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INTRODUCTION
Liquid helium II shows an anomalous behaviour of the heat conductivity
and the flow properties. This thesis presents the results of a number of
investigations in this field which are discussed on the basis of the two-fluid
model.
The research originated from an attempt to determine the viscosity of
the normal fluid of 3He—4He mixtures 1), with an apparatus described in the
third part of the second chapter. The results obtained were not understood
as the viscosities appeared to be velocity dependent. This indicated turbulent
flow although the calculated Reynolds numbers containing the density of
the normal fluid were so small that only laminar flow could be expected.
Therefore a second apparatus was constructed which is described in the
first chapter. With this method it was possible to create a flow of the liquid
in such a way that the normal fluid containing the 3He atoms moves in the
capillary with almost the same velocity as the superfluid. The fluid behaves
as an ordinary fluid and hence we expected in this special case that the corre
sponding Reynolds number might contain the total density. Even if the
Reynolds number was calculated using the total density, this Reynolds
number was sufficiently small that laminar flow was assured.
The viscosities of the 3He—4He mixtures obtained from this experiment
were found to be in disagreement with those determined by the oscillating
disk method 2) . Extrapolation to zero concentration (pure 4He) showed
satisfactory agreement at temperatures below 1,6°K with the measurements
of the viscosity of the normal fluid performed with the rotating cylinder
method, however at 1.9°K deviations were found .The agreement below
1.6°K can be considered as an experimental proof of the statement that
3He moves with the same velocity as the normal fluid. Furthermore the
dependence of the obtained viscosities on concentration and temperature
was elucidated by Z h a rk o v ’s theory 3).
Because of the deviations between the two methods near 1,9°K mentioned
above we decided to measure the normal fluid viscosity of pure 4He by the
capillary method. For several reasons it was evident that in order to obtain
accurate results the measurements should be done with wide capillaries, but
due to the appearance of mutual friction this seemed to be a difficult task.
We succeeded in constructing an apparatus which made it possible to
measure the viscosity of the normal fluid using wide capillaries. As in the
experiment with mixtures a normal fluid flow was produced in the same

direction and with the same velocity as the superfluid. The measured
viscosities were in disagreement with the results obtained with the rotating
cylinder above 1.8°K, but confirmed the results of the extrapolated 3He-4He
viscosity measurements.
It was possible to study turbulent flow with the same apparatus. These
measurements are discussed in the second chapter. If a Reynolds number
containing the total density and the normal fluid velocity was used, then
in the high velocity range it appeared that the relation between the pressure
gradient and the normal fluid velocity was given by the classical rule of
B la siu s 4). It was interesting to investigate whether deviations of this rule
appeared in the case that superfluid and normal fluid move with different
velocities. A striking result was that the superfluid velocity did not affect
the above- mentioned relation. The relation holds even in the case of ordinary
heat conduction experiments where superfluid and normal fluid flow in
opposite directions in such a way that there is no transport of mass.
In addition experiments on gravitational flow, performed by other
investigators 5)6) are discussed in connection with turbulence. Here the
difficulty arises that only a weighted average of superfluid velocity and
normal fluid velocity can be measured. The measurements can still be
interpreted assuming that mutual friction is not appreciably different
passing from laminar to turbulent flow. In connection with this can be
said that the early heat conductivity measurements of K eesom and S aris 7)
within experimental accuracy show no difference of mutual friction between
laminar and turbulent flow.
The measurements with 3He-4He mixtures mentioned at the beginning
of this introduction could be satisfactorily explained assuming turbulence
if the Reynolds number does not contain the previously expected normal
fluid density but the total density instead.
It should be pointed out that the critical velocity of the onset of mutual
friction has nothing to do with the critical velocity of the onset of turbulence
which can be calculated from the above- mentioned Reynolds number.
Some early experiments on mutual friction and the critical velocity related
to the onset of mutual friction are discussed in the last chapter. The measured
critical velocity in a 260 (jlcapillary shows a maximum at 1.5°K. The mutual
friction can be described by a third power dependence as was supposed by
G o rte r and M eilink.
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Ch a pt e r I

VISCOSITY OF LIQUID 3He-4He MIXTURES IN THE
HELIUM II REGION ABOVE 1°K
Sum m ary

The viscosity of liquid 3H e-4He mixtures has been derived from isothermal flow
through a capillary 75.6 /x in diameter. The apparatus consists of two identical glass
vessels, connected to each other by the glass capillary. The positions of both levels were
measured as a function of time. It appeared that the logarithm of the level difference
always decreased linearly with time, which means that Poiseuille’s law is obeyed. The
analysis of the flow has been given. The values of the viscosity extrapolated to zero
concentration (pure 4He) are in agreement with the measurements with the rotating
cylinder by H e ik k jla and H o llis H a lle tt. There is also satisfactory agreement in
the low concentration region with the theory given by Z harkov.

1. Introduction. Several investigators have measured the viscosity of the
normal fluid »yn of pure 4He below the A-point. One can distinguish between
several methods, the oldest method being the observation of the damping
of an oscillating disk used by K eesom and M acW ood1) and later on
followed by A n d ro n ik a sh v illi 2); De T royer, V an I tte r b e e k and
V an den B e r g 3); H ollis H a l l e t t 4) and D ash and T a y lo r 6)7). From
these observations one can calculate the product pn»?n, pn and rjn being
respectively the density and the viscosity of the normal fluid. The value
of the viscosity of the normal fluid is obtained from an independent
measurement of the normal fluid density.
Independent of the knowledge of the normal fluid density H e ik k ila and
H o llis H a lle tt 8) were able to measure the normal fluid viscosities by using
the rotating cylinder viscometer. The results of the torsion pendulum
method and the rotating cylinder viscometer are still in quantitative
disagreement. Z inov’e v a 9) has derived values of the viscosity of the normal
fluid from the attenuation of second sound in a resonant cavity which are
in better agreement with those values found by H e ik k ila and H ollis
H a lle tt.
Capillary methods have been used in heat conduction experiments.
Since in pure 4He below the A-point heat is transferred only by the normal
fluid, the heat current is related to the normal fluid velocity vn. The normal
3

fluid viscosity may be calculated from laminar flow if the pressure gradient
corresponding with the velocity of the normal fluid is known. The normal
fluid flow is accompanied by a superfluid counterflow in such a way that the
resultant flow is zero. Now the pressure gradient can only be easily calcu
lated from the temperature gradient if a critical velocity, above which
mutual friction comes into play is not exceeded. The critical velocity
depends on the capillary diameter and is lower for a wider capillary. This
makes measurements with narrow capillaries necessary unless one is able
to measure very small temperature gradients. On the other hand the choice
of the capillary or slit is limited by mean free path effects. The mean free
path of phonons increases with decreasing temperatures and is in the case
of pure 4He at lower temperatures comparable with the slit width. Heat
conduction methods were employed by B roese v an G roenou, Poll,
D elsing and G o r te r 10) and recently by B rew er and E d w a rd s 11).
From their heat conduction method with wide capillaries of 52.0 fx and
107.6 [I diameter B rew er and E d w ard s derived values for the viscosity
which are in good agreement with those of the rotating cylinder viscometer.
Until now viscosity measurements on 3He-4He dilute mixtures have been
reported by P ellam 12), W ansink and T aco n is 13), D ash and T a y lo r 14).
W an sink and T aeon is were able to deduce the viscosity from flow ex
periments through a narrow slit of 0.3 /x, while P ellam and D ash and
T a y lo r used the torsion pendulum method. The latter measured the viscosity
of three samples with liquid concentrations of about 3%, 5% and 10% 3He.
We have determined the viscosity of the normal fluid straightforward
using isothermal flow in a capillary 75.6 [x in diameter, making use of
the relation between the mean velocity and the pressure gradient according
to Poiseuille’s law.
In liquid 3He-4He mixtures below the A-point a kind of osmotic pressure
exists between two vessels containing mixtures of different concentrations
separated by a narrow s lit15)16).
In the case where one connects two vessels containing mixtures of different
compositions by a capillary, superfluid will flow to the high concentration
side until the osmotic pressure is balanced by a level difference. In our case
using a capillary 76 /x in diameter, this difference adjusts itself within
a few seconds. A concentration difference of 10~4 corresponds to an osmotic
pressure of about 2 cm helium column at a temperature near 1°K.
Subsequent to the establishment of the level difference one can expect
a flow of the normal fluid under influence of the hydrostatic pressure head,
according to Poiseuille’s law, while the superfluid flow obeys the condition
of permanent equilibrium between the hydrostatic pressure head and the
osmotic pressure difference. Therefore in general at not too low concentra
tions where the concentration difference is relatively small superfluid flows
with almost the same velocity as do the normal and 3He atoms. As we shall
4

show later on diffusion is negligible and we can calculate the viscosity
easily from Poiseuille’s law.
2. The apparatus. The apparatus consists of two identical thin-walled
glass vessels V\ and V 2 connected to each other by a glass capillary. A
filter of fine nylon fabric N is used for protecting the capillary against the
entrance of impurities. The vessels V\ and V 2 are connected to the mano
meter system by means of two identical glass capillaries C, which are

Fig. 1. T he apparatus.

partially wrapped with cotton cord K to prevent the increase of heat leaks
with the falling of the surrounding helium bath. During the experiment the
helium bath temperature was kept constant within 10~5 degrees monitored
by a carbon resistance thermometer.
It was necessary to purify the 3He-4He mixtures before using them.
We purified the gaseous mixtures by leading them through a spiral capillary
at a temperature of about 4°K in a separate cryostat. Measurements of
the vapour pressure of the liquid mixtures were carried out with the aid
5

of oil m anom eters M \ and M 2 filled with octoil S. We deduced the concen
tration of the solution from the known tem peratures of the helium b ath and
vapour pressure differences w ith respect to the b ath pressure 17)18)19). Both
parts of the apparatus could be connected to a m ercury filled Toepler pum p
system.
3. The method. The m easurem ents of the viscosity were preceded by
the creation of an initial level difference of the required extent (about 2 cm).
This could be done in several ways depending on the tem perature and the
concentration of the solution.
By transferring vapour from one side to the other, one creates a con
centration difference between the m ixtures in both vessels due to the much
higher concentration of 3He in the vapour in comparison w ith the liquid.
We observed a level difference w ith the higher level a t the high concentra
tion side. In consequence of the superfluid properties within a few seconds
4He flowed from the low concentration to the high concentration vessel
until the level difference corresponded to the osmotic pressure. At th a t
m om ent no vapour pressure difference could be observed with any precision on
oil m anom eter M \ showing th a t the concentrations of both levels were nearly
equalised by the superfluid flow. The vapour pressure difference due to the
very small concentration difference diminished by the weight of a small
vapour column should have been observed, b u t this is a hardly measurable
effect. The positions of both levels as a function of tim e were measured using
a cathetom eter and a stopwatch. In general the levels were followed during
about half an hour in which the level difference decreased by a factor of ten.
A t tem peratures below 1.3°K and low concentrations the creation of a
level difference was more difficult. I t was accomplished by condensing on
one side only solutions of higher concentration than already present in the
apparatus. Condensation of pure 4He in different quantities or a m ixture
of m uch lower concentration did not produce any level difference.
I t was also possible to create a level difference by suddenly adm itting
gas so th a t the liquid is forced through the capillary by the overpressure.
This was done a t the higher vapour pressures.
4. The calculation of the flow. We shall use the following symbols:
X \, X y :
Molar concentration of the liquid or vapour phase, being
the ratio of the num ber of 3He atom s to the to tal num ber
of atoms.
pi, py :
Molar density of the liquid and the vapour phase.
P3\, payMolar density of 3He in the liquid and in the vapour
phase.
M:
Molar weight of the m ixture.
r, I:
Radius and total length of the capillary.

6

R, L :

Radius and length of the vessels Vi and V 2.

* = A4IR2
r--

A constant of the apparatus.

