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Introduction and survey

The work described in th is thesis  is  concerned with the dynamic
polarization of protons in dilute paramagnetic crysta ls in the temper­
ature region between 1 °K and 4 °K. This study was undertaken in
order to investigate the polarization process under different, well-
defined experimental conditions, and to obtain information about the
coupling of the protons with the electron spins in the sample. Further­
more, the collective behaviour of spin system s under the influence
of strong radiofrequency fields is investigated.

The possib ility  of increasing the magnetization of protons to a
value which is close to. the m agnetization of the paramagnetic ions in
the sample is of great in terest for elementary particle physics. The
polarized protons are used as scattering  centres for incident partic les,
so that the spin-dependent part of the scattering cross-section  can
be determined.

In chapter I two different theoretical descriptions of the polar­
ization process are given; the first one is  based on the calculation of
the populations of the Zeeman levels of the individual sp ins, the
second theory gives the behaviour of the tem peratures of the spih
system s as a whole in a rotating frame of reference.

The experimental arrangement and the procedure followed in
the measurements are d iscussed  in chapter II. In view of the import­
ance of the sp in-lattice  relaxation times of the spins that participate
in the polarization process, in chapter III a theory is  presented which
describes the nuclear sp in-lattice  interaction in terms of the spin-
spin and the sp in-lattice  relaxation times of the paramagnetic ions.
The observed values of the proton sp in-lattice  relaxation times in
the c rysta ls in which the polarization was studied are explained on
the b asis  of th is theory.

All polarization experiments were performed in single crysta ls
of L a 2Mg3(N 03) 12.24H20  (LaMN), to which a certain amount of para­
magnetic rare earth ions was added. These crysta ls with Nd ions as
polarizing spins represent the most simple system for studying the
polarization process: only one paramagnetic spin species is  present,
the sp in -lattice  interaction of which is  well understood. The ex­
perimental resu lts  obtained in these c rysta ls are given in chapter IV.
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Chapter V deals with the resu lts  obtained in LaMN crystals
containing Ce ions. For an adequate description of the proton polariza­
tion the phonon bottleneck in the Ce sp in-lattice  relaxation has to
be taken into account.

The influence of paramagnetic impurities different from the
polarizing spins was studied in single c rysta ls  of LaMN with 2.0% Nd
and various amounts of Ce or P r. The experimental resu lts  are d is­
cussed  in chapter VI.
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Chapter I

THEORETICAL DESCRIPTION OF NUCLEAR
DYNAMIC POLARIZATION

Introduction

In 1953 Overhauser suggested that it  should be possib le to
enhance the m agnetization of nuclei by saturating the resonance of
the conduction electrons in m eta ls1 .̂ This enhancement is  due to the
hyperfine coupling between the nuclei and the electrons; nuclear tran­
sitions are then induced when the electrons are flipped by an rf field.

This idea has been extended to many other system s containing
two different spin species, such as paramagnetic ions in hyperfine
interaction with their own nuclei2 ,̂ paramagnetic ions in liquids, in­
teracting with the nuclei of the solvent3'.  However, the only substan­
ces in which considerable nuclear m agnetizations have been obtained
so far are dilute paramagnetic c ry sta ls  where the protons of the water
of hydration have a weak dipolar coupling with the paramagnetic ions .
The dynamic polarization in these c ry sta ls  will be considered in this
thesis .

The electron-nuclear double resonance experiments are per­
formed by placing the sample in a microwave cavity operated at a
frequency v  « 1010Hz, in a s ta tic  magnetic field HQ. If the frequency
of the microwave field is  equal to v  * ve ± vn , where ve and vn are
the Larmor frequencies of the electron and the nuclear spins respect­
ively, "forb idden" transitions are induced which sim ultaneously flip
an electron spin S and a nuclear spin I. When the microwave irradiation
is  strong enough to saturate the forbidden transition, the nuclear
polarization will be enhanced by a factor of the order of 102 in favor­
able ca ses . Simultaneous observation of the nuclear resonance ab­
sorption is  used a s  a measure of th is nuclear polarization.

