Peierls
formula are well seen in the red line (term 1) in the left panel of Fig.6.4
(a = 1/3). Due to the sum rule (6.35) they are almost compensated by
diamagnetic contribution in the green line (term 2). The competition of
two terms in Eq.(6.36) leads to several dia- to paramagnetic transitions
when we continuously change the chemical potential u (see Fig.6.4). The
susceptibility for & = 3/2 behaves qualitatively similar to the case with
a=1/3.

The behavior of the susceptibility is more interesting when the hop-
ping parameter « is close to unity. At the Fermi level u = 0 the orbital
susceptibility does not exhibit any peculiar properties. However, when the
doping is tuned to band-touching point u = 1, one can expect nontrivial
behavior of susceptibility due to presence of massless fermions forming a
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Dirac cone and flat lines with high-order VHS of DOS. Near the energy
levels pn = £t1 (see the panels b) and d) in Fig.6.4) we find strong diamag-
netic and paramagnetic peaks. Since the contribution of high-order VHS
is suppressed in the LP formula (term 1) we are left with diamagnetic
contribution from the term 2 due to Dirac excitations when |u| £ ;. On
the other hand, when || < t1 there is a strong paramagnetic contribution
in the term 2 from high-order VHS. The existence of the orbital paramag-
netism is a necessary condition to cancel the diamagnetic contribution in
order to satisfy the sum rule (6.35). The competition of these two contri-
butions leads to a sharp dia- to paramagnetic transition at |u| ~ t1 (see
panels b), d) in Fig.6.4. This transition manifests itself in Fig.6.5 where
the susceptibility at p = 1 is plotted as a function of « (blue line).

Below we analyze the orbital susceptibility for effective linear and
quadratic Hamiltonians given by Eqs.(6.24) and (6.29) to obtain some
insights into the physics of these peculiar features.

6.4.2 Analytical results in effective pseudospin-1 model around
band-touching

Let us firstly use the linear effective Hamiltonian around band-touching
point to find an analytical approximation for the susceptibility. It is given
by Eq.(6.24), and we omit the dimensional parameter t;, restoring it in
the final expressions for susceptibility,

" 1 0 —z/’fg
_ Hsu3) ia
Hs = e 0 1 ﬁy . (6.41)

iak;z _mk _
o \/Qy 20 — 1

The corresponding Green’s function is

1
Gsus) =~
SUB) = Jet[e — Hy]
21.2 .
e2— YN _9a(e—1)—1 —50%kzky —%

2 21.2 ;

_a kgky &2 _ anx —2a(e —1)—1 W(i;%)k’y

ta(e—1)kg _da(e=1)ky (5 _ 1)2

i NG
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Figure 6.4. The dependence of susceptibility x on chemical potential p, mea-
sured in units of ¢; hopping parameter, for three values of a: a) 1/3, b) 1, ¢) 3/2.
The susceptibility is normalized to scale factor o = poe?a?t; /12h2. The legend
on panel (b) shows the lines definitions in panels a) - ¢): dashed and dash-dotted
lines correspond to first and second term contributions in X (see Eq.(6.36)), while
the solid line describes the total susceptibility (the different ranges in y-axis are
taken for better visibility). Panel d) shows the total susceptibility for three values

of a.
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The determinant in denominator is simple
1—¢
2

and gives two Dirac cones and the flat band at € = 1. The first derivatives
of Hamiltonian are,

det[e — Hs] = (a®k? +2(e = 1) (20— £~ 1)) (6.43)

—1
a

0 a
Hi=—| 0
i

v _

0
0 , Hy = 0
0o ) T V2

V2

o o O

0
i |, (6.44)
0

o O O

—1

while all second derivatives are zero. Then, we can apply the formula
(6.34), which in our case reduces to

2 Foo
poet; Im
2h2 w8

—00

Xorb (1, T) = np(e) Tt {GH*GHYGH*GH"Y} de. (6.45)

Calculating the matrix trace we come at the orbital susceptibility given
by the triple integral,

2

e“t; Im [t+o°

_’u02h2 17 nF(tle’;‘)dE
— 0

d2k 16a°k2k:
&k -
A (a2 (K24 82) +2(c — )20 — e — 1))

Xorb (,U/a T) =

(6.46)

The integration over momenta is easily performed using polar coordinates

d%k 16aSk2k;

A2 4

A (a2 (k24 42) +2( ~ D2a—< — 1))

1 1 1
frd LQ X 2(0!*1) (; - €+1—20[> ? o # 17 (647)
Then, using the formula
too f(E) ™ =
I 2 _dE = — (=1) 4
m [  Eay G/, (6.48)

for susceptibility we finally obtain:

(6.49)

oo (1, T) = — 22 {2(;_1) (ne(ti (20— 1) —np(h)), a#1,

tlan(tl)a a=1.
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Note that the case o = 1 is the limit of the upper case with « # 1. The
result for & = 1 has the same functional structure as the susceptibility for
low-energy model of graphene [227], but differs in numerical factor and
sign. The latter difference is connected with the presence of flat band
in spectrum. In such a case the flat band plays the crucial role giving
strong delta-like paramagnetic response of the system at p = t; instead
of diamagnetic, which was a result of two Dirac cones in graphene. Note
however, that the linear effective Hamiltonian does not capture the correct
dispersion of the middle band. The model contains completely flat band
and the spectrum (6.25) is similar to a gapped dice model where the para-
magnetic contribution from flat band exceeds diamagnetic contribution
from Dirac cones (see Ref.[196])

The plot of effective susceptibility defined by Eq.(6.49) is shown in
Fig.6.5 as a function of a hopping parameter a. On the plot it is denoted
as “Eq.(24)” effective theory. We compare its dependence on « with total
susceptibility of actual model evaluated numerically. The doping level u =
t1 coincides with the band touching point at which the high-order VHS and
Dirac point are present for &« = 1. The numerical calculations demonstrate
the presence of dia- to paramagnetic transition at a ~ 0.94, which is
absent in the low-energy result (6.49). Thus, we should analyze more
precise effective model, which is given by the second-order Hamiltonian
Eq.(6.29).

6.4.3 Paramagnetic-diamagnetic phase transition at band-
touching point and second-order effective Hamilto-
nian

The calculation of orbital susceptibility for the second-order effective Hamil-
tonian (6.29) involves all terms in X operator (6.31), because all first and
second derivatives of Hamiltonian (6.29) over k; are nonzero. The corre-
sponding Green’s function is presented in Appendix, see Eq.(6.61). Since
the calculations quickly become cumbersome, we present only numerical
results here. For the integrals over wave number k we use Monte-Carlo
method. The energies for each point in k-space are found from Eq.(6.63)
and then we use the integration formula (6.39) multiplied by volume factor
A2%a?/m%. Here A is a cut-off parameter, that defines the region of appli-
cability of second-order effective Hamiltonian (6.29). We estimated it as
A =~ 0.8% by comparing exact spectrum with one obtained from Eq.(6.63).
The orbital susceptibility for the effective Hamiltonian (6.29) at the
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Figure 6.5. The dependence of orbital susceptibility on relative strength
of tight-binding parameters « = to/t; for p = 1.0t and T = 0.05¢;. The
numerically-evaluated total susceptibility (solid blue line) is compared with sus-
ceptibility obtained from effective pseudospin-1 Hamiltonians (6.24) (gray dash-
dotted line) and (6.29) (magenta dashed line).

band-touching point p = 1.0¢; as a function of a hopping parameter « is
presented in Fig.6.5. It is clearly seen that this Hamiltonian exhibits dia-
to paramagnetic transition at o = 0.94 in agreement with tight-binding
Hamiltonian and in contrast to the linear effective Hamiltonian (6.24).
Qualitatively, one can expect that such a transition occurs due to the
presence of Dirac cones, which give strong diamagnetism in graphene [197,
227], and the proximity of a high-order VHS that should result in strong
paramagnetism. The competition between these two opposite responses
together with the weak role of fourth band leads to a dia- to paramagnetic
transition.

6.4.4 The role of van Hove singularities

Let us discuss the role of van Hove singularities in T-graphene. For the
ordinary VHS the orbital susceptibility exhibits paramagnetic peak [50].
This can be understood using the standard Landau-Peierls formula for
contribution of single band [227]. In T-graphene, at the doping level
i = *t1, one meets the three-band-touching points, at which two Dirac
cones and middle band with flat lines intersect. In a single-layer graphene
the presence of Dirac cones leads to singular diamagnetic contribution
into orbital susceptibility x ~ —xod(u) at zero temperature [197]. In the
gapped dice model, spectrum of which is similar to (6.25), the param-
agnetic contribution due to a flat band exceeds diamagnetic contribution
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from Dirac cones (see Ref.[196]). In the case of T-graphene, the presence
of middle band, which is not flat anymore but contains flat lines with
high-order VH singularities on it, leads to strong paramagnetic contri-
bution competing with diamagnetic contribution from Dirac cones, thus
resulting in sign change of the orbital susceptibility.

High-order Van Hove singularities manifest themselves in many phys-
ical quantities as was reported in, e.g., Refs. [27, 28, 216-224]. In the
present paper we focused on the magnetic susceptibility of non-interacting
electrons in square-octagon lattice. However, one should expect the mani-
festation of high-order VHS of T-graphene also in other physical quantities
besides orbital susceptibility which is a subject for future studies. We note
that the accessibility of doping levels beyond the van Hove singularity was
demonstrated in recent experiment for single-layer graphene [236].