Acceleration due to the gravity.
Level heights in vessels V\ a.ndV2.
Level difference.
The small concentration difference between the vessels.
Time in seconds.
Osmotic pressure with respect to pure 4He expressed in
cm liquid mixture column.
Vapour pressure of the mixture expressed in cm liquid
mixture column.
v:
Average velocity.
From this experiment it is known that the time in which the superfluid
flow adjusts the equilibrium between osmotic pressure and hydrostatic
pressure is very small compared with the time concerning the Poiseuille
flow of the normal fluid. In our calculation we therefore assume instan
taneous equilibrium between the hydrostatic and osmotic pressure:
ghi, h2:
h = h2 —h i:
AX
t:
po'

h

( 1)

neglecting the influence of the vapour pressure difference due to the small
concentration difference AX.
First we consider the case in which the concentration difference between
the vessels, AX, is small compared with the mean concentration of the liquid
X . In this case we expect a homogeneous flow, that is, superfluid and normal
fluid containing 3He are moving with the same velocity, since the composition
of the liquid does not alter appreciably during the flow from vessel V2 to
vessel V\.
Since the increase of the number of moles in vessel Vi is equal to the
amount passing through the capillary, we get for laminar flow:
jrr4
8r\l

_
d
M p fth = — (nRZpihi)
d£

=

jiR^pi ,
h.

-----------

2

, ,

(2 )

Neglecting two vapour corrections mentioned below we obtain the dif
ferential equation:
—= - A M —
h
rj

with A

41R*

(3 )
v'

which expresses the linear relation between velocity (oc h) and pressure
head (oc h). Conversely a straight line dependence of log h on the time
obtained as information from the experiment attests to the laminar flow
7

of the liquid, and the viscosity can be calculated easily from the slope of the
straight line.
The vapour corrections are of two kinds:
a. The correction dealing with the replacement of vapour by liquid on
one side (condensation) and the replacement of liquid by vapour on the
other side (evaporation). This can be considered as a correction of the
measured value of the flow h this being too large by a factor (1 — psv/pa^1.
This will be derived more accurately later on.
b. The correction arising from a difference in vapour pressure correspond
ing to a concentration difference at both sides. This makes the driving force
no longer equal to the level difference h but increases it by a factor
(\
\

/ 8Po Y 1
8X / 8X )

After taking these vapour corrections into account equation (3) is trans
formed into:
— = — AM — ( ------- !---- ------\ ( ------- 1-------\ .
h
t) Vj
8pv / 8po / V 1 — p3\/p3 /
d X j ~8X

(4)

In the case where the concentration difference is comparable with the
mean concentration X, the dilution of the highest concentration becomes
important, since now the decrease of h with time and the corresponding
decrease of the concentration difference gives rise to a non-negligible
difference in flow velocity for superfluid and normal fluid containing 3He.
This is so because the concentration in the vessel having the higher level must
decrease and the concentration in the other one must increase. This means
that a measurement of h no longer correctly accounts for the velocity of the
normal fluid and the 3He atoms.
Moreover, we have taken into consideration the variation of the con
centration along the capillary according to the equilibrium between the
driving force and the osmotic pressure:
grad p = (8poj8X)T grad X.

(5)

According to the relation for laminar flow in which 3He participates:
y2

V3 = — — pigM grad p,
or)

(6)

in which the pressure p is expressed in cm He column.
After substitution of (5) this becomes:
03-

8

- — « g M ( ^ ) r gmd X

(7)

As an approximation we assume a stationary flow. The constant number
of moles of 3He per second passing through an arbitrary cross-section of
the capillary is then:
" V *

=

( g ^ g n d X* =

( - ^

W

-ïfl.

(8)

P i W ( — -) t (^22- a 12).

(9)

The total number of moles of 3He already present in vessel I is
nR^hiXirfi

(L

+

—

hi)XVipxJ.

The 3He balance gives:
nR2 dt {AlZllPU + (L ~ Al) M
For simplicity we introduce htot and X :
htot = hi

h%

(10)

(a measure of the total quantity of liquid which remains constant within
experimental accuracy).
y _ hiX h + h%Xi2
Atot

’

1 **

the mean molar concentration of the liquid.
Equilibrium between osmotic pressure and the driving force corrected
for the vapour pressure difference gives:
( J r I <*■« - *■>> = * + d r ) T

i ' 2>

[h ot t — Ji)h

+

II
hi

jr

h

With (10), (11) and (12) we are able to express Aix and X i2 and hi in terms
of the constants ht0t, X and the level difference h.

\8 X

8X J

1
ih

H

ii

h

(htot T - h)h
o,. ( 8Po
tot \ 8X

hi

(13)

(14)

«M '
8XJ

^tot — A

(15)

2

and after substitution of (13), (14) and (15) in (9) we arrive at the equation:
(1 + s + d{h))—-= — A M — ( ------——
h

11

i

------i _ — \

(16)

t y v / 8 p o / \ l — P3v/p3\ )

8 X j 8X
9

in which:

- y4g

A

AIR* ’

^ to t H~ ^

dp0
8X
0(h)

Bpr'
d X .)

2L

with

P 3 IP 3 v — 1

z

(2 ' 8po
2htot (
\ 8X

dpv ' X - A3
ax

assuming pi and P3 jp 3 v constant.
The factor (1 + e + 6(h)) in the left hand side of (16) deals with the fact
that the highest concentration is diluted during the flow. However, the
subsequent delivery of 3He from the vapour phase and the effect of a
concentration gradient along the capillary also affects this factor.
From our experiments we found a linear dependence of log h on the time.
This indicates that (1 + e + d(h)) does not depend strongly on the level
difference h. We regarded d(h) as a correction of (1 + s).
To get an idea of the magnitude of these corrections we assume: Atot = 6
cm, L = 8 cm, h = 1 cm and the temperature is 1°K. d(h) is given in the
following table:
C a l c u l a t e d f r o m (1 6 ) :

X

8(h)

1 + e

- 6 . 3 9 X 1 0 -8

1 0 -4

2 .5 1 1

5 X 1 0 -*

1 .3 0 2

+ 8 .3

X 1 0 -8

1 0 -8

1.151

+ 4 .8

X 1 0 -8

5 X 1 0 -8

1 .0 3 6

+ 1 .0 7 X 1 0 -8

1 0 -8

1 .0 1 5

+ 5 .5

X lO -4

5 X 1 0 -8

1 .0 0 3

+ 1 .2

X lO " 4

This shows, that d(h) is of no significance since d(h) is small compared with
1 -J - * •

e = 0 means that we are dealing with a homogeneous flow. In other words:
the superfluid is moving with the same velocity as normal fluid and 3He
atoms. The amount flowing through the capillary per unit area and per
second being pvn. In the case where e 0 the amount flowing through the
capillary per unit area and per second equals pnvn + psvs with pn + Ps = pWe can easily conclude that (p^vn + psvs) (1 + e) = pvn yielding:
1
----------- 1
l 4*£
v8 — vn = — 7----- -— vn
1 —

X

with x = pn/p, expressing vs < vn as we expected.
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In our experiment the velocity of the normal fluid is of the order of
1 cm/s.
Corresponding with this value (va — vD) is calculated and given in the
following table:
X

T = 1°K

{v8 — v n)
c m /s

lO -4
10-»

- 0 .6 0
- 0 .1 4

10-*

- 0 .0 1

X

T = 2 .1 °K

10~*
10-»
10-2

{V

b

— Vn)

cin/s
- 1 .7 5
- 0 .3 7
- 0 .0 0

Since we considered the quantity of 3He transferred by the laminar flow,
we also have to regard the transfer caused by diffusion under influence of
the concentration gradient. B ee n a k k er and T aco n is measured concen
tration diffusion coefficients 20). According to these measurements the dif
fusion coefficient is of the order of 10-1 at T = 1.1 °K. Our minimum values
of the concentration gradient in the capillary are of the prder of 10~5*. The
number of moles 3He transported by diffusion per second and per unit area
is equal to pD grad A(of the order of 10~7). The ratio of transfer by diffusion
and transfer by the laminar flow is:
D grad X
V3X

Using (6) this turns out to be
8rjD/Xr2pLgM
(of order 10~3 in the case where X = lCU4), hence D grad X /v3X
meaning that diffusion is negligible.

1,

5. Calibration of the apparatus. Calibration of the apparatus was per
formed in two different ways. Since the constant A of the apparatus
contains the radius of the vessel R and the capillary dimensions, a gas flow
experiment made it necessary to make independent measurements of both.
The laminar flow constant r4/l, depending on cross-section and length of the
capillary was determined by a helium gas flow experiment at room temper
ature and atmospheric pressure, using a small initial pressure head of about
15 cm oil. One end of the capillary was therefore connected to a thermostated and calibrated volume filled with helium gas at 15 cm oil pressure
difference with respect to atmospheric pressure while the other end was
maintained at constant atmospheric pressure. The decrease of the pressure
difference was measured at the differential oil manometer M\.
However, a flow experiment with mercury at constant temperature
supplied us with the complete constant A in one measurement according
to (3).
11

The constants A derived from both methods were equal to within 1%:
A = 1.347 X 10~7cm2s-2,
nr*
1

—-— — 4.93 X 10~u cm3,
/

the radius of vessels R = 0.1690 cm and the capillary length I is about
13.0 cm.

Fig. 2. T he viscosity as a function of th e concentration a t tem p eratu res above 1.6°K.
T = 2.0°K
T = 1.6°K
V
o
T = 2.045°K
T = 1.7°K
•
T = 2A °K
A T = 1.8°K
T
▲
T = 1.9°K
TA BLE I
T

=

1 1°K

1
X
%

2.61
4.03
6 .3 6
7.69
0 .8 5 5
0 .2 3
7 .9 9
3 0 .3 5
3 4 .9 9
0 .0 1 8
0 .0 8 5
0 .0 1 3
0 .1 6 7
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1

V'
pP

d p v 1 8po
1 ------- —
—
dx 1 ex

13.73
13.09
13.21
13.21
14.84
17.56
13.26
14.00
14.28
2 6 .3 0
18.60
2 7 .2 0
18.71

1.019
1.018
1.018
1.018
1.019
1.018
1.018
1.007
1.006
1.018
1.018
1.018
1.018

1

—

1 + e

n
HP

1.003
1.003
1.002
1.002

14.28
13.59
13.75
13.75
15.35
17.74

p 3 v lp 3 1

1.023
1.023
1.023
1.023
1.023
1.023
1.023
1.016
1.013
1.023
1.023
1.023
1.023

1.008
1.031
1.001
1.001
1.001
1.243
1.051
1.331
1.026

’ 13.79

14.29
14.52
22.18
18.41
21.28
19.00

6. Results and discussions of the results. The results of the measurements
are listed in tables I and II and are given in figures 2, 3 and 4 in which we

Fig. 3. The viscosity
♦
0
■

as a function of the concentration at temperatures below 1.6°K
T = 1.0°K.
□ T = 1.5°K
T = 1.1 °K
O T = 1.6°K
T = 1.3°K

drew the curves for constant temperatures. r{ is calculated according to
equation (3). The corrected value rj is calculated from equation (16). The
factors
1
j

Spy

/d p o

d X /~ d X

1 — P3v/p3i

depend slightly on temperature and even much less on the concentration.
In order to give an idea of the magnitude of the corrections we give the
following table (see also table I ) :
13

T = 1.0°K
1
C^>

1
1

—

1.05

1.01

>

/ 8po
8X / 8X

T = 2.1°K

1.08

1.01

P3vlp3i

(dpoI<>X)t was calculated from the formula for regular solutions given by
De B ru y n O uboter, B ee n a k k er and T aconis:
po = - P4o RT In (1 - X L) - p 4° WXj?

with

WjR = 1,54°K. 21)

With this formula the correction can be calculated sufficiently accurately
in the whole temperature and concentration region of our experiment.

Fig. 4. T he viscosity as a function of th e concentration a t tem p eratu res below 1.6°K.
(concentrations below 8%)
♦
0
■
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T = 1.0°K
T = 1.1°K
T = 1.3°K

□
O

T = 1.5°K
T = 1.6°K

TABLE II
X

V'
n?