In part 1-1 th is method of nuclear dynamic polarization will be
described on the b asis  of the rate  equations for the Zeeman levels of
the individual spins . From the rate equations for the populations of
these levels the nuclear magnetization can be calculated . Although
this approach gives in a simple way a qualitative explanation of the
principal features of dynamic polarization experiments, it  is  known
that saturation of spin transitions in solids cannot be described ade­
quately by these  rate  equations. Therefore in parts 1-2 and 1-3 a more
correct approach will be presented.
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ƒ-!. Description of nuclear dynamic polarization based on the rate
equations

1-1.1. The rate equations

A dilute param agnetic crysta l containing n e param agnetic ions
with S = Vt and 1 = 0 ,  and n nuclear spins with I ■ lA belonging to
atoms different from the param agnetic ions, is  placed in a constant,
homogeneous magnetic field H0 in the z direction. The angular fre­
quencies of the two spin species are given by a>e = yeH0 and ctin = 7nHQ.
The Hamiltonian for the spin system s is

H — ticu 5! + lieu 2  I* + H
e j= i z n i=i z

The firs t two terms are the electron and nuclear Zeeman Hamiltonians,
the other terms represent the spin-spin interactions. If the external
field H0 is  so strong that the spin-spin in teractions are much smaller
than, the Zeeman term s, the eigenvalues of the Ham iltonian(I.l) are
defined to a good approximation by the quantum numbers Sz and I z.
The energy level diagram of a " ty p ica l pa ir"  consisting of one spin S
and one spin I is shown in fig.I.1. The sample can be considered as
a large number of such pairs; the terms H s s , H gI and Hu  are then re­
sponsible for the broadening of these  energy levels. Moreover the in­
teraction HgI contains operator products of the form I ±Sz which allow
for transitions of the type (Iz,Sz) (Iz ± 1» Sz ± 1) and (IZ.S2) "* (Iz *
S T 1). T hese transitions represent the sim ultaneous flipping of a
spin S and a spin I, which leads to a change in the distribution of the
nuclear spins over the energy levels, resulting in a nuclear polari­
zation.

In fig.I.1. a ll possib le transitions between the four energy levels
are indicated . Their influence will first be d iscussed  rather generally,
and then the rate  equations will be presented. The transitions should
be divided into two groups: those that are brought about by the crystal
la ttice  (the relaxation transitions), and those induced by the microwave
field.

The first group of transitions is  responsible for the estab lish ­
ment of an equilibrium distribution over the energy levels. It is  a s­
sumed that the crystal la ttice  vibrations (phonons) provide a thermal
reservoir at a temperature Tj^. Interactions between these phonons
and the electron spins S induce transitions of the type(Sz = ± 54)-(S z=t)4)
ot a rate w sec B ecause the la ttice  is  assumed to be in internal
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s. ». *«
+  +

\ W * w

/  >4 »

F ig .  1 .1 . E n e rg y  l e v e l  d ia g ra m  o f  a  " t y p i c a l  p a i r "  c o n s i s t i n g
o f o n e  s p in  S a n d  o n e  s p in  I .  T h e  l e v e l s  a r e  c h a r a c t e r i z e d
by  th e  q u a n tu m  n u m b e rs  Sz  a n d  Iz « T h e  m a g n i tu d e s  o f
th e  d i f f e r e n t  t r a n s i t i o n s  a r e  g iv e n  in  t h e  t e x t .

thermal equilibrium, the effect of th is  sp in -la ttice  coupling is  that the
distribution of the spins S over the two possib le  orientations Sz = ± Vi
will be given by a Boltzmann factor

n e tTci)
—3 —= exp (------ —) (1.2)
n e k T L

where n + and n— are the numbers of the electron spins for whiche  e  r
S = +5£ or S2 = — Vi respectively.

The terms I^S of the dipole interaction HgI induce relaxation
transitions for the nuclei accompanied by an electron transition . The
rate of th is process is  given by ew se c -  , where e is  equal to

e = -£ Co s 2 0 s in 2 0 (-S L £ -,)2 (1.3)
4 H0 r3

where g/3 is  the magnetic moment of the spin S, r the d istance between
S and I, and 6  the angle between 7  and H- . All other mechanisms
that may cause a nuclear relaxation transition  without interference of
the spins S are combined in a term cpw se c - 1 . The equilibrium distri-
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butions obtained under the influence of these relaxation transitions
are shown in fig.1.2a.