6.5 Conclusions

In this paper we have studied the spectrum structure of tight-binding
model for square-octagon lattice and analyzed the emergence of Dirac
cones and van Hove singularities of different type. Firstly, we found that
the singularities in DOS, that correspond to the flat lines in spectrum
of T-graphene, represent VHS of high-order. Their benchmarks are large
divergence exponent x = 1/2 (instead of logarithmic divergence for ordi-
nary VHS) and asymmetry of DOS near corresponding energy level. Such
high-order saddle points in spectrum are intermediate between the ordi-
nary saddle points and completely flat bands. Also, using the Léwdin par-
titioning, we derived an effective second-order Hamiltonian that correctly
captures dispersions of three bands near the high-order saddle point.

Secondly, we have studied the orbital susceptibility of electrons on
square-octagon lattice. We have found that while for ordinary VHS there
are standard paramagnetic peaks predicted long ago by Vignale [50], the
recently introduced high-order VHS [25] manifest themselves in a more
complicated way. The tight-binding magnetic susceptibility exhibits sev-
eral dia- to paramagnetic transitions when a chemical potential runs the
whole zone.

Studying the orbital susceptibility at band-touching point (u = t1)
as a function of the tight-binding hoppings ratio a, we found a dia- to
paramagnetic transition at a =~ 0.94. Its existence can be qualitatively
understood due to competitions of contributions from Dirac cones, which
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give strong diamagnetism, and high-order VHS that result in strong para-
magnetism. The effective low-energy pseudospin-1 Hamiltonian near the
I" point (6.24) correctly describes paramagnetic contribution but does not
capture the dia- to paramagnetic transition. On the other hand, the effec-
tive Hamiltonian (6.29), which keeps second-order terms in a wavevector
expansion, correctly reproduces the dia- to paramagnetic transition at
a = 0.94 given by the tight-binding Hamiltonian.

The tight-binding parameter o can be varied due to in-plane defor-
mations keeping Cy symmetry, thus allowing to verify the dia- to param-
agnetic transition in experiment. Though it is not probably easy to fine-
tune the hopping parameters experimentally, one can observe the different
phases by analyzing different materials that are based on square-octagon
lattice (see Refs. [53, 211]). Also, the T-graphene model can be real-
ized experimentally with cold fermionic atoms in an optical lattice, or in
phononic crystals [237]. In these cases it could be possible to test directly
the sign change of the susceptibility as a function of «. In further stud-
ies of the T-graphene model it would be interesting to include impurities
and interactions. In the recent publication [238] the role of high-order
VHS in the orbital magnetic susceptibility was studied for twisted bilayer
graphene. These studies complement the analysis in the present work.

6.6 Appendix: Flat lines in dispersion of middle
bands and lattice symmetry

In this Appendix we show that the flat lines in spectrum are related to
the C4 point symmetry group. Also we show, that every point of flat line
represents a high-order saddle point. Firstly, one can check that setting
ky =0 (or ky, = 0) in spectral equation (6.3), it can be factorized:

(e = 1) (— (40 +1) e + 4a? cos(aky) +&* +2 —1) =0.  (6.50)

Here we used scaled energy parameter €, measured in units of ¢;. Thus,
we find the middle band dispersion € = 1, which describes a flat line. The
same property of spectral equation holds true for kya = £ and kya = £7
lines, with ¢ = —1.

The wavevector in tight-binding Hamiltonian (6.2) is measured from I
point. Performing the rotation to the basis of Cy symmetry group via the



6.6 Appendix: Flat lines in dispersion of middle bands and lattice
symmetry 151

unitary matrix given in Eq.(6.23), we find the transformed Hamiltonian
UavH Uc,,. Along flat line direction k; = 0 (and similarly for &k, = 0)
the Hamiltonian reduces to the matrix

UL, HUc,, (ks = 0,ky) = — %

—1—4a —cos(aky) 0 iv2sin(aky) —1 + cos (aky)
0 2 0 0
—iv/2sin (aky) 0  2cos(aky) iv/2sin (aky)
—1 + cos (aky) 0 —iv2sin(aky) —14 4o — cos(aky)
(6.51)

Thus, one can conclude that the presence of flat lines is protected not only
by C4 symmetry, but also by the geometry of tight-binding model. As was
noted in Ref.[206], at the I" point the flat lines represent nearly flat band
(two lines intersect at the angle 7). When the two hopping parameters are
equal, a = 1, the corresponding linear low-energy model (6.24) treats the
middle band as completely flat and is similar to a pseudospin-1 model.
However, in the second order approximation (see Eq.(6.29)) the middle
band becomes dispersive. This fact distinguishes this pseudospin-1 model
from other models, such as Lieb [21], Kagome [75] or a — T3 [13, 14, 89]
models, where the presence of exactly flat band is supported by the lattice
geometry in tight-binding approximation.

Finally, expanding the spectral equation (6.3) near the flat line k, = 0
up to second order in k,a, we find

ot —46% 44 (1 — 042) 6% +2a% ((kxoz)2 — 2cos(kya) + 2)
+ 202 (kya)*(cos(kya) — 1) = 0. (6.52)

Here § = 1 — € measures the deviation of energy from flat line value. In
this equation we can omit the third and fourth order corrections (63 and
§%), and obtain simple quadratic equation. The solution, that corresponds
to the flat line, has the following approximate behavior

k2a? kg

2 402 (cos?kya) -1) (6:53)

The determinant of Hessian matrix for such a solution is always zero.
Thus we conclude, that every point on a flat line is a high-order saddle
point.
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6.7 Appendix: Green’s function of tight-binding
and Lowdin Hamiltonians

In this Appendix we calculate the Green function of the tight-binding
Hamiltonian (6.2). Standardly it is defined as

1 1 -t

Glh,e) = - (5 - H(k)) (6.54)
1 t1

for energy € measured in units of t;. Using the formula for adjoint matrix,

we find the simple but long expression. For the clarity, we write the

Green’s function in block form:

Glk,e) = L i ( Gu G ) | (6.55)

t det[€ -5 GJ{Q G2

The corresponding blocks are given by the following expressions:

Gii(k,e) = (6.56)

e(—2a% 4+ % — 1)+ 2a%coskya e v (—g 4 etkaa)(—1 4 gethve)
ae‘ik”“(—l + seikwa)(—s + eiky‘l) s(—2a2 +e2— 1)+ 202 coskya |’

Gia(k,€) = (6.57)
20%(e — coskya) — (€2 — 1)eF=@ a(—e + ekr?) (e — eihva)
a(—e 4 eFea) (e — e 202(e — coskga) — (€2 — 1)t |”
Gaa(k,c) = (6.58)

e(—2a% + 2 — 1)+ 2a%coskya  ae”He?(—1 + getha®)(—¢g + thv)
e (—g 4 ethaa) (1 4 getve)  g(—2a% + €2 — 1) +2a%coska |

These expressions are used to evaluate the traces for “term 1” and “term
27 (first and second terms in Eq.(6.36)):

a4

detle — - H (k)]?

[4042 ((52 + 1) cos(kypa) — 25) ((52 + 1) cos(kya) — 25) }, (6.59)

X

tr [term 1] =
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16a2a*
tr [term 2] = X
det[e — —H(k)]

[t%az (82 + 2) + 202e? cos(2kya) (e cos(kza) — 1)? +

+e (a25 (52 + 2) cos(2k,a) + ((52 —1)? — 4202 (62 + 2)) cos(k:xa))

+ cos(kya) <— <2a + 1) e3 — 8a’e — 4a2e? cos(2k,a)

+ (4045 —e?+ 1) (4@5 + g2 — 1) cos(kza) +&° + 5) —&? (52 — 1)2].
(6.60)

For the second-order effective Hamiltonian (6.29), which is obtained with
the help of Léwdin partitioning method, the Green’s function is (we set
a =1 to simplify the notation)

a— 1 - (6.61)
tq det le — SU;? 1
a kaky (k2 +16a—4e+4) iks (2(e—1)+a(k242:—-2))
1 N 16(a+1) N 2v2(a+1)
koky (k24160 —4e+4) a i(2(e—1)+a(k2+2e—2) )ky
16(a+1) 22 2v2(a+1)
ikz (2(e—1)+a(k242:-2)) i(2(e—1)+a(k2+2:-2))ky a
2v2(a+1) o 2v2(a+1) 33
(6.62)
where
I 2 (20 + 1)k2 1 &2
G11 _ 1 Oé+€‘| 4(Oé+1) +é | 2,

[@a+1)k2 k2 1 k2
GQQ—-4(Q+1) +e—1| |1 1 20+ € 5

(20 + 1)k (e — 1) + akZk?

G33:(€_1)2+ 4(a+1)
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and the determinant is given by the following third-order polynomial:

H? (k 2 Y
det [6_ su@) (k) _ 3¢ (o (8 — k* +12) + 4)

i 4(a + 1)
_e(=32(a+ 1)(4a — 1) + ak’ cos(49) + (3a + 2)k! + 16a(2a + 1)E?)
32(a+1)
_128(20% + a — 1) + ak® + 4(a — 2)(2a + 1K
128(a + 1)
2a(4a + 1)k? 4 244 4
+3 a(da + 1)k% + ak* (8o + k2 + 4) cos( <b). (6.63)
128(a + 1)

These expressions were used above for the calculation of orbital suscepti-
bility from the effective second-order model.