%

T
1.025
1.475
2.41
4.12
6.14
8.39
1.635
0 .3 5 2
0 .2 7 5
4.89
T .47 2
7.03
8.49
22.6
3 1 .6
0.051
0 .0 8 4
0 .1 3 4
0 .1 7 8
1.599
2.39
4.25
7.21
0 .1 4 5
0 .0 2 9
0 .0 3 8
0 .3 5
15.55
17.2
18.25
22.8
3 3 .0
9.94
13.81
16.2
21.0
2 8.4
3 4.0
3 4 .6
18.3
7.67
7.19
6.20
4.68
3 .37

1. 0 °K
17.18
16.45
15.41

V
HP

=

14.63
13.85
14.11
15.70
2 0 .7 8
2 3 .0 0
14.91
15.71 ,
13.70
12.84
14.20
15.59
33.21
2 6 .8 2
24 .0 0
23 .5 0
T = 1. 3 °K
11.69
11.43
11.19
10.35
14.14
16.85
16.60
13.21
12.30
12 . 60 12.80
13.75
16.59
11 . 6 5 .
11.92
12.49
13.50
15.40
16.80
17.10
13.00
T = 1. 5 °K
10.20
9 .9 0
9 .6 0
9 .5 0
10.00

17.61
16.92
15.90
15.10
14.30 '
14.53
16.15
2 1 .0 0
2 3 .2 0
15.40
16.20
14.19
13.22
14.43
15.81
3 1 .1 0
2 6 .3 0
23 .9 8
23 .7 0
12.31
12.08
11.81
10.94
14.97
16.18
16.05
13.80
12.95
13.14
13.38
14.29
17.08
12.28
12.53
13.07
14.03
15.91
17.26
17.57
13.59
10.95
10.62
10.36
10.22
10.43

X
%

2 .4 4
0 .6 2
1.2
3 5 .1 5
32.1
3 0 .7
2 9 .1 5
2 7 .6
2 4 .3
2 1 .5
18.2
15.52
12.81
10.74
9 .3 7
7.76
6 .7 6
5 .7 5
5.11
0 .0 7 2
0 .1 7
3 5 .0 8
3 3 .2
3 0 .8 5
2 5 .6
21.1
17.0
13.35
10.35
7 .9 4
6 .5 9
5.46
4.76
4 .0 4
3.31
2 .8 6
2 .5 7
2 .2 4
1.375
7.96
7.08
5 .2 8
4 .3 Ö
3 .0 8
0 .1 4
0 .0 9

V'
txP
10.38
11.45
10.80
18.11
17.20
16.60
16.09
15.60
14.46
13.69
12.79
12.02
11.40
10.84
10.61
10.34
10.36
10.30
10.18
14.26
T = 1. 6 °K
12.20
18.70
19.10
17.25
15.20
13.51
12.20
11.28
10.70
10.34
10.31
10.05
9 .8 5
10.09
9 .9 5
9 .8 3
9.91
10.21
10.14
T = 1. 7 °K
10.97
10.75
10.01
10.15
10.19
12.02
12.41

V

X

/iP

%

11.15
12.21

0 .1 4

11.60
18.73
17.88
17.26
16.77
16.30
15.13
14.36
13.50
12.75
12.14
11.57
11.38
11.08
11.10
11.07
10.84
13.30 •
12.57
19.41
19.83
18.00
15.95
14.29
13.00
12.09
11.51
11.19
11.18
10.89
10.68
10.92
10.78
10.63
10.73
11.06
10.97
11.90
11.70
10.91
11.08
10.77
12.45
12.43

V'
HP
1. 8 °K
12.05
11.21
11.03
10.79
10.73

11.86
11.81

T = 1. 9 °K
13.09
12.00

14.36
13.21

T
6.11
5 .24
4.57
4.03
8.03
6 .09
4.96
3 .6 3
2.61
6 .75
0 .1 4

=

11.85
11.50
11.37
12.08
12.89
11.18
12.19
14.30
16.46

1.89
5.71
10.52
15.6

V
HP
12.57
12.31
12.12

13.09
12.70
12.52
13.30
13.87
12 34
13.41
15.64
17 88

T = 2 .0° K
7 .06
7.11
5 .40
4 .58
3.61
2 .57
1.37
0 .7 4

14.89
15.70
14.10
13.84
13.31
12.58
12.25
11.79

T
5 .52
4 .54
3 .4 4
2 .49
2 .0 6
1.35

16.41
17.35
15.63
15.37
14.79
13.92
13.58
13.04

- 2 . 0 4 5 °K

15.20
15.10
14.50
13.50
13.89
13.81

16.88
16.77
16.12
15.02
15.47
, 15.39

T = 2 . 1'K
4.45
2 .55
1.81
0 .53
0 .1 2
1.61
4.19
4 .10
3 .08
2 .36
1.84
1.25

18.81
16.92
15.89
14.47
18.10
14.24
18.75
17.91
16.71
15.25
15.08
15.58

2 0 .9 3
18.19
17.76
16.25
16.58
15.96
2 0 .8 6
19.98
18.62
17.01
16.82
17.41
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p — £4°(1 — -X"i)

P3 v was calculated from pav

n

“

with the value of p3 V° measured by K e rr 22).
The spread of the data amounts to less than 1% in most of the cases with
the exception of some data showing a greater deviation from the curves.
In the neighbourhood of the A-point the deviation is of the order of 6%.
From figures 2,3 and 4 we derived figure 5: “The behaviour of the viscosity
as a function of the temperature” . D ash and T a y lo r 14) found a minimum
in the viscosity for pure 4He: 14.75 pP at a temperature T = 1.8°K and

------- 2 0

Fig. 5. The viscosity as a function of the tem perature. Concentrations: 0, 0.2, 0.5,
1, 5, 10, 15, 20, 25, 30, 100%.

for a concentration of about 10% 3He: 14.45^ at T = 1.66°K, whereas our
values are 12.65/rP extrapolated at T = 1.8°K and for 10% 3He: 11.40/iP
at T = 1.55°K. Our minimum shifts to lower temperatures for increasing
concentration. This shift is about 3 X lO"2 degree per percent 3He while
going from 0 to 5% 3He the viscosity minimum decreases from 12.6pP
to 10.3 pP and above X = 5% increases again by about 0.14 pP per percent
3He.
A very striking result of this study is found in extending the measurements
to zero concentration. If one dilutes the mixture and extrapolates the de
termined viscosity to X = 0 it appears very essential to apply the e cor
rection in order to arrive at the value found by H e ik k ila and H ollis
16

H a lle tt. The e's however grow to values so large, that they can no longer
be considered as corrections.
From the measurement of the level heights and the mean concentration
one is able to calculate with (10), ( 11 ) and (12) the total quantity of 3He
present in one of the vessels at any instant during the flow. The time
derivative of this quantity is proportional to the flow velocity of 3He in the
capillary and was found to be proportional to the level difference within
experimental accuracy and we could conclude the validity of zJ3 = —C grad p.
In the case of pure 4He the flow of the normal fluid through a capillary
with circular cross section according to the two fluid model is given by
® n = — - — grad p.
orjn

From the viscosity measurements by H e ik k ila and H ollis H a lle tt we
are able to calculate values of vn as a function of grad p. These are in good

Fig. 6. The viscosity calculated from Zharkov’s theory.
-------- T = 1.0°K
-------- T = 1.6°K

agreement with our values of ©3 extrapolated to zero concentration. All of
this allows the conclusion that the normal fluid part of the 4He and the 3He
together behave as one viscous fluid. The application of the two fluid model
is therefore strongly confirmed.
17

7. Theoretical consideration. The behaviour of the viscosity for pure 4He
at temperatures below 1.6°K is described by the theory of L a n d a u and
K h a l a t n i k o v 25)26).
Z h a r k o v 27) has extended the theory of K h a l a t n i k o v for the case
of 3He impurities.
According to this theory one can split up the viscosity into three parts:
1) the roton viscosity: rjT
2) the phonon viscosity: ^Ph
3) the impurity viscosity: rj3,
the measured viscosity being the sum of these parts:
r] — r)i + rjph + rj3.

This is a consequence of the basic relation of proportionality of transfer of
momentum and drift velocity gradient in case phonon gas, roton gas and

Fig. 7. Comparison of our results with Zharkov’s formula.
(Concentrations below X -- 1%)
♦ T = 1,0°K
□ T = 1.5°K
0 T = 1.1°K
O T = 1.6°K
■ T = 1.3°K

impurity gas obey this relation and travel with the same drift velocity at
all points in the liquid. The rotons and impurity excitations can be regarded
as heavy particles and thus phonons are obstructed in their motion by rotons
and impurities. Transfer of momentum by phonons is therefore strongly
18

affected by the density of rotons and impurities. The decrease of the viscosity
with increasing temperature in the case of pure 4He below T = 1,6°K is
due to the rapid increase of the roton density.
We calculated the three partial viscosities according to the theory of
Z harkov. They are shown in fig. 6 in the case of T = 1.0°K (full curve)
and T = 1.6°K (dotted curve).
At 1°K the phonon viscosity decreases strongly with increasing concen
tration due to the obstruction of the phonons by 3He impurities. The same

io %
Fig. 8. Comparison of our results with Zharkov’s formula.
(Concentrations below X = 10%)
♦ T = 1.0°K
□ T = 1.5°K
O T = 1.1°K
O T — 1.6°K
■ 7' = 1.3°K

thing occurs to the roton viscosity. On the other hand the transfer of
momentum by the 3He impurities increases with increasing concentration
and one can expect an increase of the total viscosity for the higher con
centrations in case the decrease of rjph and rjT is smaller than the increase
of rj3 (see fig. 3). At higher temperatures (T = 1.6°K) the phonon viscosity
does not change appreciably with variable 3He concentration. This is due
to the very high roton density and transfer of momentum by phonons is
mainly limited by rotons. At this temperatures we see that the transfer
of momentum by 3He excitations is also less than at 1°K because of the
density of the rotons.
19

Though the theory given by Z h ark o v is only valid for concentrations
smaller than 10-4 we compared it with our measurements. The constants
d and a in Z h a rk o v ’s formula depending on phonon-impurity and impurityimpurity interaction respectively are found to be d = 1.86 and a = 1.50.
The results of the calculation are compared with experimental data in fig. 7,
low concentrations and in fig. 8, high concentrations. The spread of the data
in fig. 7 is mainly due to the insensitive determination of the concentration.
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Ch a pter II

EXPERIMENTS ON LAMINAR AND TURBULENT FLOW
OF He II IN WIDE CAPILLARIES
- Sum m ary
Laminar and turbulent flow of pure 4He through wide capillaries of circular cross
section, respectively 82p, 174 p and 255 p in diameter, have been studied in the He II
region above 1°K. The viscosity of the normal fluid has been derived from the laminar
flow behaviour using a special technique. It was found that the Reynolds number
Re = dpvn/r]n, containing the total density p, the normal fluid velocity vn ,the viscosity
rjn and the diameter of the capillary d, is a parameter characterising the flow in the
whole velocity range. One of the fundamental equations of motion in the high velocity
range appeared to be the Navier Stokes equation containing the total density, the
normal fluid velocity and the viscosity of the normal fluid. The dependence of the
pressure gradient on the normal fluid velocity is then represented by an equation
analogous to the classical empirical formula for turbulent flow of ordinary fluids as
given by Blasius. It was found that within the experimental accuracy direction and
magnitude of the superfluid velocity did not affect the pressure gradient. In con
nection with the phenomena of turbulence, the various results on gravitational flow
are discussed. Finally an experiment on turbulent flow of 3H e-4He mixtures in the He II
region, using a capillary 156 p in diameter, is communicated.

Introduction. According to the microscopic theory of He II the collective
thermal motion in the fluid can be considered as a system of excitations
which behave like quasi particles moving in the volume occupied by the
fluid x). A flow of the normal fluid is then to be considered as a flow of the
excitation gas in the background fluid which behaves like a superfluid.
The normal fluid exchanges momentum with a wall and shows a viscous
behaviour, while the superfluid lacks viscosity and is therefore to be con
sidered as an ideal fluid. The motion of the normal fluid involves a certain
effective mass indicated by pn. The effective mass of the superfluid is :
pa

=

p — pn-

The ratio pn/ps is a function of the temperature; pn vanishes at absolute
zero and ps vanishes at the A-temperature.
The macroscopic flow properties of He II are described in terms of the
two usually simultaneous motions of the normal fluid and the superfluid
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with the respective velocities vn and va. The mass flow density is defined b y :
pv = pnvn + pava.