Application of a microwave field of frequency v, perpendicular
to Hq will induce the normal and the forbidden transitions with the
average rates

W =JL M h ? G ( v  — v )
0 2 t r  1 e

(1.4)

W + ■ e —- 2 ^ H ?  G(v — v +)
2 tr 1

(1.5)

r  = e l M H ?  G ( v  — v~)
2 lr 1

(1.6)

where 2H, is  the amplitude of the rf field, and
paramagnetic resonance lineshape:

f  G(v)dv= 1.

G is  the normalized

O

~ T ~
i
i
l
l
l
i
I
1 w *
1
1
1
1
1
1

—

Thermal
equi l ib ri um

1
1
1
1
1
1 w”
1
1
1
1
t

1
1

p o p u la t i o n

F i g .  1 .2 . R e la t i v e  p o p u la t io n s  o f  th e  e n e rg y  l e v e l s  o f f ig .  1 .1 .
a .  in  th e rm a l  e q u il ib r iu m .
b . s a tu r a t i o n  o f th e  W'*’ t r a n s i t i o n .
c .  s a tu r a t i o n  o f  th e  W“ t r a n s i t i o n .
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The lineshapes of the three transitions are assumed to be the same,
and v i  = v  ± v  are the frequencies of the forbidden transitions. The
pure nuclear transitions (Iz = ± 5 4 ) (I = T54), which are used to moni­
tor the dynamic polarization, are so weakly induced by a second rf
field at the resonance frequency vn, that the polarization is  not di­
sturbed by th is rf field.

F i g .  1 .3 .  I d e a l i z e d  p a r a m a g n e t i c  r e s o n a n c e  s p e c t r u m  o f  a  s y s t e m
of  e l e c t r o n  s p i n s  w h i c h  a r e  in  weak, d i p o l a r  c o u p l i n g  w i th
n u c l e a r  s p i n s .

The microwave resonance absorption will show a central line at
a frequency ve and two sa te llite s  at v+and v~ . The intensity  of these
forbidden lines is  smaller than that of the main liné by the factor e of
(1.3). The spectrum is  shown in fig.I.3. If the sample is  strongly ir­
radiated at a frequency v  , the populations of the levels Iz * — 54,S =— 54
and I ■ +54,S = + 54 become equal. The nuclear relaxation rate (cp+ e)w
should then be small compared with the induced transition rate W. I f
sim ultaneously the electron relaxation is  fast enough to maintain the
equilibrium Boltzmann distribution of the spins S, the nuclear polar­
ization, defined as pn = (n* —n“ )/(n*+ n~ ), is  found to be equal to

I tco

2 kT.
(1.7)

which is a>e/w n times larger than the thermal equilibrium value

P „ -  -
tlaj n
2 kT.
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The populations of the energy levels are shown in fig.1.2b. Irradiation
of the other forbidden transition W~ yields a nuclear enhancement
equal to that of (1.7), but reversed in sign (fig.I.2c).

Until now a large number of typical pairs, each one consisting
of one spin S and one spin I has been considered. However in most
dilute param agnetic c rysta ls  the number of protons nn will exceed the
number of election spins ne< To take th is  into account it  will be as­
sumed that one electron spin is  in interaction with nn/ n e =N nuclear
spins. The transition  probabilities of these  nuclei will depend on their
d istance to the spins S (cf. (1.3)). On the application of an rf field the
nuclei which are very c lose to the electron will be rapidly polarized
compared with those further away. However, the term Hn  in the Hamil­
tonian (1.1) induces mutual spin flips between neighbouring nuclei.
This process is  known as nuclear spin diffusion6 '. If th is diffusion
process is  fast compared with the rf induced transition  rate, the nu­
clear spin system will always be in internal equilibrium, and the
sample can be considered as a collection of n^ electron spins, each
one interacting with N nuclear spins. The transition probabilities ew,
cpw etc . defined before for each nuclear spin separately  should now be
considered as  average values.