Chapter 7

Shot noise distinguishes
Majorana fermions from
vortices injected in the edge
mode of a chiral p-wave
superconductor

7.1 Introduction

A chiral p-wave superconductor is the superconducting counterpart to a
quantum Hall insulator [239]: Both are two-dimensional materials with a
gapped bulk and gapless modes that circulate unidirectionally (chirally)
along the boundary. Backscattering is suppressed when the counterprop-
agating edge modes are widely separated. The resulting unit transmission
probability for quasiparticles injected into an edge mode implies a quan-
tized thermal conductance for both systems — half as large in the su-
perconductor because the quasiparticles are Majorana fermions [240-242]
(coherent superpositions of electrons and holes) rather than the Dirac
fermions (independent electrons and holes) of an integer quantum Hall
edge mode.

This close correspondence [243] between topological insulators, as in
the integer quantum Hall effect, and topological superconductors, as in
chiral p-wave superconductivity, refers to their fermionic quasiparticle ex-
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citations. The superconducting phase allows for an additional collective
degree of freedom, a winding of the phase field forming a vortex, with
non-Abelian rather than fermionic exchange statistics [241, 244]. Vortices
are typically immobile, pinned to defects in the bulk, but they may also
be mobile phase boundaries in the edge mode. The 27 winding of the
superconducting phase around a bulk vortex corresponds on the edge to
a m-phase domain wall for Majorana fermions [245].

It is the purpose of this chapter to identify electrical signatures of edge
vortices, and to distinguish these from the familiar electronic transport
properties of Majorana fermions [246-254]. For that purpose we contrast
the two injection geometries shown in Fig. 7.1. Majorana fermions are
injected by a voltage source, contacted via a tunnel junction to an edge
mode. The analogous edge vortex injector is a flux-biased Josephson junc-
tion. A 27 increment of the superconducting phase difference ¢ injects one
vortex into each of the opposite edges [255].

If the edge modes would propagate in the same direction, the vortices
could fuse in a metal contact [256]. This fusion process is associated with
a noiseless charge transport of +e/2 [257, 258]. (The sign depends on
how the world lines of the vortices are braided.) For counterpropagating
edge modes as in Fig. 7.1 the vortices cannot fuse, they will enter different
contacts to the left and to the right of the Josephson junction. The charge
transfer into each contact is zero on average, but it is not noiseless: The
injection process produces shot noise, in the case of edge vortices as well
in the case of Majorana fermions.

The equal-weight electron-hole superposition that is characteristic of a

voltage

source _~STM tip flux bias ®(t)
tunnel

_-junction I ) Io(t
() I(t) W r(t)

¢ A I )

topological )Iaj&ra‘na 'c'('ﬁf&lm J L;éél)}lsorl
superconductor edge mode junction
[a) Majorana fermion injcction} b) edge vortex injection

Figure 7.1. Topological superconductor with chiral Majorana edge modes. In
panel a) a voltage bias across a tunnel junction injects Majorana fermions into
the right-moving edge mode. In panel b) a flux bias across a Josephson junction
injects edge vortices in the counter-propagating edge modes. The two injection
processes can be detected and distinguished by shot noise measurements.
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Majorana fermion results in a charge variance of e? per injected fermion,
producing a quantized shot noise power [54]. We find that the charge
variance per edge vortex is nonlocal, it depends logarithmically on the
separation L between pairs of vortices on the same edge:

2
Var Quortex = % In(L/A), for L> \. (7.1)

Here A is the width of the w-phase domain wall, which sets the size of
the edge vortex core. The dependence on the ratio L/ persists when
L > )\, so when the domain walls do not overlap. This nonlocality signals
the long-range correlation that exists between vortices in a topological
superconductor.

The outline of this paper is as follows. In the next section we formulate
the general scattering theory on which our analysis is based. The Majo-
rana nature of the quasiparticle excitations implies that expectation values
of pairs of creation operators do not vanish — as they would for Dirac
fermions. This technical complication plays no role for DC transport, but
needs to be accounted for in the case of time dependent perturbations,
when inelastic scattering plays a role [259]. In Sec. 7.3 we generalize a
relationship between the charge variance and the average particle current
derived in Ref. [54] for DC transport to the time dependent setting. The
charge noise of the edge vortices is calculated in Sec. 7.4 and compared
with the known result [260] for Majorana fermions in Sec. 7.5. We pro-
pose a voltage-biased geometry in which the edge vortices produce a shot
noise power that increases o< V' InV — in contrast to the linear voltage
dependence of the Majorana fermion noise power.

7.2 Trace formula for the variance of the trans-
ferred charge

We start with a general inelastic scattering formulation, in terms of a set
of fermionic quasiparticle operators a,(F) for the incoming modes and
b, (E) for the outgoing modes, related by the energy dependent scattering
matrix,

> dFE' y ,

bn(E) = 5 > Spm(E, E'am(E"). (7.2)

—oo 2T 4=
Each mode index n = 1,2, ... N contains an electron and hole component
in a Nambu spinor. Pauli matrices o, 0,0, act on the spinor degree of
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freedom (with og the 2 x 2 unit matrix). The scattering matrix is unitary
and constrained by particle-hole symmetry,

S(E,E') = 0,8*(—E, —F')o,. (7.3)

We seek the charge transferred by quasiparticle excitations at £ > 0
into a subset M of the N electron-hole modes. The projector Dy selects
these M modes and the projector P selects positive energies. The charge
operator for the outgoing modes is

= / Z bl (E (E) = ebl o, DP,b. (7.4)
=1

The scattering matrix converts this into an expression in terms of the
incoming mode operators,

Q=cea" - S'o.,DP. S -a. (7.5)

In these equations the Pauli matrix o, accounts for the opposite charge
+e of the electron and hole components of the Nambu spinor. (For ease
of notation we will set e = 1 in many of the equations.)

Moments of Q are evaluated by taking pairwise contractions of a, al,
each of which are given by the Fermi function f(FE),

(al(B)am(E")) = [(E)o06umd(E — E),
(al(B)af,(E") = f(E)020umd(E + E'). (7.6)

n m

The second contraction is anomalous [259], it does not vanish because of
the particle-hole symmetry relation a(E) = o,af(—E). If the scattering
is elastic the anomalous contraction which couples +F to —F does not
contribute — but in the more general case of inelastic scattering it cannot
be ignored for any moment higher than the first.

In the zero-temperature limit the Fermi function f(E) = (1+e®/kT)~1
becomes a projector P_ onto negative energies. We will take that limit
in what follows. This also means that thermal noise from the incoming
modes need not be considered.

Carrying out the contractions we find the average (@) and the variance
Var Q = (Q?) — (Q)? of the transferred charge,

(Q)=TrP_Ste,DP, S, (7.7)
VarQ = Tt P_STDP,.S — Tt P_STo, DP, SP_ST0.,DP.S
~TrP_STo,DP,SP_STo,DP_S. (7.8)



7.3 Correspondence between charge variance and average particle numbo9

The third term in Eq. (7.8) originates from the anomalous contraction
in combination with the particle-hole symmetry relation (7.3). The third
term combines with the second term to remove one energy projector,

VarQ = Tr P_STDP, S — Tr P_STo.DP, SP_ST0.DS. (7.9)

While Eq. 7.7 for the average charge has an intuitive interpretation
of scattering from filled states at £ < 0 to empty states at £ > 0, the
formula (7.9) for the charge noise is less intuitive. As a check, we show
in App. 7.6 that it agrees with the more general Klich formula of full
counting statistics [261].

7.3 Correspondence between charge variance and
average particle number

We apply the general scattering theory to the setting of Fig. 7.1b. There
are M electron-hole modes in each metal contact, N = 2M in total,
coupled via a pair of counterpropagating Majorana edge modes. The
coupling is inelastic because of a time dependent phase difference ¢(t)
across the Josephson junction that separates the two contacts. The 27
increment of ¢ imposed by a flux bias injects an edge vortex into each
contact, and we wish to determine the charge noise associated with that
injection process.

The scattering matrix decomposes into transmission blocks ¢,t’ and
reflection blocks r, 7/, each of dimension M x M,

r(E,E') t(E, E’)) (7.10)

S(B, E) = <t’(E,E’) r'(E,E')

D- (é 8) (7.11)

selects the matrices ¢ and r in the expressions (7.7) and (7.9) for the mean
and variance of the charge transferred into the right contact,

The projector

Q) =TeP_(tlo, Pyt + i, Pyr), (7.12)
VarQ = Tr P_(t"Pyt +71Pyr) —2Re Tr P_rlo, P tP_tlor
— T P_(rlo, PorP_rior + 1P o tP_tlo.t). (7.13)



Uithpter 7. Distinguishing Majorana fermions from vortices by shot noise

We consider the structure of the matrices ¢ and r in more detail.

The M x M transmission matrix ¢(E, E') describes propagation from
the left contact into the right contact via the right-moving Majorana mode.
It can be decomposed as

tom (B E') = tn (B)om(E)7(E, E'), (7.14)

in terms of the inelastic transmission amplitude 7(E, E’) of the Majorana
mode. The n =1,2,... M spinors u,(F) and v,(E), normalized to unity,

M M
Y lun(BE)P =1="3" |ua(B), (7.15)
n=1 n=1

describe the elastic coupling between the Majorana mode and the electron-
hole modes at the interface with the right contact (u,) and the left contact
(vn).