(1)

Introducing the relative velocity vT = vn — va we can rewrite this equation:
pv = pvn — pavT.

(2)

As the entropy is determined by the statistical distribution of the ele
mentary excitations entropy can only be transferred by the normal fluid
and hence the entropy flow density is given by pSvn. Consequently the heat
flow density is given by:
<p = pSTvn.

(3)

The heat conduction of He II in a capillary or slit is described by a flow
of the normal fluid from the high temperature side to the low temperature
side without net mass transfer; therefore at the same time a counterflow of
the superfluid takes place in such a way that equation (1) is satisfied with
v averaged over the cross section equal to zero. Due to the viscous behaviour
of the normal fluid a heat flow in He II is accompanied by a pressure gradient.
Simultaneous measurements of the pressure gradient and the temperature
gradient associated with pure heat conduction by He II in a capillary or
slit have been carried out by several investigators2) 3) 4) 5). In general,
below a certain critical value of the heat flux, these experiments have shown
a linear dependence of the temperature gradient on the heat flux. In this
region within experimental error London’s equation 6)
grad p = pS grad T

(4)

is confirmed. Above the critical heat input, an approximately cubic de
pendence of the temperature gradient on the heat flux q>is found 7) and the
validity of London’s equation breaks down. G o rte r and M eilink 8) have
attributed the cubic dependence of the temperature gradient on the heat
flux to the appearance of a mutual friction between the normal fluid and
the superfluid at relative velocities exceeding the critical velocity. As the
heat flux is related linearly with the relative velocity, according to equation
(2) and (3)
q>= paSTVr
from the cubic relation between the temperature gradient and the heat
flux <p, the cubic dependence of the mutual friction on the relative velocity
was concluded. Below the critical relative velocity no mutual friction is
observed 9).
In general the aforementioned experiments have also shown a linear
dependence of the pressure gradient on the heat flux in a wide range in
dependent of the presence of mutual friction 10). This experimental fact
22

is known as the rule of A lle n and R e e k ie . Since the heat flux is proportional
to the normal fluid velocity vn, it is this rule which justifies the dèscription
of the normal fluid flow with a coefficient of viscosity rjn, analogous to
Poiseuille’s law.
However, deviations from the rule of A lle n and R e e k ie in the high
velocity range have also been found by various investigators 10)n ), and a
reasonable explanation was lacking up to now. The most important aim
of our research was to clear up these departures. The very striking result
is that the deviations from A lle n and R e e k ie ’s rule are analogous to
the deviations from Poiseuille’s law due to turbulence in an ordinary fluid
and hence that the flow behaviour of the fluid is quite similar to the
behaviour of an ordinary fluid also in the case of turbulence.
This chapter consists of three parts. The first deals with the determi
nation of the normal fluid viscosity of 4He from laminar flow in wide
capillaries and in the second part the turbulent flow behaviour of 4He
at higher velocities in the same capillaries is discussed. In the third part is
described an early experiment on turbulent flow of liquid 3H e-4He
mixtures through a capillary.

I. LAMINAR FLOW
1. Viscosity of the normal fluid. The relation between the velocity and
the pressure gradient, for a capillary with circular cross-section of radius r
is given, according to Poiseuille’s law by:
®n =

grad p

-

Qrjn

(

5)

where £n is the mean value of the normal fluid velocity over a cross-section
of the capillary.
The relation between the heat current
W — nr2cp
and the pressure gradient can be derived by using (3) and (5):
W =

Ttr4

Qr]n

pST grad p.

( 6)

If we are dealing with a relative velocity smaller than the critical velocity and
thus no mutual friction is present, then equation (4) holds and equation (6)
can be transformed into:
nr4

8?7n

P*S*T grad T.

(

7)
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Equation (6) and (7) are commonly used to determine the viscosity coeffi
cient rjn of the normal fluid from a heat conduction experiment. However
the use of equation (7) has in practice a great disadvantage. The value of
the critical velocity decreases with increasing diameter of the capillary or
slit. Because of the very small critical velocity in wide capillaries, the
subcritical region is limited to very small temperature differences and
therefore in choosing the proper capillary the upper limit of the diameter
is determined by the sensitiveness of the temperature measurement. This
implies that only capillaries or slits of small diameter can be used.
This in turn gives rise to the following complications:
i) it is difficult to make a homogeneous narrow slit or capillary unless
one uses special techniques. The practicability of a calibration to obtain
the slit’s geometry is usually very difficult.
ii) since the mean free path of the phonons increases with decreasing
temperature it is possible that the mean free path becomes comparable
with the channel’s size and the phonon contribution to the effective viscosity
is decreased by the mean free path effect.
iii) the heat conductivity of the material of which the capillary or slit
has been made becomes comparable with the heat conductivity of the
helium. According to equation (7) the gradient of the temperature is not
constant along the channel, but depends on the temperature as the reverse
of S2T. So if the temperature gradients in the wall and in the helium are
different one can expect an exchange of heat between the helium and the
boundary material. Actually, heat is transferred from the helium to the
wall over the entire length of the channel.

Fig. 1. Schematic diagram of a flow experiment in He II (heat conduction method).

Another possibility to measure the viscosity is to derive it straightforward
from equation (6). The experimental arrangement is as follows (see fig. 1):
A heater H is put in a thermally insulated vessel which is filled with liquid
He II. The vessel is connected with the bath by means of a calibrated
capillary and is supplied with a manometer tube in which a level can be
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observed. If the heater is switched on, a level difference h is shown corre
sponding with a pressure difference given by equation (6). According to
A llen and R eekie’s rule the pressure difference increases linearly with the
heat input. However, as soon as the critical heat input is exceeded the
temperature difference between the helium in the vessel and the helium
of the bath increases very fast with increasing heat input due to the mutual
friction between the normal fluid and the superfluid. The vapour pressure
difference corresponding with the temperature difference of both levels
becomes very soon much greater than the pressure difference which corre
sponds with the laminar flow of the normal fluid. In this case the level
difference is reversed and the resulting pressure difference has to be obtained
by subtracting the pressure difference due to the liquid helium column from
the vapour pressure difference. This subtraction of two pressure differences
of about the same order of magnitude leads of course to inaccurate results.
All difficulties appearing in the measurements mentioned above are
connected with the phenomenon of mutual friction between the normal
fluid and the superfluid. In order to be able to study the flow accurately
we eliminated the effect of mutual friction by using a special technique
described hereafter.
2. Normal fluid flow in wide capillaries without effective mutual friction.
Let us now study the case in which we connect the vessels not only through
the capillary but parallel to it also through a superleak 5 to the bath (see
fig. 2). From other experiments we know that the pressure differences and
the temperature differences across a superleak are always related to each
other by the equation of Lo ndon 3)4)12)13).

Fig. 2. Schematic diagram of a flow experiment in He II. (heat conduction without
mutual friction).

When the heater is switched on the normal fluid flows through the capillary
to the helium bath. Because of the very narrow channels in the superleak
the normal fluid flow in the superleak is negligibly small. The critical
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velocity in the superleak is very high (of the order of 50 cm/s) and if the
capacity of the superleak is large enough, the superleak is able to supply
the required superfluid flow to avoid the appearance of the extra temperature
difference which would arise from mutual friction by a counterflow in the
capillary. Indeed, a counterflow of superfluid will no longer appear, and the
superfluid in the capillary will now move with the normal fluid in the same
direction such that no effective mutual friction occurs. All the difficulties
arising from mutual friction mentioned in the preceding section have been
avoided and it is even possible to study turbulent flow by using this method.

Fig. 3. The apparatus.

3. Apparatus and method. The apparatus is illustrated in fig. 3. The
capillary C was sealed at each end to a platinum tube P. In order to measure
accurately the temperature of the helium at both ends of the capillary it
is necessary that the thermometers are in intimate contact with the liquid;
moreover the body of the thermometer should be rather free from the wall,
which may have a slightly different temperature due to the small heat flow
through the wall of the platinum tube. Therefore into each of the platinum
tubes thin walled germansilver side tubes G were soldered, which served as
holders for the “De Vroomen-type” carbon thermometers T\ and T 2 . The
copper bodies of the thermometers were soldered only at the end of the
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side tube, thus thermally “isolating” the thermometers from the platinum
wall. The superleak consisted of a thin walled stainless steel tube, 5 milli
meters in diameter, containing jewellers rouge powder highly compressed
by hammering. The capillary was connected with the superleak by means
of a copper piece H around which a heating coil was wound. A manometer
tube M 2 was mounted between the heater and the superleak. Filters of fine
nylon fabric N protected the capillary against the entrance of impurities.
The whole was enclosed in a vacuum jacket. The other end of the capillary
was connected with the upper end of the superleak by means of a copper
tube on which the manometer tube M i was mounted. As the heat transferred
through the capillary should flow off to the helium bath, the upper part of
the wide copper tube was immersed in the bath to ensure a good thermal
contact.
Before the helium gas was condensed in the apparatus it was purified
by leading it successively through a tube filled with charcoal at liquid
nitrogen temperature and through a spiral capillary in a separate cryostat
with helium at the normal boiling point.
After the evacuation of the vacuum jacket the thermometers T\ and T 2
were calibrated against the vapour pressure of the helium bath in steps of
0.05 degree. In order to check whether during the calibration the temper
atures of the helium inside the apparatus and of the bath were the same, a
differential oil manometer was placed on top of the cryostat. No measurable
difference in vapour pressure was observed. The measurements of the
resistances of the carbon thermometers were performed with the aid of a
high resistance d.c. Wheatstone bridge using a Philips electronic d.c.
millivoltmeter with a sensitivity of 10~6 volt per scale division as a zero
instrument. Using a thermometer power of 3.5 X 10~7 watt, one scale
division corresponded to a temperature difference of about 3 X 10~5 degrees
at T = 1.7°K. The resistance of the heater H, which was about 1030 Ohm,
was measured with a separate high resistance Wheatstone bridge. The heat
input was calculated from the measurements of the electrical current and
the resistance of the heating coil. The measurements of the level heights in
the manometer tubes M\ and
were performed by cathetometer readings.
The capillary C was chosen and calibrated carefully by the following
procedure: From a great number of long capillaries pieces were cut off with
perpendicular ends in order to observe the cross-section with a microscope.
If the cross section was found to be circular and of a suitable diameter a
drop of mercury was put in the capillary. The length of the mercury thread
was determined by means of a measuring microscope. A piece of the capillary
was chosen in which the length varied less than 1%; this was cut out
and blown in the form shown in fig. 3. In order to obtain an accurate
calibration of the capillary, each end of it was connected to one of the two
identical cylindrical glass vessels of known diameter 2R, and a flow experiment
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was done with mercury. The vessels were partially filled with mercury
whereupon the level difference h of the mercury in the vessels was measured
as a function of the time t. From the laminar flow of the mercury we obtained
the constant rAjl which could be calculated according to the formula:
r*pg
In h = -------——t 4- constant
4lrjR2
in which r and I are the radius and the length of the capillary and p and rj
the density and viscosity of mercury. The length of the capillary was
measured independently. The results of the calibrations are given in the
following table:
I

d

12.29 c m
12.76 c m
11.97 c m

8 2 .0 X 10~4 c m
173.5 X 10~4 c m
2 5 5 .2 x 10~4 c m

r*ll
c a p illa r y
I
c a p illa r y I I
c a p illa r y I I I

2 .2 9 7 X 10-11 c m 8
4 .4 3 6 x 10-10 c m 8
2 .2 1 3 X IQ -9 c m 3

4. Measurements and results on laminar flow. In a stationary state
measurements of the level difference h and the temperature difference AT
across the capillary were performed simultaneously as a function of the heat
input, while the temperature T i was kept constant by. regulating the bath
temperature.
As could be expected on account of the presence of the superleak, the
measured pressure differences and the temperature differences across the
capillary were always found to be related within experimental error by
London’s equation:
Tt

A p = / p S dT ~ PSAT.