The rate equations for the populations of the nuclear Zeeman
levels under the sim ultaneous action of the rf transition  rates and the
thermal relaxation ra tes  can be written as

dn dn++ /Sr o) . /6. cu
— = n cpw(l---- ———) — n cpw( 1 +—-—-) +n ^  o n T 9

n “  j6 t CO CO
+ n-  + ew(l ] +

+ n- j i - [ W + + e w( l +^ - ^ ) ]  +

1 11» + e
B r  CO B j  CO _

+ e w ( l -  L * * r - £ ) ] +. [W+ + €w(l 2 2" e

n + 13, co R, c»}
• n + - 2 -  [W~ + ew(l * 8 + ^  - )  ] (1. 8)

2 2“ e

where y3L = 1r/kTL. The relaxation probabilities cpw and ew are weighted
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by the appropriate Boltzmann factors. The factors n | / n  represent the
probability that an electron spin in one of the Sz ~±1A leve ls  is  in
interaction with a nuclear spin. An equation very sim ilar to (1.8) is
valid for the electron populations.

By making use of the nuclear polarization p defined before, and
the electron polarization p =(n* — n“ )/(n* +n~) and their respective
equilibrium values p ° = — B. cu / 2  and pf =— J3. u> /2 ,  (1.8) and i ts  equi-, n i i n © i—• w
valent for dn /d t  can be rewritten ase

= — 2w [ cp + e](pn - p ° )  ~  W~(pn — pe) — W+(pn +pe ) (1.9)

— 2w [ 1 +n" e ]  [Pe - P ° l - WoPe
e e

(1. 10)

(1.9) and (1.10) show that the response tim es of the two spin system s
in the absence of microwave fields (WQ =W + =W~ =0) are equal to

T in  = [2  w(«p + e )] (I.1D

n - - 1
T . -  [ 2 w(l +— e)j

ne
(1.12)

where T ln and T le are the nuclear and electron sp in-lattice  relaxation
times. If W+ or W~A0, (1.9) and (1.10) are coupled, and pe and pn each
display two characteristic  tim es r .  and r 3.

The steady s ta te  values of p and p , following from (1.9) and
(I.'IO) are given by

(W -W +)Tln

Pn = 2[ 1 + W0T j e + (W“  + W +)fT j n] [ 1 + (W~ + W +)T ln ] - ( W - W V f T 2̂

(1.13)

2 [1+woT l e + ( r + w+)fTin] [1+ ( r + w+)T1n ] - ( r - w +)2fTin

(1.14)
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where f= n n/ n e. T l#/ T | n - N .T le / T ln . (1.13) and (1.14) show that the
denominator increases as the square of the rf power at very high power
levels, so that both the nuclear and the electron polarizations vanish.
This is  illustrated  in fig. 1.4 for a case  where the paramagnetic re­
sonance linewidth 2a>L is  equal to the separation of the forbidden
transitions 2cun.

u> f  = 9 0 0 0  M H l

U)n =  15  MH*

OJ , = 15 MHx

l O O

F i g .  1 .4 .  P r o t o n  p o l a r i z a t i o n  f a c t o r  a s  a  f u n c t i o n  of t h e  i r r a d i a t ­
i o n  f r e q u e n c y  A -  (*)e -mCÜ fo r  s e v e r a l  v a l u e s  o f  t h e  m ic r o -
w a v e  p o w e r  in  t h e  c a v i t y ,  c a l c u l a t e d  from  (1 .13) .

1—1.2. Special solutions

In th is section several special cases  will be d iscussed  in which
the general solutions (1.13) and (1.14) take a simpler form so that their
meaning is  understood more easily .

a. Spectrum resolved

If the paramagnetic resonance spectrum has the form as illu s­
trated in fig.I.3, so that the normal and forbidden transitions are
separated, irradiation of one of the transitions will leave the others
unaffected. On the application of a microwave field with frequency v~
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only the W transition is  induced, and from (1.13) and (1.14) the polar­
izations are found to be

-y8r «  W ~T,
p » ----- ——— ----------------—-----

n 2 l + W“ T ln (l + f)
(1.15)

Pe 2
^ W ~ T l n

1 + W“ T ln (1 + f )
(1.16)

In the limit of very high microwave power, so that W T j » 1 ,  the
maximum obtainable nuclear polarization becomes

— /3 .  co  1
pn = Pe = - 2~~e’ IT? (L17)

This value of p should be compared with that from (1.7). The nu­
clear enhancement is  seen to be reduced by a factor l / ( l  + f). The
meaning of the " leakage  fac to r"  f can be understood from the follow­
ing: each electron spin has to polarize N nuclear sp ins, which stay
polarized during a time of the order of T ln . After flipping one spin I
it takes about T . seconds before the electron spin is  available for
flipping the next spin I. So for obtaining the full polarizing effect it  is
e ssen tia l that T ln » N T le ,or f «  l.F ro m (I.ll)  and (1.12) follows that
f » N(e + q>).