The M x M reflection matrix r(E, E') for reflection of an electron-hole
mode incident from the right contact can be decomposed as

Frm(Ey B') = dym(E)3(E — E') + un(E)wm(E)p(E, E').  (7.16)

The first term d,,,, describes direct elastic reflection at the interface be-
tween the superconductor and the right contact. The second term de-
scribes inelastic reflection at the Josephson junction, decomposed as the
product of the transmission amplitude w,, from the right contact into the
left-moving Majorana mode, the reflection amplitude p from the Joseph-
son junction, and the transmission amplitude w, from the right-moving
Majorana mode into the right contact. Both wu, and w,, are normalized
to unity. Note that u, appears also in the decomposition (7.14) of t,m,.

We make the key assumption that the elastic scattering at the super-
conductor - contact interface is only weakly energy dependent near the
Fermi level, E = 0, so that we may approximate u,(E) =~ u,(0).

To justify this approximation, we note, on the one hand, that the
characteristic energy dependence of the elastic scattering amplitudes is
on the scale of Egpastic ~ hvp/&y, where vp is the Fermi velocity and
the superconducting coherence length & sets the effective width of the
interface. On the other hand, the characteristic energy dependence of the
inelastic scattering by the Josephson junction is on the scale Ej,elastic =
W(W/€)¢, where W is the junction width and ¢ the rate of change of
the superconducting phase [255]. It is consistent to neglect the energy
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dependence of u,(F) while retaining the energy dependence of 7(E, E’)
and p(E, E') if Finelastic < Felastic; hence if the junction is sufficiently
Narrow: '

Einelastic < Eelastic =>WKL 'UF/¢ (717)

As we show in App. 7.7, this single assumption combined with particle-
hole symmetry implies that the following matrix products vanish:

P_tlo,PtP_ =0, P_rlo,PurP_ =0, P_rlo,PytP_ =0.  (7.18)

What underlies these three identities is that the inelastic contributions
to the transmission and reflection matrices are rank-one matrices in the
mode index.

It follows upon combination of Egs. (7.12) and (7.18), and noting that
TrP_(---) =TrP_(---)P_, that there is no charge transfer into the right
contact on average,

(Q) = 0. (7.19)

For the charge noise (7.13), Eq. (7.18) implies that the second and third
trace vanish, only the first trace remains:

Var Q = e? Tr P_ (tTPth + 7 Pyr)P_

= "5 /0 (B, BV + (B, BP). (7.:20)

Eq. (7.20) states that the charge variance (divided by e?) equals the av-
erage number of quasiparticles injected into the right contact by the time
dependent phase difference across the Josephson junction. This relation-
ship is analogous to the known relationship between electrical shot noise
and thermal conductance in a setting without time-dependent driving [54,
260, 262].

7.4 Evaluation of the charge noise

We evaluate Eq. (7.20) for the case that the phase difference ¢ across
the junction is advanced at a constant rate ¢ = 27 /T, via a linearly
increasing flux bias ®(t) = (h/2e)t/T. We work in the adiabatic regime
that the propagation time 7 = W /vp along the Josephson junction is
small compared to the inelastic scattering time,

W <K h/Einelastic =< (‘SO/W)UF/¢ (721)
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The adiabaticity condition is stronger than the earlier assumption (7.17)
for W > &.
The adiabatic scattering matrix depends only on the energy difference,

S(E,E') = / dt &' Pt S (1), (7.22)

it is the Fourier transform of the “frozen” scattering matrix S(t) — eval-
uated for fixed value ¢(t) of the superconducting phase difference. The
transmission and reflection amplitudes 7(F, E') = 7(E—FE’) and p(E, E') =
p(E — E’) are likewise the Fourier transform of the “frozen” counterparts
7(t) and p(t).

The adiabatic scattering matrix of a Josephson junction between coun-
terpropagating edge modes is given by [246]

S(t) = <1{:§E};@(§) fjﬁiﬁf?@D, B(t):Zcos(wt/T). (7.23)

The corresponding transmission and reflection amplitudes

7(t) = tanh 5(t), p(t) = 1/ cosh 5(t) (7.24)

are plotted in Fig. 7.2. The transmission amplitude is periodic with period
2T, twice the period of the superconducting phase ¢(t) because a 27
increment of ¢ is a 7 increment of the fermionic phase.

We write the charge noise formula (7.20) in the time domain, with a
detection window (0,2NT) that is a multiple of the periodicity 27,

NT L PNT
VarQ——/2 dt/2 ¢ t_)t:pz(g;p( ) (7.25)

The singularity at ¢ = t’ is regularized by the infinitesimal ¢ > 0. The
charge noise per vortex is

1 . 1
Var Quortex = 5 ./\/l'linoo N Var @, (726)

the factor of 1/2 is there because two vortices are injected into each edge
in a time 27
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Figure 7.2. Plot of the transmission and reflection amplitudes (7.24), calculated
for a linearly increasing phase difference ¢(t) = 2xt/T across the Josephson junc-

tion. The junction fully reflects the counterpropagating Majorana edge modes
when ¢ = m modulo 2.

In view of the periodicity 7(t + 27") = 7(t), p(t + 2T") = p(t) we have

N 2T
- 7(t") + p(t)p(t)
Var Qvortex - N~>OO 8N7T2 ZOWLZO 0/ dt / dt t/ + 2T(n o ) + ZE)2

@ T T+ ()t
__W/ / sin?[1(m/T)(t — t/ + ie)]

2

sinh (5 coS t) sinh (5 cOS t') +1

dt
sin? % — t' +ie)] cosh ( cos t) cosh ( £ COS t’)
(7.27)
Because of the identity
2 27 1
dt dt’ =0, 7.28
/0 0 sin? [ (t — ¢/ + ie)] (7.28)

we may rewrite the integral (7.27) as

2m 2 dt dt’ 1 — cosh ( (cost — cos t’))]

Var Qvortex = / /
327T2 sin? t — t’)] cosh (— oS t) cosh (5— oS t’)
(7.29)
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Figure 7.3. Plot of the charge noise per vortex as a function of the ratio W/¢&,
(logarithmic scale). The solid curve is computed from Eq. (7.29), the dashed
curves are the asymptotes (7.30).

The infinitesimal € may now be set to zero, the integral remains finite.
The W-dependence of Var Qyortex is plotted in Fig. 7.3. The asymp-
totics for small and for large W/&, are!

2
Var Quortex = — (W/€)? for W/go < 1,
8 (7.30)
] .
Var Qvortex = 6—2 In(27W /&) for W/& > 1.
T

The large-W asymptotics can be written equivalently as Eq. (7.1), with
a logarithmic dependence on the ratio of the separation L = 27mvp/ )
between subsequent edge vortices and the width A = (vp/)(&0/W) of the
phase boundary which represents the core of the edge vortex.?

7.5 Discussion

The experimental observable in a shot noise measurement is the noise
power P, being the correlator of the time dependent current fluctuations

OI(t):

P= [T aeroste) = fm 1 (@A - @P). @3

'For the small-W asymptotics, expansion of the integrand in Eq. (7.29) to second
order in W/&y gives (W/&)?*[cos(t +t') — 1], which is then readily integrated. For the
large-W asymptotics, see App. 7.8.

2The time \/vr = i/ Einelastic is the width of the peaks in p(t) in Fig. 7.2.
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Majorana
topological edge mode
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Figure 7.4. Variation on the geometry of Fig. 7.1b, with two Josephson junc-
tions instead of a single junction, and a voltage bias instead of a flux bias. The
shot noise power increases as V' In V' with the applied voltage.

Here Q(t) is the transferred charge in a time ¢.
For the flux-biased vortex injector of Fig. 7.1b the result (7.1) implies
that

2ed
%e—ln(L/)\) for L > \. (7.32)

We contrast this with the shot noise power of the fermion injector of Fig.
7.1a, given by [260)]

Piortex = T Var Qvortex =

2

Pfermion = %% (733)
A flux rate of change ® is equivalent to a voltage bias V, so the replace-
ment ® <> V in the two formulas is expected. The key difference is the
appearance of a logarithmic dependence of the vortex shot noise on the
separation of subsequent vortices. There is no such dependence on the
Majorana fermion separation. This nonlocality suggests that an unpaired
edge vortex has a divergent charge noise, which indeed it does (see App.
7.9).

To observe the anomalous dependence of Pyoptex On the edge vortex
separation, one would need to be able to vary the ratio L/A. In the
geometry of Fig. 7.1b one has L/\ = 27W /&y, so this ratio is fixed by
the parameters of the Josephson junction. Since it might be problematic
to engineer a junction with adjustable width, we show in Fig. 7.4 an
alternative double-junction geometry where the ratio L/ can be varied
at a fixed geometry by a voltage bias.

A 27 increment of ¢ injects two vortices on each edge, one for each
Josephson junction. The separation L of the edge vortices now equals
the spacing between the two Josephson junctions, so this length is fixed
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by the geometry. However, the vortex core size A\ = (vp/d)(&o/W) =
(hvp/2eV') (& /W) can be adjusted by varying the voltage bias V', allowing
for a measurement of the anomalous L/\ dependence of the shot noise
power in a fixed geometry. The resulting logarithmic voltage dependence
of the shot noise power,?

¢ 4eV  hopé

7 mVIVe), Ve =50y

Poortex = (7.34)
holds over wide voltage range V, < V < (W/&)V, for W > &;. This
V' InV increase of P,otex contrasts with the purely linear voltage depen-
dence of Piermion and serves as a distinguishing signature between these
two types of excitations of a Majorana edge mode, a signature that is
accessible by a purely electrical transport measurement.