(8)

Ti

A typical example of the linear dependence of Ap on AT is illustrated in
fig. 4. A correction had to be applied to the hydrostatic pressure difference
pgh due to the vapour pressure difference corresponding to the temperature
difference. If we denote the vapour pressure by pv, the corrected pressure
difference is:
Ap = pgh + ~ - ^ T .
After eliminating AT with (8) one obtains:

V - r 4 ' + / - i ï sr)-

(9)

A typical example of the linear relation between h and W at low heat inputs
is shown in fig. 4. From the slope of the straight line we calculated the
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viscosity according to eqs. (6) and (9):
Vn =

nr4
P2S T g
~8T

j
+

PS

dpy/dT
— dpy/dT

h

W'

Ths viscosities have been measured with capillaries of 255 p, 173.5 p and
82 [x in diameter. The results are shown in fig. 5 and are given in table I.
Above 1,7°K the viscosities thus obtained do not agree with the viscosities
measured by the rotating cylinder method 14), indicated in fig. 5 by a

cm He

Fig. 4. The total heat input W and the temperature difference A T as a function of
the level difference h at a temperature of 1,703°K, using a capillary 173.5 p in diameter.
TABLE I

d=
„ T(°K)
1.019
1.083
1.136
1.190
1.280
1.404
1.496
1.598
1.703
1.703
1.803
1.899
1.999
2.104
2.142

173.5 p

d=

82.0 (jl

d=

J2(yUp )

r(°K )

ri(n P)

T(°K)

34.00
19.97
19.15
17.87
16.14
14.59
13.32
13.00
12.60
12.73
13.34
14.10
15.85
19.57
21.98

1.394
1.405
1.500
1.506
1.598
1.602
1.605
1.903
1.999
2.003
2.100
2.109
2.135

14.61
14.51
12.59
13.31
12.90
12.89
12.89
14.15
15.81
15.95
19.41
19.78
21.32

1.012
1.189
1.405
1.804
1.900
2.008

255.2 {/,
*?(juP)
31.94
17.19
14.50
12.83
14.10
16.13
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dotted curve, but on the other hand, they support the measurements by the
oscillating disk method in the vicinity of the A-point1S). Below 1.7°K a good
agreement was found with the rotating cylinder method. The viscosities
derived by Z inov’eva from the attenuation of second sound in a resonant
cavity are also shown in the figure 16).

Fig. 5. T he viscosity of th e norm al fluid as a function of th e tem perature,
o : d = 82 p
o : d — 173.5 |x
A \ d = 255 p

Z: Z in o v ’e v a .
------- : H e i k k i l a a n d H o llis H a l l e t .

The viscosity data are less accurate near 1.1 °K for various reasons:
i) in this region the accuracy of the thermometer calibration is small due
to the low vapour pressure against which the calibration takes place, and
since the coëfficiënt in eq. (6) is strongly temperature dependent, a small
error in the absolute temperature gives rise to a great error in the calculated
viscosity.
ii) the viscosity increases strongly with decreasing temperature.
iii) in spite of the precautions made to reduce radiation effects, there
was always a small constant heat leak due to absorption of radiation in
manometer tube Mz As at low temperatures the normal fluid density is small, the normal fluid
velocity is already high due to radiation only and therefore the region for
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laminar flow becomes relatively small. Clearly this limitation is more
pronounced in the capillary of the smallest diameter.
Sometimes at temperatures near 1,6°K a higher viscosity was found with
the capillary of 82 p in diameter. It differed from the real viscosity by about
15%. This has to be attributed to a kind of turbulence. In the graph of the
level difference h against the total heat input W, we initially found a linear
dependence between h and W with a slope corresponding to the real viscosity,
but after a certain rapid increase of the heat input a sudden jump of the
level difference appeared. After this had happened, subsequent measure
ments under the same external conditions gave us a slope which was
enlarged by about 15%. Even when the heater was switched off, for about
45 minutes, this effect did not disappear; we only could get rid of it in two
different ways: Firstly, by slowly reducing the temperature of the bath for
a while and successively making a quick return to the initial temperature.
During the warming up period an opposite heat flow took place in the
capillary. A new run then gave again the original slope corresponding with
the real viscosity. Secondly, a warming up to a temperature above the Xtemperature and a successive very slow reduction to the initial temperature
gave the same result. The nece$sity of these manipulations shows the
persistancy of the effect and suggests that we are dealing here with a rather
stable kind of ilow. We may emphasize that this phenomenon was only
observed with one capillary, and up to now we are not quite sure whether
it is to be considered as a special property of the helium or whether it should
be attributed to an accidental condition associated typically with the capilla
ry in question.
II.

TURBULENT FLOW

1. Introduction. Deviations from the rule of A llen and R eekie were
observed in case of a flow at higher velocities (see fig. 4). In order to under
stand these deviations, we consider the flow of an ordinary incompressible
viscous fluid which is governed by the Navier Stokes equation of motion:
+ («-grad) v

— grad p + r/V2v.

Assuming stationary laminar flow we can write dv/dt = 0 and the equation
becomes:
p(t>-grad) v — — grad p + r\V2v.
(10)
An exact general solution of this equation is only possible in the case where
the acceleration term on the left hand side is zero or vanishingly small.
The equation then expresses equilibrium between the pressure gradient as
the driving force and the viscous drag force. Together with the condition
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of no slip at the wall, this leads to Poiseuille’s equation for lam inar flow.
In the case where the acceleration term has to be taken into consideration
some more inform ation concerning the flow can be obtained by applying
the “ principle of dynamical sim ilarity” i.e. by considering two geometrical
sim ilar flow patterns. (For example the flow patterns in two different but
geometrical similar channels w ith characteristic lengths l\ and I2, respectively).
Let us assume that the velocity and the pressure gradient in an arbitrary
point of the velocity field of the first system equals v\ and gradip. Let r\ 1
and pi be the viscosity and the density of the flu id present in this system.
In the corresponding point of the second system (w ith characteristic length
I2) these values are: V2, grad2^>, r]2 and p%. Because of the sim ilarity, the two
sets of the values mentioned above correspond w ith identical solutions of
equation ( 10). A fter insertion of these values in the Navier Stokes equation
we obtain two conditions which should be simultaneously satisfied to yield
identical solutions. These conditions may e.g. be w ritten:
oivih
P2V2I2
---------==---------rji

r) 2

,
and

pil l grad^>
-------- 2

p2.ll grad2/>
2

Vi

^2

. .
V1 /

(or in any other form obtained from arbitrary combinations of the two
conditions mentioned above).
Obviously the pattern of the flow governed by the equation ( 10) is always
characterized by the geometry of the system (for instance the cross-section
of the capillary) and e.g. the numbers:
Rev== ^ - v

and Rep = —

grad p.

( 12)

rj

Apart from a constant these numbers are the same as the numbers in ( 11).
The introduction of v, the mean velocity over a cross section, also affects
the numbers ( 11) only by a constant factor, because the ratio of the local
velocity to the mean velocity in a point of one system is equal to that in the
corresponding point of the sim ilar system.
Hence the relation between the pressure gradient and the velocity which
characterizes the flow through channels w ith sim ilar cross-sections is given
by an equation of the form :
Rep — f(Rev).
In the case of a laminar flow through a channel w ith circular cross-section
this relation becomes:
Rep = Rev

(13)

which is equivalent to Poiseuille’s law.
A complete study of the transition from laminar flow to turbulent flow
has been made by R e y n o ld s using glass tubes w ith flared entrances.
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R ey n o ld s found a critical velocity below which there was always a
laminar flow. The value of the critical velocity at which the eddies in
originally turbulent flow die out corresponds to the Reynolds number
Re = 2rpv/ri = 2320 in the case of a tube with circular cross-section.
The relation between Rev and Rep for a turbulent flow may be obtained
from the empirical equation given by B lasiu s 17) and is then represented
by*):
Rep = 4.94 X 10~3 Rey 5.
(14)
2. The principle of dynamical similarity applied on He II. As proposed
by G o rte r and M eilink 8), the equations governing the flow of the super
fluid respectively the normal fluid may be written:
Pa

di>g

p$
= ----- 7- grad p + PaS grad T — Apapn |t>8 — wn |2 (Vs _ Vn)

(1 5 )

and
dnn
pn
Pn~ d f = I------grad^>- PaS grad T + 7]nF2vn+ ApaRn |i>8 - tin| 2 (t;s- vn). (16)
Addition of these two equations gives:
dvs ,
dv,i
'
P*~öf + P* - fa - = - grad P + VnV2Vn.

(17)

In the case that the relative velocity vT = vn — v8 is small compared with
the velocities t>n and va this equation transforms into:
dvn
P —j7 - = — grad p + rjnV2vn

(18)

which is exactly the equation of Navier Stokes with v and vj replaced by un
and rjn and we may expect that the dependence of the pressure gradient
on the normal fluid velocity for the flow through a capillary with circular
cross-section is given by:
Re p = Rev
(19)
and
Rev = 4.94 X 10~3 Re^J5
(20)
analogous to (13) and (14), in which v and rj are replaced by va and r)n.
We may still emphasize that in this analysis we deliberately excluded
the possibility of interaction of the superfluid with the wall.
*) The dimensionless quantities Rep and Rev defined by (12) are different from the dimensionless
quantities originally used by B lasius. We especially introduced the quantities ReP and Rev,
because the first contains the pressure gradient only and the second the velocity only, so that each
of them represents only one direct measured quantity.
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3. Measurements and results on turbulent flow. We found that the pressure
differences and temperature differences across the capillary obeyed the
equation of London even in the high velocity range. The capacity of the
superleak was large enough in the whole temperature range except at
temperatures very near the A-point (T > 2.1S°K), when dealing with high
velocities. Therefore we may assume that the mean relative velocity vn — vs
in the capillary does not exceed the critical velocity and as the critical
velocity in these wide capillaries is small, eq. (18) should be valid.
From the measurement of the level difference (see fig. 3) we calculated:
grad p.
With eq. (9) we obtained:

>

dpvfdT
4r)ll \ 1 + PS - dPv/dT
It was also possible to calculate Rev from the measurements of the temperature using London’s equation:

P2r3g /

■

SdT.
From the total heat input we calculated:
2rpvn
With eq. (3) we obtained:
Rgv

’

2W
nrrtnST

(

21)

It should be pointed out that the calculated number Rev is an average over
the length of the capillary, since we replaced grad p by Ap\l. The correct
value of Rev, corresponding with the thus obtained Rep, should be found by
averaging Re\ 75 over the length of the capillary. In our experiment,
however, only such small temperature differences occurred, that it was
justified to use the data corresponding with the high temperature side o
calculate ReVn. This may be seen as follows.
We can write:
grad p oc
and with eqs. (4) and (21):
grad T oc
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3p2S \ nrr/nST

oc T -17

This shows that the temperature gradient is smallest at the high temperature
side, thus the average value of ReJ;75 is very near to the value of Re™5 at
the high temperature side.
The results are shown in the figures 6 and 7. Equations (19) and (20)
corresponding with respectively laminar flow and turbulent flow are
represented by the solid lines. For ease in distinguishing the several temper
ature regions we have shifted the scale of Rep in the logarithmic plot. As
one can see, the agreement with the empirical f o r mula of B lasiu s for
ordinary liquids is striking. However, contrary to ordinary fluids, where
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6. Flow characteristic for the 82 y capillary.
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D
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the value of the lowest critical Reynolds number equals 2300, here all the
diagrams show that this number is much smaller, Rev = 1200, and is,
within experimental error, the intersection point of the two branches;
whereas with increasing velocity it is possible to establish laminar flow
up to Reynolds numbers as high as 5000.
1
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i

] i

io -/-=

Z —IO2—Ay--- 'O3- ^ - ~ V I0<'
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Fig. 7. Flow characteristics
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= 1.999°K
= 1.703°K

1.803°K
= 2 .104°K
= 1.598°K
1.899°K
=
=

:

“ overflow m eth o d ”
T = 2.008°K
T = 1.807°K
T - 1,900°K

4. The “overflow method”. In order to investigate whether indeed the
relative velocity should be equal to and not surpasses the critical velocity
for the validity of eq. (20), we also performed measurements with large
relative velocities. For this purpose the same apparatus was used; the only
difference in technique being that the apparatus is initially filled with
helium up to the bend D of the copper capillary (see fig. 3). After supplying
heat with the heater H, the space above the superleak is emptied into the
manometer tube M 2 due to the fountain effect across the superleak. A
further increase of the heat input gives rise to an increase of the temperature
and an allied increase of the vapour pressure in manometer tube M 2 . An
increase of the vapour pressure would drive the level in the manometer tube
downwards giving as a result a flow of helium over the bend D to the upper
side of the superleak and a successive transport through the superleak by
the fountain effect. Thus level B at the bend D as well as level A in the
manometer tube M 2 remain at the same height during the experiment and
are only slightly influenced by the increase of the heat input. The most
considerable contribution to the pressure difference across the capillary
in this case is determined by the vapour pressure at both sides of the capillary;
the pressure difference due to the level difference being relatively small
compared with the vapour pressure difference. Therefore the pressure
difference across the capillary can be very accurately determined from the
temperature measurement after a small correction due to the fixed level
difference has been applied. Hence the aforementioned difficulty with
respect to the pressure difference (section 1) associated with a pure heat
conduction experiment does not occur. When using this method, we found
as indeed should be expected that the equation of London did not hold
anymore. The ratio
/p S dT/Ap
Ti

varied between 3 and 12, which indicates that there was a big difference
between the superfluid and the normal fluid velocities and that mutual
friction strongly influenced the temperature differences. The deviations from
London’s equation at a temperature of T = 1,7°K are shown in fig. 8,
where Ap and AT are plotted logarithmically. The slightly curved full drawn
line A represents London’s equation Ap = f pS dT, whereas curve B
represents the measurements with the “overflow method” at the same
temperature. The shift of the curve corresponds with a factor of 10 in the
pressure difference.
Nevertheless we found that the results still satisfied eq. (20). They are
shown in fig. 7, indicated by “overflow method” .We may emphasize that
Reynolds numbers Rev up to values as high as 35000 have been reached by
this method, while the velocities of the superfluid and the normal fluid
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were very different. These results therefore prove that there is no restrictive
condition with respect to the relative velocity for eq. (20) to be valid.

Fig. 8. Comparison of the measured pressure differences obtained from the respective
methods at a temperature T = 1.7°K, using the 255 p capillary.
A. without effective mutual friction.
B. “overflow method".
C. “pure heat conduction” method.

■ 5. The “pure heat conduction method". Subsequently we have completed
our research on turbulence by considering the case of no net mass transfer.
For this purpose we removed the superleak S from the apparatus and closed
the ends of the tubes between which the superleak previously had been
located. As we mentioned in the introductory part of this paper, such a
heat conduction experiment in a tube filled with Helium II is described
by a normal fluid flow, which transfers the heat, accompanied with a
counterflow of superfluid in such a way that there is no net mass transfer. The
counterflow of the superfluid gives rise to mutual friction resulting in the
break-down of London’s relation. According to K eesom and S a r is 7),
the temperature gradient and the heat flux are now related by the empirical
equation:
<p = constant X T 5 (grad T)lJ*
from which one can see that the temperature gradient increases much faster
with increasing heat input than in the case without mutual friction.
We measured the temperatures T 2 and the level differences h as a function
of the heat input keeping the temperature T 1 constant. The effective
pressure difference is given by:
Apett = Apy + pgh
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where Apv denotes the vapour pressure difference. The observed level
difference h appeared to be in general negative. With our apparatus it was
possible to make suitable measurements in a restricted temperature interval
only because:
i) Apejf should be measurable with enough accuracy (see section 1).
ii) the critical Reynolds number should be exceeded appreciably, for we
were especially interested in the turbulent region. These conditions imply
that the heat conductivity must be as high as possible and at the same time
the entropy, which enters in the Reynolds number (21), as low as possible.
The results of the measurements performed with the capillary of 255 p,
in diameter at a temperature of 1.703°K are given in table II.
TA BLE II

w
/iW

Ti

h

"K

mm He

i o - 3« « „

10~ » R e p

686
620
590
515
440
381
322
268
175
74.6

1.7438
1.7335
1.7288
1.7195
1.7135
1.7093
1.7068
1.7053
1.7040
1.7039

-1 2 2 .0 6
- 86.42
- 71.70
- 42.72
- 23.80
- 12.15
- 5.09
1.28
+
1.61
+ 0.80

3.34
3.15
3.06
2.76
2.43
2.15
1.83
1.53

7.71
7.12
6.21
5.22
4.07
2.98
2.43
1.82
0.90
0.45

1.01

0.43

For completeness the relation between Apett and the measured temperature
differences in this heat conduction experiment is also represented in fig. 8

Fig. 9. Flow characteristic for the “pure heat conduction” method.
T = 1.7°K, 255 y. capillary.
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curve C. From this graph one m ay compare the m agnitudes of m utual
friction appearing in the various experiments. Also in this case eq. (20)
is found to be satisfied (see fig. 9), and we m ay finally conclude th a t eq. (20)
is always valid independent of the m agnitude of the relative velocity.
The result gives a good support for the original statem ent encountered
in the equations of G o r t e r and M e ilin k , th a t m utual friction directly
influences only the tem perature differences b u t not the pressure differences
and moreover th a t w ithin the limits of our experim ental superfluid velocities
there is no observable interaction w ith the wall since this would directly
affect the pressure difference.
6. Turbulence in gravitational flow. Experim ents on isotherm al gravita
tional flow have been performed by A lle n and M is e n e r 18) (1939),
A t k i n s 19) (1951) and recently by B h a g a t 20) (1960).
The early paper of A lle n and M is e n e r does not contain sufficient
inform ation to enable us to make rigorous recalculations and therefore we
will not consider these results here, except to rem ark th a t J o n e s 21)
indicated th a t the results of A lle n and M is e n e r for the flow in wide
capillaries could qualitatively be interpreted by assuming th a t turbulent
flow occurred.
A t k i n s 19) studied the dependence of the mean flow velocity on the
pressure gradient. According to eq. (2) the observed mean velocity is:
V — Z>n-------- ©r

P

in which vn can be calculated from eq. (5) and vT can be estim ated in the
following way: According to eq. (15), the equation of motion of the superfluid
in the case of isotherm al flow is:
0 = — — grad p — Apspn(v8 — €>n)3
P

from which we find the relative velocity:
, ( grad p \ 1/*
— ®s = + 1 . " - I •
\ Appn )

VT =

(

22)

For lam inar flow the dependence of the mean velocity v on the pressure
gradient is then expressed by:
y2

v =

grad p

Ps_ / grad p \ 1/3

p \ Appn )

(23)

For capillaries w ith a small diam eter the first term is small compared
w ith the second one. A t k i n s noticed th a t the values calculated from the
first term exceeded the observed velocity for the wide capillary of 440 jj.
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in diameter. Estim ating the range of Reynolds num bers for this capillary
we found th a t the flow should have been turbulent. Therefore we calculated
the first term of eq. (23) using eqs. (12) and (20):
_ _

?7n (
1
2rp \ 4.94 X 10~3

r 3p grad p y /r
4ij*
/

The dependence of wn on the pressure gradient is shown in fig. 10 curve C
and the dependence of the mean velocity v on the pressure gradient, calcu
lated from:
v = -

(
1
. r3P grad p y /;
2rp \ 4.94 X 10~3
4r)l
)

pa_ ( grad p
p \ Appn )

is shown in fig. 10 curve B. We used the value A = 40 cm s g -i. I t seems
th a t there is still no reason here to introduce a friction term F s(va) in the
equation of motion as was suggested by A t k i n s to explain these results.

grad, p

dyn cm-3

Fig. 10. Gravitational flow.
A. result of A t k i n s obtained with a capillary 440 p in diameter at a temperature
of 1,22°K.
B. calculated dependence of the flow velocity v.
C. calculated dependence of the normal fluid velocity vn.

Recently experiments on gravitational flow through wide capillaries have
been performed by S. M. B h a g a t »>). Generally if h denotes the level
difference in a gravitational flow experiment, it is clear th a t a straight line
dependence of log h on the tim e attests to lam inar flow of the liquid through
the capillary, since this expresses the linear relation between h (a measure
of the pressure head) and dh/dt (a measure of the velocity). The kinem atic
viscosity can be calculated from the slope of the straight line according
to the relation:
1 d h __
_____
h dt

JD

p

rj

(24)
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where B is a constant of the apparatus. As eq. (24) is not satisfied in the
case of Helium II, B h a g a t introduced an “effective viscosity” , rj^u from
the slope of a graph of log (h + c) versus time, where the constant c was for
each run adapted in such a way, that log(A + c) showed a linear dependence
on the time in the considered range of level differences and analogous to
eq. (24) the “effective viscosity” was then calculated from:
h + c dt

(25)

r)ett

As we shall show now, B h a g a t’s “effective viscosity” can be calculated
from turbulent flow. In the paper of B h a g a t the “effective viscosity”
was given as a function of the initial level difference hi (fig. 11 curve A).

30 —

20

—

O

hi

25 mmHc 3 0

5

Fig. 11. A. B h a g a t’s "effective viscosity” as a function of the initial level difference.
B. calculated “effective viscosity” with vn ^ vs
C. calculated “effective viscosity” with va = vs
0 : B h a g a t’s experimental data.

If we assume that the constant c is small compared with the initial level
difference we may approximate eq. (25) by eq. (24) for h equal to hi, but
this comes to the same as an equation analogous to Poiseuille’s formula:
rjeti = — gradi p

(26)

in which grad^ is the initial pressure gradient. If we assume in a first
approximation, that there is no difference between superfluid and normal
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fluid velocity, v equals vn and according to eq. (12) we can write:
VnRev
v = vn = — ---2rp

,
'
A
and grad p = ————.
pr3

Inserting these expressions in eq. (26) we obtain:
Rep
Rev

Veit = Vn s

—

•

As the flow is turbulent we assume eq. (20) to be valid and we find:
»?eff = 4.80 X \0-2r)nRep3h '

(27)

and we are able to calculate the "effective viscosity” as a function of the
initial level difference h\ (see fig. 11 curve C).
However, in the calculations performed above, we assumed that the
superfluid and the normal fluid move together with the same velocity and
we did not take into account that the superfluid has another velocity than
the normal fluid. According to eq. (2):
Ps
P VD

® = »n

in which the velocities vT and vn have opposite signs, the former calculated
“effective viscosity” is decreased by a factor:
/ 1
\

_ 8s

\

p~€nJ'

The relative velocity vr can be estimated from eq. (22). The calculated
effective viscosity in which we took account of a difference between the
velocities of the normal fluid and the superfluid are also shown in fig. 11
(curve B). We used the value A = 7 0 cm s g-1 22). It should be pointed
out that according to eq. (25) the "effective viscosity" is enlarged by the
introduction of the constant c. Thus our calculated "effective viscosity”
must be smaller than the value given by B h ag at. The curve B confirms
this requirement. As we don t have the exact data of B h a g a t’s experiments
a further quantitative analysis is not opportune, but it is likely that also
these results may be explained by assuming the validity of equation (20).
7. Some reflections on the equations of motion for turbulent flow. Our
experimental results previously described indicate that the turbulent
behaviour of He II is governed by the Navier Stokes equation:
dt>n
P —g - = -g ra d p + rinF^Vp

(28)

independent of the relative velocity.
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As a matter of fact, our results deal with time averaged solutions of
such an equation corresponding to a quasi stationary flow. The terms
including 8/dt should vanish and in fact our starting point should be a time
averaged equation of the form:
p( tv grad) v j = — grad pl

+

rynV2Vn.

(29)

On the other hand, we should consider eq. (17) as one of the two fundamental
equations of the two fluid model:
Pa —

df

+ Pn —— — — §rad p + ^nP72^ .
dr

(17)

After averaging over the time we deduce from (17):
ps(tVgrad) vB* + pn(*Vgrad) vn* = — grad p*

+ r]nV2Vn

(30)

Comparing the left hand side of eq. (30) with that of eq. (29), we arrive
at a condition:
(iVgrad) Vs = (t>n-grad) vnl

(31)

which should be satisfied to make the equations consistent and moreover
in agreement with our exprimental results (For a laminar flow through a
tube (tvgrad) vn equals zero). In order to understand condition (31) more
fully we consider the instantaneous velocities vn and vs to be build up from
a constant drift velocity v° equal to the mean velocity (averaged over time
and cross section of the capillary) and a time dependent velocity vK Thus:
vs = v f + v[
and
i’n = v? + *4

(32)

with the additional conditions:

»T = o
and
^ - 0 .