The time-dependent solutions of Cl.9) and (1.10) can a lso  be cal­
culated. As sta ted  before, the equations are coupled if W ~/ 0 or WVO.
The time constants displayed by p and p , t, and x. are given by

t  .  t  1_____
1 le  (1 +W~T, )1 i r

r W T ,
T, = T , [ 1 ---------------- is ------ ]

3 In  l  + W T .  (1 + f)I n '  #

(1.18)

(1.19)

If Pn =P ° “ 0 and pe =pP and W (or W+) is switched on at t =0, then

Pn(t) -  Pn(“ ) [ 1 -  exp(— )]
t 3

( 1. 20)
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which shows that r .  can be considered as the nuclear polarization
time. The dependence of p of (1.15) and T3 on microwave power is
shown in fig.1.5 for several values of the factor f.

F i g .  1 .5 . P r o to n  p o la r i z a t io n  f a c to r  a n d  p o la r i z a t io n  t im e  a s  a
fu n c tio n  o f th e  m ic ro w a v e  p o w e r  in  th e  c a v i ty  fo r s e v e r a l
v a lu e s  o f f # c a l c u l a t e d  from  (1 .1 5 ) a n d  (1 .19) fo r  a
r e s o lv e d  s p e c tr u m .

The situation d iscussed  in th is section where the forbidden
transitions were completely resolved, can only be realized in external
magnetic fields larger than 104 Oe. The width of the electron reson ­
ance line is  at lea s t of the order of magnitude of the nuclear reson­
ance frequency in lower fields, so that W , W" and WQ overlap each
other. In the treatment of th is case  a d istinction has to be made be­
tween homogeneously and inhomogeneously broadèned electron reson­
ance lines.

b. Spectrum not resolved; homogeneously broadened electron
resonance line

If the broadening is  homogeneous, that is  if the paramagnetic
resonance linewidth is  due to the dipolar interaction Hg s , a ll electron
spins will participate in each of the three transitions WQ, W~ and W+.
The nuclear polarization is  then given by the general solution (1.13)

-£l“. <w--w*)Tup  — -------------------------------------------------------------------------------------------------------— ......

2 [! + W0T le  + (W“  + W+)f T ln ] [1 + (W“  + W+)T ln ] -  (W“ -W +)2f T jn

which was illustrated  in fig. 1.4.
(1. 21)
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The characteristic  times Tj and t3 of the spin system s under
the influence of relaxation and rf induced transitions cannot be cal­
culated so easily  as in the case  of section a. B ecause the nuclear
polarization time v3 contains the same information on the polarization
process as the polarization pn itse lf, (1.9) and (1.10) have been solved
numerically for several practical ca ses . Fig. 1.6 shows r3 as a func­
tion of microwave power for four values of the irradiation frequency
A = go — o), calculated for a sample where the electron resonance line
had a half width of 20 MHz. The lineshape was assumed to be Lorentz-
ian, which is  in good agreement with the experimentally observed
shape. For all values of A the response time t3 tends to zero for high
power levels, independent of the value of f, which was 2.4 in this
special case . These calculations should be compared with (1.19),
which was derived for the case  that the spectrum was resolved; 7̂
then goes to zero only if f=0.  R esu lts very similar to those of fig .1.6
have been obtained for other crysta ls where the transitions WQ, W+ and
W ' overlapped each other.

0 . 0 »  P . 0 .1  J .O  JO  b W j o o

F ig .  1 .6 . P ro to n  p o l a r i z a t io n  a s  a  f u n c tio n  o f th e  m ic ro w a v e
p o w e r in  th e  c a v i ty  fo r s e v e r a l  v a lu e s  o f  th e  i r r a d ia t io n
f re q u e n c y  A# c a l c u l a t e d  from  (1.9) a n d  (1 .10).

c. Spectrum not resolved; inhomogeneously broadened electron
resonance line

In many substances, especially  in those where the electron
spins are very dilute, the term Hss in the Hamiltonian is  very small.
The width of the electron line is  not primarily due to electron spin-
spin interactions in that case , but to la ttice  imperfections or to inter-
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actions with neighbouring nuclei. Electron spins which have the same
surroundings will have egual Larmor frequencies, and will show a
narrow resonance line, because of the sm allness of Hsg . The ob­
served lineshape G(v) is  then the envelope of a large number of these
narrow **spin packets**, which are assum ed to be thermally isolated
from each other.