7.6 Appendix: Consistency of Eq. (7.9) with the
Klich formula for the cumulant generating
function

In the main text we derived the formula (7.9) for the variance of the trans-
mitted charge directly from the contractions (7.6). We showed that the
anomalous contraction of two creation operators has the effect of eliminat-
ing one of the projectors onto positive energies. As a check, we show here
how the same result follows from the Klich formula [261] in the theory of
full counting statistics.

We note the sequence of equalities

VarQ = Tt P_STDP,.S — Tt P_ST0, DP,.SP_ST0.DS
=TrP_STo,DP,SP, S0, DS
=TrP_S'e,DP_SP,S's.DS. (7.35)

For the second equality we substituted SP_St = 1 — SP, ST and used
(6.D)? = D. The third equality follows from particle-hole symmetry.*

3The calculation of the charge variance for the geometry of Fig. 7.4 is worked out in
App. 7.10.

“The particle-hole symmetry relation (7.3) of the scattering matrix implies that
traces of the form (7.35) are invariant upon the replacements: Tr M +— M, o, —
—0z, P+ — Pz.
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Hence, by adding the second and third equality we arrive at
VarQ = L Tt P_ST0, DSP,ST0.DS. (7.36)

Each factor o,D now appears without an energy projector. Similarly, the
expression (7.7) for the average charge can be rewritten identically as®

(Q)=1iTrP_Sis.DS, (7.37)

without the energy projector multiplying o.D.
Egs. (7.36) and (7.37) agree with the Klich formula for the cumulant
generating function® [258]

In(e*?) = 3 In Det [1 —P_+ P_S*eifazps}
= 3i{ TrP_S'0.DS — 1€ Tt P_S10.DSP. S10.DS + O(€%).  (7.38)

7.7 Appendix: Proof of Eq. (7.18)

To show that the three matrix products (7.18) all vanish, we substitute
the decompositions (7.14) and (7.16) of the transmission and reflection
matrices. Because the reflection matrix in Eq. (7.18) is sandwiched be-
tween projectors P4 and P_, the elastic contribution dy,, in Eq. (7.16)
drops out. The inelastic contributions to each matrix product contain the
same factor

M
Z ul (E)oun(E) = Z E (—E)(0z-0,)un(F) = —i Z Uy, (—E)oyun(E),
n=1

(7.39)
where in the second equality we used particle-hole symmetry.

We now make the assumption, valid for W < vp/ giﬁ, that we can neglect
the energy dependence of the elastic coupling amplitude u,(F) = u,(0)
between the right-moving Majorana mode and the right contact. Then
Eq. (7.39) reduces to zero because o, is an antisymmetric matrix, hence

T —
Uy OyUp = 0.

®Eq. (7.37) follows from Eq. (7.7) in view of equalities TrP_STo,DPLS =
~Tr P STe.DP,S = TrP,.Sto.DP_S. The first equality holds because
Tr STo.DP,S = 0, the second equality follows from particle-hole symmetry.

In Eq. (3.12) of Ref. [258] the generating function contains a o, instead of a o,
Pauli matrix, because there the Majorana basis instead of the electron-hole basis is
chosen for the Nambu spinors.
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7.8 Appendix: Computation of the logarithmic
asymptote of the charge noise
To derive the logarithmic large-W asymptotics of Eq. 7.30, we note that

for W > £y the scattering amplitude profile (7.23) is well described by
the approximation [255]

(1) = {t— tin?[é(t —T/2)/to] for 0 <t<T, | (7.408)
anh[5(t —31/2)/t] for T <t < 2T,
o(t) = {1/cosh[%(t —T/2)/tg] for 0<t<T, ’ (7.40b)
/cosh[5(t —3T/2)/tg] for T <t < 2T,
to = (§o/W)(T/2m), (7.40¢c)

repeated periodically with period 27. On the scale of Fig. 7.2, with
W/& = 5, the approximation is nearly indistinguishable from the full
result.

The Fourier coefficients

2T ) 2T ]
mlwn) = | dte T (0), pln) = | dte S p(t), wn = mn/T, (741)

in the large-W/&y regime can be calculated from the integrals

o0 ) 2t
/ dt e tanh(t/tg) = Bl
oo sinh(7wwtg)
~ ‘ ] 9 (7.42)
/ dt ™" = mho
—o0 cosh(3t/tg)  cosh(mwtg)’
with the result
o op 3T 2mitg 2 (47l't0)2
w — €Zw"2 _ ezwn 5 - - = w =9 —_—,
7(wn) ( ) sinh (7w to) 7 (wn)] modd sinh? (mwpto)
T o 3T 27t 2 (47to)?
— twn 3 Wwn =5 7 = — 6 PR SRS A—
p(wn) (6 + € ) COSh(']TwntO) ’p(wn)| n,even COSh2 (anto)
(7.43)

The charge noise per vortex then follows by writing Eq. (7.20) as a
Fourier series,

2 0o

557 > wn (I (w@n)? + lp(wn)?) . (7.44)

Var Qvortex = mﬁ _
n=0
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For T'/ty = 20W /&y > 1 the sum may be approximated by an integral
and produces the logarithmic growth

2
Var Quortex = —5 In(T/to), for T > t. (7.45)
T

7.9 Appendix: Divergent charge noise for an un-
paired edge vortex

If a single vortex is injected into each edge, the scattering amplitudes
(7.40) in the time interval (0,7") hold for all times,

2mity
~ sinh[r(E — E')tg]’
27t
cosh[m(E — E')tg]

7(t) = — tanh(3t/to) = 7(E, B) =

(7.46)

p(t) =1/ cosh(5t/to) = p(E,E') =

Substitution into Eq. (7.20) gives an expression for the charge noise,

o 1 1
Var Q = e*t} / dEE< + ) : 7.47
@ % Jo sinh®>tEty  cosh? wEty ( )
with a logarithmic divergence at E = 0.
For a finite answer we may introduce a finite detection time tqet, cut-
ting off the integral for E < 1/tget, which gives

2

VarQ = % In(tget/to), for tget > to. (7.48)

In the case of a periodic sequence of edge vortices considered in the main
text, the spacing T between subsequent vortices takes over from tge to
provide a finite charge variance.

7.10 Appendix: Charge noise in a double - Joseph-
son junction geometry

In Fig. 7.4 we have modified the geometry of Fig. 7.1b to include a second
Josephson junction next to the first. A flux bias, or equivalently a voltage
bias as in the figure, will then inject two edge vortices on each edge.
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The scattering matrix of the pair of Josephson junctions is composed
from the scattering matrices Sy, , S, of the individual junctions, for which
we take the adiabatic approximation,

S, (E,E') = / dt CEENG (1),
- (7.49)

cos ay, (t)  —sin oy, (t

S (1) = (sin an(t)  cos anu)))  an(t) = arccos tanh 5(0).

Adiabaticity requires that the time W/vp to move from one edge to the
opposite edge along a junction is short compared to the vortex injection
time tg = (£9/W)¢~'. The time L/vp to move from one junction to the
next may be large compared to %g.

The phase fields aq(t) and asa(t) of the two Josephson junctions both
switch from 0 to 7 on a time scale ¢y around ¢ = 0.7 If A = vptg < L the
two edge vortices injected by these switching events do not overlap. We
consider that regime in what follows and for ease of notation set vp = 1.

The transmission amplitude 7(F, E’) from left to right and the re-
flection amplitude p(E, E') from the right are given in the time domain

by
T(t,t') =6t —t' — L) cosas(t' + L) cos ay (1),
p(t,t') = 6(t —t') sin aa(t)+
+6(t —t' —2L) cosas(t' +2L) sin oy (' + L) cos aa(t'). (7.50)
The assumption L > A prevents the appearance of terms delayed by more
than 2L, or equivalently, there are no multiple reflections at the junctions.
Using again that L > \ we note that cos aa(t’ + 2L) cos as(t’) ~ —1

whenever sin «; (t' 4+ L) is nonzero, hence we may simplify the expression
for p into

p(t,t') = 6(t —t)sinas(t) — 6(t —t' — 2L)sinay (¢’ + L). (7.51)
At the same level of approximation, we have

7(t,t") =6(t —t' — L)[cos ag(t' + L) — cos oy (') + 1]. (7.52)

"For counterpropagating edge modes the phase a is an even function of the phase
difference ¢ across the Josephson junction [246]. For co-propagating edge modes, in
contrast, « is an odd function of ¢ and in that case a1 and a2 would have opposite sign
[255].
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Transformation to the energy domain gives

(B, B) = "' ey (B — B') = e P~P)ey (B - B') + 270(E — '),

p(E,E') = s3(E — E') — ! F+F0s (B — BY),
(7.53)

with the definitions

cn(E) :/ dt e'Ft cos ay, (t), sn(E) :/ dt eFlsin oy, (t).  (7.54)
—oo —00

The dominant contribution to the charge noise in Eq. (7.20) comes
from the transmission amplitude, because of the 1/FE singularity of ¢1(F)
and cz(E) according to Eq. (7.46). For the single-vortex noise we needed
a finite detection time to cut off the singularity, here the spacing L of the
vortices is an effective cut-off in the case ¢; = ¢9 of two identical tunnel
junctions. Then we find

M%Q—GZI (L/X), for L>> X\ (7.55)
sinh? T EX a2 ot ’ ’

o0
Var Q ~ e2A2/0 dE E
This is twice the result (7.1) because it refers to two vortices.