(33)

In first approximation the temperature along the capillary should be
considered as constant and hence the drift velocities are constant along
the capillary.
After substituting eqs. (32) and (33) into eq. (31) we arrive at the con
dition :
(«‘•grad) i>1* = («4•grad) *

4

(34)

We may remark that the condition does not contain the drift velocities
and that a coupling of vlu and v\ according to eq. (34) only is sufficient to
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satisfy (31). It is not possible to work out equation (34) generally without
further information. But in any case we may state that one possible solution
is given by:
»n =

(35)

< ■

Although there are of course other solutions eq. (35) has the merit of having
a simple physical meaning if some kind of mutual friction exists. From the
existing heat conduction experiments, using eq. (15) with the acceleration
term equated to zero, it is found that the mutual friction constant A in the
turbulent region, within the limits of accuracy, does not show a deviation
from the value determined in a laminar flow. It is therefore possible that
the acceleration of the superfluid has to be attributed to a mutual friction
in addition to the mutual friction depending only on the drift velocities of
both fluids.
III.

T U R B U L E N C E IN L IQ U ID

3He-4He

M IX TU R ES

1. Apparatus and method. With an apparatus as was described in 1958
by K. W. T a c o n is 23), measurements were performed on flow of liquid
3He-4He mixtures in the He II region. It should be pointed out that this
was an experiment to study the characteristics of the two fluid model for
mixtures in a rather qualitative way only. For completeness, however, we
thought it would be useful to give some results of these measurements here.
The apparatus shown in fig. 12 consists of two glass vessels A and B
communicating with each other by the capillaries a and b. Vessel A and the
two capillaries are insulated by a vacuum jacket. A heating coil H wound
around a copper wire and a “de Vroomen-type” carbon thermometer THa
were soldered into two platinum tubes P which were previously inserted
through the glass bottom of the vessel A in such a way that heater and
thermometer were in intimate contact with the liquid mixture in A . Another
thermometer Ths was put in vessel B. The vessels were connected to a
differential oil manometer M l outside the cryostat. Vessel B was also
connected to a separate oil manometer M 2 with which the pressure difference
with the surrounding helium bath could be measured. The mixture was
condensed to the extent that the liquid level was observed half way up the
vessel A. The level in B was observed to attain the same height.
When the temperature in A is increased by the heater H, the superfluid
flows from B to A and hence a fountain pressure difference is built up;
simultaneously a normal fluid flow takes place from vessel A to vessel B.
This normal fluid flow is accompanied by a flow of 3He which effects an
increase of the 3He concentration in vessel B. Moreover, at the same time
the vapour pressure difference resulting from the rise of the pressure
corresponding with the increase of the temperature in vessel A, diminished
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by the rise of the pressure due to the increase of the concentration in vessel
B, leads to a gas flow through the capillary a from vessel A to vessel B.
The vapour is relatively rich in 23He and consequently this also causes an
increase of the 3He concentration in vessel B. Due to the arising con
centration difference, a very large osmotic pressure is created opposing
the large fountain pressure and the normal fluid flow is reversed as soon as the

Fig. 12. Flow apparatus for 3He—4He mixtures.

osmotic pressure surpasses the fountain pressure. After some time, a stationa
ry state is reached with a level difference as shown in fig. 12, and it is re
markable that a heat flow has been created from a lower temperature in
vessel B to a higher temperature in vessel A (see also next section).
2. Numerical evaluation and analysis of the flow phenomenon. In the
stationary state the number of moles of 3He flowing through the capillary
a has to be equal to that flowing through capillary b. If we realize that the
concentration of the vapour flowing through the capillary a equals the vapour
concentration of vessel A we may write for the number of moles per second
passing a cross section of one of the capillaries:
.

nr%£>36p \X i ^ rcr^v^apvX VtA
-
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=

Mi

Ml

*

in which:
ra and rb
v^a andw36

are the radii of the capillaries a and b,
the mean velocities of the 3He averaged over the considered
cross-sections,
pi and pv
the densities of the liquid and the vapour in g cm-3,
X VtA and Mv the molar concentration and the molar weight of the vapour
in vessel A,
X i and Mi The molar concentration and the molar weight of the liquid
passing the considered cross section of capillary b.
From the vapour pressure and temperature measurements in both vessels
A and B the concentrations of the liquid and the vapour can be derived
from the well known P -T -X relation 24)25)26) Qf these mixtures. As the flow
of the gas mixtures in capillary a is laminar and the viscosities of the vapour
mixtures are known from the work of B ecker, M isenta and Schm eissn er 27), we can derive the velocity of the 3He in the capillary a from the
measurement of the vapour pressure difference Apy using Poiseuille’s law:
Afiy
where la is the length of the capillary a. Consequently A 3 can be calculated.
According to the energy balance applied as a check to vessel A, the amount
of heat supplied to vessel A equals the heat needed to evaporate liquid of
the vapour concentration X Via , diminished by the energy supplied by the
heat flow through the capillary b. The calculation showed us that it was
necessary to include a correction to the pressure difference across the
vapour capillary, known as the Hagenbach correction. This correction
arises from the decrease in the pressure due to accelerated motion at the
entrance of the capillary a. The effective pressure difference is obtained
after the subtraction of pvv\a. The proper value of A 3 is obtained after
applying this correction.
From the fact that the velocity of the 3He in the liquid equals the velocity
of the normal fluid, the Reynolds number in capillary b is known to be:
Kev =

2rbv3bp\
—

Vi

and with eq. (36):
R&V —

2A 3M 1

7trbt]iX i

(37)

It appeared that the value of Rev was high enough to expect turbulence.
We therefore calculated the corresponding value of Rep according to the
scheme given in the second part of this chapter. Rep is determined by the
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measurement of the hydrostatic pressure difference across the capillary b.
Ap\

=

pigAh

—

Apy

where Ah and Apv denote the level difference and vapour pressure difference
respectively. Rev is thus determined by:
Rev =

{pigAh

—

Apy)

(38)

Arj{lb

in which lb denotes the length of the capillary b. We may point out that
Rep according eq. (38) is an average over the length of the capillary because
grad p is replaced by Apjl. In order to obtain the corresponding value of
Rev one should consider the conditions in the capillary in more detail,
because it seems likely that v3 may vary during the flow from B to A as the
concentration difference and the temperature difference are unusually
large: e.g. X B ~ 8% and TA - TB ~ 0.2°K. Using the conditions
that the entropy flux and the 3He flux are constant along the channel b,
it is found that the temperature and the 3He concentration are related to
each other. Along the capillary, the temperature and the 3He concentration
both increase, both decrease or both remain constant. This seems to contra
dict the observations, as it is found that the liquid concentration in vessel
B is higher than the liquid concentration in vessel A , and the temperature
of vessel B is lower than the temperature of vessel A. This apparent dis
crepancy can be explained as the following considerations show. If we
assume that going from B to A the temperature increases along the capillary,
the condition that the entropy flux remains constant along the capillary
requires that also the 3He concentration increases going from B to A. This,
however, means that the fountain pressure gradient as well as the osmotic
pressure gradient in the capillary b would drive the normal fluid (including
the 3He) in the opposite direction of the observed flow. We may therefore
conclude that temperature and concentration do not increase going from
B to A.
On the other hand, if we start from the assumption that the He concen
tration along the capillary remains constant, then for the same reason as
mentioned above, also the temperature should be constant along the capillary.
This implies that there is neither an osmotic force nor fountain force
acting on the superfluid inside the capillary, hence there is no force opposing
the mutual friction force on the superfluid. In this case the superfluid should
flow in the same direction as the normal fluid does. Moreover at the exit
of the capillary in vessel A a strong decrease of the concentration and a
strong increase of the temperature appear. As the osmotic pressure differ
ence exceeds the fountain pressure difference, the effective pressure gradient
drives the superfluid out of vessel A into the capillary. The transfer of 4He
to the exit of the capillary from both sides results however in a decrease
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of the concentration near the exit. Hence the initial condition of constant
concentration and temperature along the capillary cannot be maintained
and the process will continue until a stationary condition is reached with
an osmotic pressure gradient and a fountain pressure gradient at the exit
of the capillary which nearly compensate each other. We may finally
conclude that going from B to A the concentration contineously decreases
along the capillary from a value X b( ~ 10%) to a value X e(~5% ) at the
end of the capillary and near the exit in vessel A further decreases to the
mean concentration X a of vessel A (~2% ). Consequently going from B
to A the temperature must continuously decrease along the capillary from

Fig. 13. Flow characteristic for the 3H e-4He mixtures,
o : T b = 1.709°K
□: TB = 1.510°K

a temperature Tb ( ~ 1.7°K) to such a temperature T e(-—d ,5°K) that the
temperature increase T a — T e (~0.4°K) at the exit corresponds to the
concentration decrease X e —X a ('—'3%) at the exit according to the afore
mentioned condition with respect to the osmotic pressure gradient and
fountain pressure gradient.
It is clear that the temperature and the concentration at the entrance
of the capillary in vessel B are equal to the measured temperatures and
concentrations of vessel B. The temperature and concentration at the end
of the capillary in vessel A, however, should be calculated from the con
ditions that the entropy flow density and the 3He flow density are constant
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along the capillary and from the equilibrium condition between the osmotic
pressure and fountain pressure near the exit of the capillary in vessel A.
Now at both ends of the capillary Rev can be calculated from eq. (37). In
a first approximation we may assume grad p to change linearly along the
capillary. According to eq. (20) the value of Rev corresponding to the average
value of Rev calculated from eq. (38) must be obtained from averaging
Re\-75 over the length of the capillary.
TA BLE III
Tb

Ta

"K

°K

1.5099

1.7088

XB .

X

a

1.601
1.787
1.786
1.648
1.704
1.740
1.591
1.642
1.691

%
11.2
14.6
14.6
12.5
13.5
14.0
10.2
11.3
12.1

%
7.67
3.94
3.94
7.10
5.83
4.99
7.28
6.51
5.53

1.764
1.960
1.810
1.856
1.881
1.935
1.893
1.843
1.803

9.44
13.0
10.9
11.6
11.8
10.0
9.42
8.95
8.53

7.63
2.97
6.86
5.67
4.97
2.17
2.93
4.27
5.27

A pv
dyn/cm 2

Api

Te

X e

dyn/cm 2

°K

100
519
520
215
322
404
96
205
328

58
279
281
170
246
274
56
175
251

1.46
1.27
1.27
1.41
1.35
1.30
1.46
1.42
1.38

%
9.4
8.1
8.1
9.7
9.4
9.0
9.2
8.9
8.7

75
531
152
227
290
546
396
237
149

60
244
133
191
214
234
250
198
142

1.69
1.56
1.66
1.64
1.62
1.50
1.61
1.64
1.67

9.0
8.6
9.3
9.2
9.0
5.5
6.8
7.3
7.4

\0 ~ * R e v

10-3i?e„

1.88
4.34
4.62
3.27
4.01
4.33
2.11
3.28
4.28

2.82
11.4
11.5
7.64
10.6
11.6
2.82
8.34
11.45

1.60
3.31
2.51
2.93
3.22
4.30
3.74
3.32
2.70

2.55
8.45
5.19
7.22
8.00
9.60
10.62
8.69
6.13

Dimensions of the capillaries
a and b
diam eter length
capillary a
capillary b

253 [X
156 (x

2 cm
2 cm

The results of the measurements and the calculations are given in table
III and shown in fig. 13. Once again it is to be seen that also for mixtures in
the case of turbulence the flow phenomena are satisfactory described by
eq. (20). It should be mentioned that these measurements were performed
three years ago and were not understood as laminar flow was assumed
(using density pn). However the obtained viscosity was so dependent on the
velocity that turbulence was indicated. This was in fact the reason to start
our work on the viscosity 28) of mixtures and the research on turbulence.
Finally we remark that from the equation of motion of the superfluid
the value of the mutual friction constant A was estimated to be about
70 cm s g_1. This value is of the same order of magnitude as the value
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found for pure 4He which indicates that the influence of the presence of
3He on the value of A might be small.
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Ch a p t e r

III

SUPERFLUID FLOW IN WIDE CAPILLARIES
S u m m ary
A m ethod is described to d etect th e phenom enon of m u tu a l friction in a superfluid
flow w ith th e norm al fluid a t rest. I t was found, as was expected, th a t th e m u tu al
friction varied w ith a th ird pow er of th e superfluid velocity. T he critical velocities of
o n se t of m u tu a l friction have been m easured as a function of th e tem perature.