A constant applied voltage V' cause the superconducting phase to in-
crease linearly in time, ¢ = 2eV/h, hence A = vp(&/W)(h/2eV). 1If
V <« hup/eL the injected edge vortices from subsequent periods do not
overlap. The resulting shot noise power P = (¢/27) Var Q takes the form

2
p_¢ 46V1 <2€VLW>’ o hvp &

hUF
= ﬁ 7[_2 thé_o T TW < eV < T (756)
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Chapter 8

Voltage staircase

8.1 Introduction

A single-mode weak link between superconductors supports a two-level
system with a spacing that is adjustable via the superconducting phase
difference [263, 264]. Because Andreev reflection is at the origin of the
phase sensitivity, the levels are called Andreev levels. Although their
existence was implicit in early studies of the Josephson effect [265], the

characteristic dependence oc /1 — 7sin?(¢/2) of the level spacing on the

phase ¢, with 7 the transmission probability, was only identified [266] with
the advent of nanostructures. The present interest in quantum informa-
tion processing is driving theoretical [267, 268] and experimental [269-272]
studies of Andreev levels as qubits.

To assess the coherence of the qubit one would use AC microwave
radiation of the two-level system and perform a time-resolved detection of
the Rabi oscillations of the wave function [273]. In this work we will show
how a DC current Ip. and measurement of the time-averaged voltage V
can be used to detect Rabi oscillations of an Andreev qubit: The staircase
dependence of V on Ip. counts the number of Rabi oscillations per 27
increment of ¢.

Our study is motivated by Choi, Calzona, and Trauzettel’s report [55]
of such a remarkable effect (dubbed “DC Shapiro steps”) in a Majorana
qubit — which is the building block of a topological quantum computer.
As we will see, neither the unique topological properties of a Majorana
qubit (its non-Abelian braiding and fusion rules) nor its specific symme-
try class (class D, with broken time-reversal and spin-rotation symmetry)
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Figure 8.1. Current-biased, resistively-shunted Josephson junction, formed out
of two superconductors (phases ¢, and ¢r) separated by an insulator containing
a quantum dot (tunnel rates I', and T'r from the left and from the right). The
superconducting phases become time dependent when a voltage difference V'
develops in response to a DC current Ipc.

are needed, a similar phenomenology can be found in a non-topological
Andreev qubit with preserved symmetries (class CI).

The outline of this paper is as follows. In the next section 8.2 we
present the model of the weak link that we will consider: a quantum
dot connecting two superconductors with a tunnel rate I' small compared
to the superconducting gap Ag. Such a Josephson junction has been
extensively studied [274-276] in the regime where Coulomb charging and
the Kondo effect govern the charge transfer [277-279]. We will assume the
charging energy is small and treat the quasiparticles as noninteracting.

The dynamics of a current-biased, resistively shunted quantum-dot
Josephson junction is studied in Secs. 8.3 and 8.4. The voltage staircase
is shown in Fig. 8.3 and the one-to-one relationship with the number of
Rabi oscillations is in Fig. 8.6. In the concluding section 7.5 we will explain
why the substitution of the quantum dot by a quantum point contact will
remove the voltage staircase.

8.2 Andreev level Hamiltonian

We consider the Josephson junction shown in Fig. 8.1, consisting of a
quantum dot in the normal state (N) coupled via a tunnel barrier to
superconductors (S) at the left and right, with pair potentials Age’® and
Ape'®®. We focus on the weakly coupled regime, when the tunnel rates
I't, and I'g through the barrier are small compared to Ag.

We assume that the fully isolated quantum dot has a single electronic
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energy level Ey within an energy range I' = I', +I'r from the Fermi energy
. The normal-state conductance Gy is then given by the Breit-Wigner

formula
o 2e? I'iTr
= —TBW, TBW = .
N 5, TBW: TBW (Bo—n)? + %FQ

Coupling of electrons and holes by Andreev reflection from the supercon-
ductor produces a pair of Andreev levels at energies +FE4 (¢), dependent
on the phase difference ¢ = ¢1, — ¢r between the left and right supercon-
ductors.

A simplifying assumption of our analysis is that the Coulomb charging
energy U is small compared to I and can be neglected. If U is larger than I"
but still smaller than Ag, the main effect of the charging energy is a shift of
the energy level of the dot, Fy — Ey+ U/2. Provided Ey > 0 the ground
state remains a spin-singlet [280], and we do not expect a qualitative
change in our results. If U becomes larger than Ay the supercurrent is
reduced by a factor I'/A( because tunneling of a Cooper pair into the
quantum dot is suppressed [277-279].

To describe the non-equilibrium dynamics of the junction we seek the
effective low-energy Hamiltonian of time-dependent Andreev levels. This
requires information not only on the eigenvalues but also on the eigen-
functions. In subsections 8.2.1 and 8.2.2 we summarize results from Refs.
[280-283] for the time-independent situation, which we need as input for
the dynamical study starting from subsection 8.2.3.

(8.1)

8.2.1 Andreev levels

For arbitrary ratio of I' and Ag the energies of the Andreev levels are
equal to the two real solutions £F of the equation [281, 282]

Q(E,¢) +TE*/A2 - E2 =0, (8.2)

UE, ¢) = (A§ — B*)[E® — (Bo — p)? — 417
+ AR sin?(¢/2). (8.3)

In the weak-coupling regime I' < Ag, assuming also |Ey — u| < Ay, this
reduces to

with

Ep = Aory/1 — mpw sin?(¢/2),
Aeff = \/(Eo — ) + 317,

(8.4)
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Ey=0.045, I' =I'g =0.115 x Ag

Figure 8.2. Andreev levels +Fx(¢) according to the full expression (8.2) (solid
curve) and in the weak-coupling approximation (8.4) (dashed curve, parameters
Ey =0.045, p =0, ', =T'g = 0.115, all in units of Ay).

no longer dependent on Ag. The two Andreev levels have an avoided
crossing at ¢ = 7, separated by an energy

O = \/4(E0 —p)? + (I', = T'r)?, (8.5)

see Fig. 8.2.
The equilibrium supercurrent, at temperatures kg1’ < T, is given by

2edEp  el'LI'rsing

Iog(¢) = — =224 = , 8.6
with critical current (maximal supercurrent)
€ 1 1
o=t <\/(E0 — et ire - J(By— e+ i - rLrR>. (8.7)

There is no contribution from the continuous spectrum in the weak-coupling
regime [281].
8.2.2 Effective Hamiltonian: time-independent phase

For time-independent phases the effective low-energy Hamiltonian in the
weak-coupling regime I' <« Ag follows from second-order perturbation
theory [280, 283],

H= - 1Ty + ewRFR)aiaI +H.c. + (Ep — u)(ahT + aiai). (8.8)
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Here a4 and a| are the fermionic annihilation operators of a spin-up or
spin-down electron in the quantum dot.

The corresponding Bogoliubov-De Gennes (BdG) Hamiltonian H is a
4 x 4 matrix contracted with the spinors ¥ = (ay, —aI, ay, —a}) and UT,

H=1iv-H ¥+ E —pu (8.9)

It is block-diagonal, so we only need to consider one 2 x 2 block, given by
_ Eo —p $e LTy, + LeRTy

H= (%e‘wLFL + %e—iqﬁRPR 1 — Ey . (8.10)

One readily checks that the eigenvalues +F of H are given by Eq. (8.4).

8.2.3 Effective Hamiltonian: time-dependent phase

When the left and right superconductors are at different voltages £V/2,
the superconducting phase becomes time dependent. We choose a gauge
such that ¢r,(t) = ¢(t)/2, ¢r(t) = —¢(t)/2, evolving in time according to
the Josephson relation

¢ =do/dt = (2e/h)V. (8.11)
The voltage bias imposes an electrical potential on the quantum dot, which
shifts 4 by an amount 3veV with v = (I', — I'r)/T. The time dependent
BdG Hamiltonian then becomes
() — Ey—p— %Wg(t) %ew(t)/?rL + %e—w(t)/?rR
Te@O/20 4 Leio®)/2y 1 — Eo+ 1hyo(t)

= [Bo — p— hyo(t)]o. + AT [0, cos 2 ¢(t) — yoysin So(1)]. (8.12)

The Pauli matrices act on the electron-hole degree of freedom. The cor-
responding current operator is given by

I(t) = 2;5;%@) = losin3o(0) +hoycosbo(n)].  (8.13)

Notice that the Hamiltonian (8.12) depends both on ¢(¢) and on o),
unless I't, = I'g. It is possible to remove the ¢-dependence by a time-

dependent unitary transformation !, but since this does not simplify our
subsequent calculations we will keep the form (8.12).

The time-dependent unitary transformation ¥ — U "W, H — UTHU — ihUTdU /dt
with U(t) = e=7*®/% removes the ¢-term from the Hamiltonian (8.12). The ~-
parameter then appears in the superconducting phases, ¢r, = %(1 - Y)¢, ¢pr =

—5(1+7)¢.
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8.3 Voltage staircase

As shown in Fig. 8.1, a time-independent current bias I is driven par-
tially through the Josephson junction, as a supercurrent Ig(t), and par-
tially through a parallel resistor R as a normal current In(t) = V(¢)/R.
Substitution of the Josephson relation (8.11) gives the differential equation

dp(t)/dt = (2eR/h)[Ipe — Is(t)]. (8.14)

Here we neglect the junction capacitance (overdamped regime of a resis-
tively shunted Josephson junction) [284]. We work in the low-temperature
regime, kT < Ay, so that we may ignore thermal fluctuations of the
phase due to the voltage noise over the external resistance [285].