1. Introduction. We discussed the results of several types of heat flow
experiments in wide capillaries 1) in chapter II. One of the important con
clusions of the experiments was that the superfluid showed no interaction
with the wall of the capillary. Even at very high velocities only mutual
friction was found as suggested originally by G o rte r and M e ilin k 2).
As we plan now to study again the onset and characteristics of the mutual
friction, we like to discuss here some preliminary work of a few years ago
in this field 3). In these experiments a wide capillary was put in series with
a superleak, and surrounded by vacuum. A stationary flow of helium II
created through such a capillary can only exist as a superfluid flow, because
the superleak prevents normal fluid flow. The motion of the superfluid and
the normal fluid respectively are described by the equations 2) :
Pa — ^ = —— grad p + p8S grad T — Fsn
d<
p

(1)

and
Pn

dtf

= —— gra(I P — Pa$ grad T + »?nl72t,n + Fsn
p

(2)

where according to G o rte r and M eilink Fan denotes the mutual friction
force per unit volume acting between both fluids and the other symbols
have the standard meaning *).
If we assume stationary laminar flow of the superfluid without normal
fluid flow the addition of these two equations gives:
grad p — 0

(3)

and the first equation is transformed into:
Egn = pBS grad T
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(4)

It is found from heat conduction experiments that mutual friction appears
to occur at relative velocities vs — vn higher than a certain critical value of
the relative velocity. Below the critical velocity no mutual friction is ob
served. We were especially interested in the onset of mutual friction and
therefore we intended to measure the temperature gradient effected by
mutual friction according to (4).
G o rte r and M eilink put the mutual friction force per unit volume:
Fan = Apapn(vs — an)3

(5)

and in the case of vn = 0:
Fsn = Ap8pavl = pas grad T.

(6)

2. Apparatus, method and results. The apparatus used in the first ex
periment is shown in fig. 1. The capillary C (290p. in diameter and 4 cm
in length) is connected to a superleak S. The other side of the superleak was
connected to a vessel B in which a heater H was placed. The superleak and
the capillary are both insulated by a vacuum jacket. A manometer tube M
is mounted between the capillary and the superleak. The whole apparatus
is movable vertically. The apparatus was immersed in the helium bath in

Fig. 1. Apparatus.

such a way that one level appeared in vessel B above the heater H and
another level in manometer tube M (see fig. 1). Superfluid flow is effected
by supplying heat in vessel B with the heater H . The level in vessel B will
move upwards gradually due to the fountain effect. We measured the flow
rate in a stationary condition by following the level in vessel B with a
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cathetometer, while the level difference Ah remains constant. The superfluid
velocity v8 in capillary C can be calculated from

in which
R b is the radius of vessel B,
r the radius of the capillary C,
vB the velocity of the level in B.
At the same time we measured the level difference Ah between the level in
the manometer M and the bath level. This level difference is a measure for
the temperature difference across the capillary C. The temperature gradient
arises from the mutual friction in the capillary. The normal fluid is dragged
along with the superfluid in the direction of A (see fig. 1). This gives an
increase of the temperature in A, which is observed by the increase of the
vapour pressure in M with respect to the vapour pressure of the bath. The
level difference Ah is plotted in fig. 2 as a function of the superfluid velocity

Fig. 2. The level difference Ah in cm He column as a function of the superfluid velocity
in the capillary.
o: T = 1.89°K
®: T = 1.48°K
o : T = 1.60°K
a : T = 1.23°K

vs- The temperature difference AT across the capillary can be calculated
from Ah, which level difference is effected by the vapour pressure only;
because there can not exist a pressure gradient in the capillary. The
measurements were performed at 4 different temperatures and it was found
that they can be represented by a third power dependence at a temperature
of 1.9°K. At lower temperatures the power may slightly differ from the
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third power. From the third power dependence of Ah on v8, we can calculate
the value of A from eq. (6). A vapour pressure difference Ah corresponds
to a temperature difference
AT = - PgM
{dpy/dT)

8

( )

and With eq. (6):

A

SgAh
(pn/p) {dpy/dT) lv%

9

( )

TABLE
The m utual friction constant

T{° K)
I 1.89
A (cm s g -1) | 130

1.60
135

A

1.48
85

1.23
64

The values calculated with eq. (9) are given in the table. The critical velocity
appeared to be so low that it was impossible to detect the appearance of
the temperature gradient. In order to obtain data on the critical velocity
the following consideration was very useful:
A temperature difference measurement based on the fountain effect is
more sensitive than a temperature difference measurement based on the
vapour pressure difference. Using a superleak, from London’s relation:
Ap = pgAh

=

pSAT

the temperature difference can be calculated from:
00)

Comparing this with eq. (8) we conclude that the sensitivity of the temper
ature measurement calculated from eq. (10) is multiplied by a factor
PS
{dpy/dT)

---------—------------- ~

12

Moreover we can choose a capillary of one meter length instead of one of
4 cm length. This will enlarge the sensitivity by another factor of 25. And
therefore if we use a superleak and a capillary of one meter length the sensi
tivity is enlarged by a factor of 300. We therefore constructed another
apparatus (see fig. 3).
The capillary C was connected to a conical vessel K through a porous
jewellers rouge plug S, which served as a superleak. The capillary (260 (i in
diameter and one meter length) and the superleak were insulated again
by a vacuum jacket V. Good thermal contact between vessel K and the
bath was ensured by two copper rings R. To diminish the effect of radiation,
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the whole vessel K was wrapped with cotton cord. The level height in vessel
K could be observed in a side tube T. In order to eliminate the effect of
capillarity another tube of the same diameter was placed next to tube T
in which we could observe the level corresponding with the bath level. The
whole apparatus is movable in a vertical direction. The measurements were
performed by the following procedure: The vessel K was partially immersed
in the helium bath. The temperature of the helium bath was kept constant

Fig. 3. Apparatus.

within 10~5 degrees. By supplying more or less heat with a heater in the
helium bath we could regulate the evaporation of the bath. A fall of the bath
level with constant velocity and an allied fall of the level inside the conical
vessel gives as a result a superfluid flow in the capillary C with a slowly
increasing velocity. The positions of the levels in the side tubes were both
measured as a function of the time. Initially they both move with the same
velocity. A small constant difference is observed due to some radiation into
tube T. Suddenly after some time the level in tube T lags behind and shows
an extra level difference corresponding with a temperature difference across
the superleak. The temperature at the end of the capillary just below the
superleak is suddenly decreased and a temperature gradient along the
capillary exists according to equation (6). A typical example of a run is
given in fig. 4. The critical velocity in the capillary corresponding with the
sudden increasing of the level difference in the side tubes is calculated from
a formula analogous to eq. (7). The measured critical velocities are shown
in fig. 5 which shows a pronounced maximum at T = 1.5°K of 0.5 cm/s.
It appears that the magnitude of 0.5 cm/s is of the order we can expect:
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in the case of a capillary, 260
“Liquid Helium”) 4).

fi.

in diameter (see for instance Atkins

Fig. 4. The level difference Ah as a function of the time.

Fig. 5. The critical velocity as a function of the temperature.

The highest temperature gradients measured in the capillary are still
smaller than the temperature gradients which can be expected from eq. (6),
indicating that the measurements performed above the critical value are
situated in a kind of transition region below the third power mutual friction
curve 5).
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SAMENVATTING
Teneinde viscositeiten te meten van 3He—4He mengsels en zuiver 4He
in het Helium II gebied werden bij de experimenten, die in dit proefschrift
zijn beschreven wijde capillairen aangewend in afwijking van de meestal
gebruikte nauwe spleten. Hierdoor werd een hoge nauwkeurigheid bereikt.
In het eerste hoofdstuk worden de metingen van de viscositeit van 3He-4He
mengsels in het Helium II gebied boven 1°K beschreven. Deze metingen
werden verricht met behulp van een zogenaamde Oswald viscosimeter. Bij
niet al te kleine 3He concentraties levert het gebruik van de isotherme
methode geen moeilijkheden op, daar eventuele concentratieverschillen door
optredende osmotische drukken worden onderdrukt. De viscositeit is dan
gemakkelijk te bepalen omdat de vloeistof zich tijdens de stroming gedraagt
als een gewone vloeistof, d.w.z. het 3He en het 4He stromen met dezelfde
snelheid door het capillair. Bij zeer lage concentraties treedt er tijdens de
stroming een ontmenging op. De viscositeit kan in dat geval toch nog op
eenvoudige wijze berekend worden. Extrapolatie van de viscositeiten naar
concentratie nul (zuiver 4He) blijkt, uitgezonderd een kleine afwijking bij
hogere temperaturen, een bevredigende overeenstemming te geven met de
gemeten waarden voor het normale fluidum van zuiver 4He, die bepaald
werden door H e ik k ila en H ollis H a l l e t t met de roterende cylinder. Dit
is een experimentele bevestiging van de uitspraak dat het 3He deelneemt
aan de beweging van het normale fluidum. De bij dit experiment gevonden
viscositeiten stemmen op bevredigende wijze overeen met het door Z h a rk o v
theoretisch voorspelde verloop van de viscositeit bij lage temperaturen en
zeer verdunde mengsels.
De bovengenoemde kleine afwijking gaf ons reden de capillaire methode
ter bepaling van de viscositeit van het normale fluidum van zuiver 4He te
verbeteren. Tot nu toe leverde, wegens het optreden van de wederkerige
wrijving, de capillaire methode bij 4He moeilijkheden op indien men met
wijde capillairen de viscositeit van het normale fluidum trachtte te bepalen.
In het eerste gedeelte van het tweede hoofdstuk wordt een toestel beschreven
waarmee deze moeilijkheden zijn geëlimineerd. De metingen werden verricht
met drie capillairen van verschillende afmetingen en inderdaad werden de
reeds vermelde afwijkingen van de metingen met de roterende cylinder
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bevestigd. Het tweede gedeelte van het tweede hoofdstuk is gewijd aan het
verschijnsel turbulentie. Het blijkt dat de stroming, onafhankelijk van de
snelheid van het superfluidum, beschreven kan worden met behulp van een
Reynoldsgetal, dat o.a. de totale dichtheid van de vloeistof en de snelheid
van het normale fluidum bevat. Aan de empirische formule van Blasius voor
turbulentie van gewone vloeistoffen wordt altijd voldaan indien men dit
Reynoldsgetal gebruikt. Dit gedrag kan verklaard worden als men aanneemt
dat de snelheidsfluctuaties van het superfluidum en die van het normale
fluidum cohaerent zijn. Binnen de grenzen van de meetnauwkeurigheid is
aangetoond, dat het superfluidum geen direkte wisselwerking heeft met de
wand. Een wisselwerking van het superfluidum met de wand heeft slechts
plaats via het normale fluidum. De in het getal van Reynolds voorkomende
snelheid van het normale fluidum werd steeds berekend uit de warmtestroomdichtheid. Daar bij een 3He-4He mengsel het 3He zich met de snelheid
van het normale fluidum beweegt is het mogelijk het Reynoldsgetal te
berekenen uit het 3He transport door het capillair. Een toepassing hiervan
vindt men in het derde deel van het tweede hoofdstuk waar een experiment
wordt beschreven met 3He—4He mengsels. Het bleek, dat ook in dit laatste
geval de klassieke beschrijving voor turbulentie opgaat.
In het derde hoofdstuk zijn twee experimenten beschreven waarin het
superfluidum stroomt terwijl het normale fluidum in rust blijft. De weder
kerige wrijving is binnen de bereikte meetnauwkeurigheid te beschrijven
met een derde macht van de relatieve snelheid van het superfluidum t.o.v.
het normale fluidum, zoals G o rte r en M eilink dit deden. De kritische
snelheden, gemeten in een capillair van 260 /i tonen een maximum bij een
temperatuur van 1.5°K.
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