The supercurrent is obtained from the expectation value

Is(t) = (PO 1)V (1)), (8.15)

where the current operator is given by Eq. (8.13) and the wave function
evolves according to the Schrédinger equation

z’ﬁ%\\P(t)) — H() [T (). (8.16)

As initial condition we take ¢(0) = 0 and |¥(0)) the eigenstate of the
Andreev level at —FEa for ¢ = 0. The DC current I is increased slowly
from zero to some maximal value and then slowly decreased back to zero.
The I-V characteristic is obtained by averaging V' (¢) over a moving time
window in which I is approximately constant.

2

Results of this numerical integration are shown in Fig. 8.3. We observe
a staircase dependence of V on Ip.. The nonzero voltage appears at
the critical current (8.7) for the up-sweep and disappears at a slightly
lower current for the down sweep. (A similar difference between switching
current and retrapping current was found for the Majorana qubit [286].)
The voltage steps at Ipc > I. also show hysteresis: the voltage jump up
happens at larger DC current than the voltage jump down. (This hysteresis
also appears in the Majorana qubit, see App. 8.6.)

2The parameters Eo,I'L,I'r used in Fig. 8.3 are listed in each panel; additional
parameters: u = 0 in both panels, R = 0.20 and 0.25%/e? in panels a) and b), re-
spectively. The voltage V is averaged over a time window dt such that 6t x dIpc/dt =
6.3-107* eAo/h. To check that we are sweeping slowly enough, we reduced dIyc/dt by
a factor of two and found little difference.
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a)  Ep=0.045, T =Tg = 0.115 x Ag
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Figure 8.3. Current-voltage characteristic of the quantum-dot Josephson junc-
tion, for two different parameter sets2. The blue curve is for increasing DC
current, the red curve for decreasing current. The Andreev levels in Fig. 8.2
correspond to the parameters in panel a). The critical current (8.7) is indicated
by the black arrow.

8.4 Andreev qubit dynamics

The voltage staircase of Fig. 8.3 is a signature of Rabi oscillations of
the Andreev qubit formed by the two Andreev levels in the Josephson
junction, in much the same way that the voltage steps of Ref. [55] were
driven by Rabi oscillations of a Majorana qubit. Let us investigate the
Andreev qubit dynamics.

8.4.1 Adiabatic evolution

In the adiabatic regime of a slow driving, hd < 6 E, transitions between
the Andreev levels can be neglected and the phase evolves in time as an
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Figure 8.4. Washboard potential (8.18) that governs the time dependence of
the superconducting phase in the adiabatic limit. The curve is plotted for the
junction parameters of Figs. 8.2 and 8.3a, at a value of I, slightly above the
critical current I..

overdamped classical particle,

b+ dU Jdd = 0, (8.17)
moving in the “washboard potential” [284]

Ua(¢) = —(2eR/h)[¢Inc + (2¢/R) Ea(9)], (8.18)

plotted in Fig. 8.4.

The time dependence of the phase resulting from integration of Eq.
(8.17) is shown in panel a) of Fig. 8.5. Panel b) tracks the adiabatic
dynamics of the Andreev qubit, by plotting the Bloch sphere coordinates
R = (X,Y,Z), with R,(t) = (U(t)|oa|¥(t)). The qubit dynamics is
4m-periodic in ¢, because the Hamiltonian (8.12) is 4m-periodic: When
¢ is increased by 27 one has H — o,Ho,, so on the Bloch sphere the
qubit is rotated by 7 around the z-axis (X — —X, Y — —Y). The
full spectrum is a 27-periodic function of ¢, in particular the Josephson
current (8.6) is 2m-periodic — this nontopological Josephson junction does
not exhibit the 4m-periodic Josephson effect that is the hallmark of a
topological superconductor.

8.4.2 Pulsed Rabi oscillations

Panels c¢) and d) of Fig. 8.5 show the full non-adiabatic dynamics, obtained
by integration of Eq. (8.16) for the same parameter set as in panels a) and
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Figure 8.5. Time dependence of the superconducting phase (top row) and of
the Bloch sphere coordinates of the Andreev qubit (bottom row), in the adiabatic
limit (left column) and in the non-adiabatic regime in which transitions between
the Andreev levels produce Rabi oscillations of the qubit (right column). The
junction parameters are those of Fig. 8.3a, at I = 0.08eAg/h. The wave
function was initialized as an eigenstate of the lowest Andreev level —FEx (0) at
t=0.

b). Transitions between the Andreev levels produce pronounced Rabi
oscillations of the qubit, also visible as small oscillations in ¢(¢).

Because the supercurrent carried by the two Andreev levels +=F has
the opposite sign, the inter-level transitions reduce Ig, thereby increasing
Ix = Inc — Ig and hence V. This is evident from Fig. 8.5¢, which shows
that the first 27 increment of ¢, without interlevel transitions, takes a time
0t ~ 1000 h/A¢, while the second 27 increment, with Rabi oscillations,
only takes a time 0t = 700. The average voltage V ~ 27/t is therefore
increased by a factor 10/7 because of the interlevel transitions.

The Rabi oscillations are pulsed: they appear abruptly when ¢ crosses
(2n — 1)7 and increases rapidly to 2nm, which is the steepest part of the
washboard potential (see Fig. 8.4).

To estimate the Rabi frequency we substitute

U(t) = (u(t)e D v(t)e O
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in the Schrodinger equation (8.16) and make the rotating wave approxi-
mation, discarding rapidly oscillating terms o e?¢®):

ihu(t) = [Eg — p+ eV (8)]u(t) + 1Tv(t),

8.19

iho(t) = —[Ep — p + %eV(t)]v(t) + ifu(t). ( )
(We have set I't, = I'g for simplicity.) If we further neglect the slow time
dependence of the voltage, we obtain oscillations o sin? wrt of the Bloch
vector components X, Y, Z with Rabi frequency

hwr = \/(Bo — p+ 5eV)? + (T/4)2. (8.20)

The oscillations in Fig. 8.5d near t = 1000x /Ay have a period of 35 h/Ay,
while T = 7m/wr = 40h/A¢ if we set V = RI}, in reasonable agreement.

8.4.3 Voltage steps count Rabi oscillations

The key discovery of Ref. [55] is that steps in the time-averaged voltage
track the change in the number of Rabi oscillations of the Majorana qubit
per 27 increment of the superconducting phase. Fig. 8.6 shows the same
correspondence for the Andreev qubit.

If we estimate the duration 6t of a 27 phase increment by the product
of the number N of Rabi oscillations and the Rabi period Tg, we obtain
the estimate (2¢/h)V = 21/6t ~ 2wr /N. A stepwise decrease of N with
increasing I;)c would then produce a stepwise increase of V. This argument
is suggestive, but does not explain the sharpness of the steps. We have no
quantitative analytical derivation for why the steps are as sharp as they
appear in the numerics.

8.5 Discussion

Two lessons learned from this study are: 1) Rabi oscillations of an Andreev
qubit can be counted “one-by-one” without either requiring time-resolved
detection or AC driving; 2) The voltage staircase phenomenology of Ref.
[55] does not need a topological Majorana qubit — it exists in a conven-
tional Andreev qubit.

We worked in the weak-coupling regime I' << Ag because it simplifies
the calculations, but also for a physics reason: The voltage staircase is sup-
pressed when I' becomes larger than Ay, due to a well-known decoherence
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Figure 8.6. Top panel: portion of the I-V characteristic from Fig. 8.3a, with
red dotted lines into the the bottom panels to show how the voltage steps line up
with the change in the number N of Rabi oscillations of the qubit in a 27 phase
increment §¢.

mechanism [285, 287]: Equilibration of the Andreev levels £F4(¢) with
the continuous spectrum at |E| > Ay when ¢ crosses an integer multiple
of 2m. Let us discuss this in a bit more detail.

For T" > Ay the Andreev levels are given by

Ex = Doy/1 — mow sin($/2), (8.21)

according to Eq. (8.2), with 7w the Breit-Wigner transmission proba-
bility (8.1). The difference with the weak-coupling result (8.4) is that
the reduced gap Acg has been replaced by the true gap Ag. This means
the Andreev level merges with the superconducting continuum whenever
¢ = 0 modulo 27. As the phase evolves in time in response to the current
bias, each 27 phase increment will restart from an equilibrium distribu-
tion.

Now if we examine Fig. 8.5, panels c) and d), we see that the Rabi
oscillations are pulsed by the rapid increase of the phase in the (m,27)
interval, and only fully develop in the (27, 37) interval. Equilibration at
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¢ = 27 will restart the cycle from ¢ = 0, suppressing the Rabi oscillations
and hence the voltage staircase.

For the same reason a superconducting quantum point contact will
not show the voltage staircase: its Andreev levels also reconnect with the
superconducting continuum at ¢ = 0 modulo 2.

This argument points to one difference in the Majorana versus Andreev
phenomenology of the voltage staircase: A topological Josephson junction
needs to be magnetic in order to prevent the equilibration of the Majorana
modes with the continuum at ¢ = 0 modulo 27 [246]. In a non-topological
quantum-dot Josephson junction this can achieved without breaking time-
reversal symmetry.

As a topic for further research, it would be worthwhile to see if the
voltage staircase can be used to count the number of Rabi oscillations
over multiple 27 phase increments, since that would provide additional
information on the coherence time of the qubit. This could involve the
constructive interference of Landau-Zener transitions at ¢ = =, 3m7,...
[288].

8.6 Appendix: Hysteresis of the voltage stair-
case for the Majorana qubit

The voltage staircase of the Andreev qubit is hysteretic, the steps appear
at higher current for the up-sweep than for the down-sweep. No hysteresis
was reported in Ref. [55], here we show that it is present for the Majorana
qubit as well.

Instead of Egs. (8.12) and (8.13) one has for the Majorana qubit the
time dependent Hamiltonian

H(t) = Eyop + E,0, cos %qb(t), (8.22)

and current operator

I(t) = 2;;%(75) = —e? 0. sin 3¢(t). (8.23)

The Pauli matrices act on the fermion parity of two pairs of Majorana
zero-modes, such that o, flips the even—even parity state into the odd—odd
parity state, while o, changes the sign of the odd—odd parity state. While
the physical origin of the Majorana coupling terms is different from the
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Figure 8.7. Hysteretic voltage staircase of the Majorana Josephson junction, for
the parameters of Ref. [55], Fig. 3. The blue curve is for increasing DC current,
the red curve for decreasing current. (The voltage V is averaged over a time
window &t such that 0t x dlpe/dt = 1072 eE. /h.)

Andreev qubit, mathematically the Hamiltonian (8.22) is equivalent to
Eq. (8.12) in the symmetric case I';, = I'g. (Switch o, <> o, by a unitary
transformation and replace E, — Ey — p and E, — I'/2.)

In Fig. 8.7 we show the hysteretic voltage staircase, for the same pa-
rameters E, = 5pueV, E,/E, = 0.67, R = 0.827h/e? as in Ref. [55].
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Summary

The flat bands in a spectrum are defined as regions of momentum space in
which the quasiparticle dispersion is nearly constant. The states compos-
ing a flat band can be viewed as quasiparticles with very large effective
mass, thus being localized in real space. The two-dimensional crystals
hosting flat bands were studied theoretically two decades before the first
atomically-thin material — graphene — appeared. The field of studying and
building new flat band materials is still growing.

Nowadays, with the appearance of experimental realizations of flat
band materials, the interest in their physical properties has grown enor-
mously. The present thesis is dedicated to studying the quantum transport
phenomena and correlated effects that appear in flat band materials. Its
main contribution lies in the description of spin-spin exchange interac-
tions, excitonic gap generations, magnetic and optical properties in such
materials.

The Chapters 2, 3 and 4 contain calculation for a single-layer 2D flat
band crystals. In Chapter 2 we derive spin-spin exchange interaction
between two impurities placed on a dice lattice. The results show that
interaction is enhanced only for a specific geometric position of impuri-
ties, which is related to the structure of flat band wave functions. In this
Chapter we derived analytic expressions for the chemical potential and
temperature dependence of the interaction strength, which generalize re-
sults known in the graphene literature. In Chapter 3 we analyze the role
of electron-hole interactions in the dynamical formation of the excitonic
gap. It is found that the flat band plays the role of a catalyst and enhances
only specific order parameters, which leaves the flat band undeformed. In
Chapter 4 we extend an application of the zitterbewegung approach to a
number of flat band materials, which allows us to derive exact analytic
results and understand the role of different optical interband transitions
in the transport properties of these materials.
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Chapter 5 extends the study to bilayer crystals composed out of two
flat band single layer crystals. It contains the derivation of effective models
describing three-band-crossing points, the analysis of deformations of flat
bands as an effect of interlayer hopping, and the calculation of spectral
functions of such systems.

Chapter 6 contains a calculation of the orbital susceptibility for a
model of a possible graphene allotrope called T-graphene. The dia-to-
paramagnetic transition is predicted as a result of the interplay between
Dirac cones and nearly-flat bands, producing Van Hove singularities.

The last two Chapters, 7 and 8, are focused on the transport properties
of superconductors hosting Majorana zero modes or Andreev bound states.
The results in Chapter 7 show how one might distinguish Majorana zero
modes from Majorana fermions by measuring the shot noise. Chapter
8 describes how Andreev bound states placed nearly at zero energy can
create the same effect which is expected for a qubit built from Majorana
modes: a staircase in the voltage-current characteristic of a Josephson
junction containing a quantum dot.



Samenvatting

De vlakke banden in een spectrum worden gedefinieerd als gebieden van
de impulsruimte waarin de quasideeltjesdispersie bijna constant is. De
toestanden die een vlakke band vormen kunnen gezien worden als quasi-
deeltjes met een zeer grote effectieve massa en zijn dus ruimtelijk gelokali-
seerd. Twee decennia voordat het eerste atomair dunne materiaal - grafeen
- verscheen, werden tweedimensionale kristallen met vlakke banden theo-
retisch bestudeerd. Het bestuderen en bouwen van nieuwe materialen met
vlakke banden is nog steeds een actief onderwerp.

Tegenwoordig, met het verschijnen van experimentele realisaties van
vlakke bandmaterialen, is de interesse in hun fysische eigenschappen enorm
gegroeid. Dit proefschrift is gewijd aan de studie van quantumtransport-
verschijnselen en gecorreleerde effecten die optreden in vlakbandmateria-
len. De belangrijkste bijdrage ligt in de beschrijving van magnetische en
optische eigenschappen in dergelijke materialen.

De hoofdstukken 2, 3 en 4 bevatten berekeningen voor éénlaagse 2D
vlakbandkristallen. In hoofdstuk 2 leiden we de spin-spin interactie af tus-
sen twee onzuiverheden op een dobbelsteenrooster. De resultaten tonen
aan dat de interactie alleen wordt versterkt voor een specifieke geometri-
sche positie van onzuiverheden, die gerelateerd is aan de structuur van de
golffuncties van de vlakke band. In dit hoofdstuk hebben we analytische
uitdrukkingen afgeleid voor de chemische potentiaal en de temperatuur-
afhankelijkheid van de interactiesterkte, die resultaten veralgemenen die
bekend zijn in de grafeenliteratuur.

In hoofdstuk 3 analyseren we de rol van elektron-gat interacties in de
dynamische vorming van de excitonische “gap”. Het blijkt dat de vlakke
band de rol van katalysator speelt en alleen specifieke ordeparameters
versterkt, waardoor de vlakke band onvervormd blijft.

In hoofdstuk 4 breiden we een toepassing van de zitterbewegung-
benadering uit naar een aantal materialen met een vlakke band, waar-
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door we exacte analytische resultaten kunnen afleiden en de rol van ver-
schillende optische interbandovergangen in de transporteigenschappen van
deze materialen kunnen begrijpen.

Hoofdstuk 5 breidt de studie uit naar tweelaagskristallen die zijn op-
gebouwd uit twee vlakband enkellaags kristallen. Het bevat de analyse
van vervormingen van vlakke banden als effect van interlaags hoppen, en
de berekening van spectrale functies van dergelijke systemen.

Hoofdstuk 6 bevat een berekening van de orbitale susceptibiliteit voor
een model van een mogelijk grafeenallotroop, T-grafeen genaamd. De dia-
naar-paramagnetische overgang wordt voorspeld als gevolg van de wissel-
werking tussen Dirac-kegels en bijna-vlakke banden, waardoor Van Hove-
singulariteiten ontstaan.

De laatste twee hoofdstukken, 7 en 8, richten zich op de transporteigen-
schappen van supergeleiders met Majorana nulpunten of Andreev gebon-
den toestanden. De resultaten in hoofdstuk 7 laten zien hoe je Majorana
nulmodes kunt onderscheiden van Majorana fermionen door de hagelruis
te meten. Hoofdstuk 8 beschrijft hoe Andreev-gebonden toestanden die
bijna op nulenergie zijn geplaatst hetzelfde effect kunnen veroorzaken dat
verwacht wordt voor een qubit opgebouwd uit Majorana-modes: een lad-
dervormige spanning-stroomkarakteristiek van een Josephson-junctie die
een quantumdot bevat.
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On quantum transport in flat-band materials

. The diverging spin-spin exchange interaction at low temperatures in a doped
pseudospin-1 system indicates a ground-state instability. [Chapter 2]

The quasiparticle spectrum of a bilayer dice lattice depends qualitatively on the way
the two monolayers are stacked. [Chapter 5]

An unpaired edge vortex in a topological superconductor produces a divergent
charge noise in a metal contact. [Chapter 7]

. The “Majorana-induced DC Shapiro steps in topological Josephson junctions”
reported in Phys. Rev. B 102,140501(R) (2020) appear also in non-topological
Josephson junctions. [Chapter 8]

. Edge vortex injection by a 21 phase shift across a Josephson junction requires a
junction that is sufficiently short to avoid trapping of quasiparticle excitations when
the phase difference crosses 1 and the gap in the junction closes.

. Tachyon ghost modes, such as studied in Phys. Rev. B 101, 245136 (2020), can be
converted into real plasmons by applying an external modulation to a
heterostructure.

. A Josephson junction containing an altermagnet can have a bistable free energy
profile, with a minimum at two distinct values of the phase difference.

We have not found a room temperature superconductor yet because the available
flat-band materials become disordered at room temperature.

. The Leiden science museum has removed the exhibit honoring Dutch Nobel prize
winners, because “Great achievements come from collaboration, not the brilliant
insight of an individual”. This is not historically accurate.

Dmytro Oriekhov
Leiden, 4 October 2023
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