If such a substance is  irradiated with an rf field of frequency
v0, a fraction 8G(v0) of the electron spins will be saturated , where 8
is the width of such a spin packet. But the packets for which is
equal to v + or i>~ will have their W+ or W ' transitions saturated. The
remaining spins do not participate in the polarization process. The
nuclear enhancem ents due to these  packets, pn and p~ , are given by
p of (1.15), multiplied by the fraction of the electron spins that con­
tribute to the polarization; the net enhancement factor is  equal to the
sum of these  two contributions

It has been assum ed that both the packet-width 8 and the nuclear re­
sonance frequency v  are much sm aller than the electron linewidth.
The dependence of E on the irradiation frequency Vq has the shape
of the derivative of the electron resonance line, and E is  independent
of y  7\  The behaviour of E as a function of the rf power in the cavity
is  the same as in the case  of completely resolved transitions.

The assum ption that the spin packets are thermally isolated
from each other is  very seldom justified  in practice. In sam ples which
are of in terest in dynamic polarization, most electron resonance lines
represent an interm ediate case  between homogeneous and inhomo­
geneous broadening.

1—1.3. The influence of nuclear spin diffusion on the
polarization process

In the d iscussion  of part I—1.1 it was assumed that nuclear spin
diffusion was fast compared with the rate at which forbidden tran­
sitions are induced. The nuclear spin system is  then always in inter­
nal equilibrium. However, if the electron spins are very dilu te, the
polarization has to be transported over a large d istance from the nu­
clei which are c lose  to the param agnetic ion. Although the probability
for a mutual spin flip between neighbouring nuclei is  very high (~10
s e c " 1 for, p ro tons), the time necessary  for the transportation of polar-

28vnW+T
1 + W +T , (1 + f) \dv /v .

(1. 22)
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ization over 100 A is  s till  of the order of seconds. When the polar­
ization time of the nuclei c lose  to the ion is  of the same order, the
nuclear spin system will not be in internal equilibrium.

The probabilities for the forbidden transitions W+ and W— depend
in the same way on the d istance r between the nucleus and the para­
magnetic ion as the relaxation probability ew. So diffusion effects in
dynamic polarization can be treated  analogous to nuclear relaxation.
The equation describing the evolution of p in the presence of spin
diffusion is given hy

ir -v  r V - p j )  *dv2p„ a.23)

where C = 3(g/3)2/10H gT 1#; "r and r*k are the positions of a nuclear
spin and the k-th electron spin; D=aW2 is  the diffusion constant, a
the la ttice  constant and W the probability for a mutual nuclear spin
flip between nearest neighbours6'.  The polarization is  treated  here as
a continuous space variable. If the nuclear spin system is  allowed to
return to equilibrium after a disturbance, the space average of pn will
display an exponential behaviour with a characteris tic  t i m e T , ,  which
is given by

T ^ 1 = 8.’5 n0 C/4DX (1.24)

where n Q is  the number of param agnetic ions per cm3. In order for
(1.24) to be valid, it is  required that many electron spins participate
in the relaxation of one nucleus, and that free diffusion in the region
between two ions is  possib le. This la s t  requirement means that
b = (C /D )^ « R , where b is  the d istance from a param agnetic ion where
the local field due to th is ion is  equal to the field from the surround­
ing nuclei, and R the d istance between the param agnetic io n s8'.

In the presence of a microwave field inducing the transitions
WQ, W and W~, the equation for pn will be given by (1.9) to which a
term describing the spin diffusion has tö be added. Moreover, account
has to be taken of the fact that the transition probabilities for a cer­
tain nuclear spin depend on [7—7k I

6(Pn - P ° ) - 2 w <p(pn - p ° )  +

- r - | |r - T kh6(pn-pe°)-r+2|T-7k|-6(pn+p°)
(1.25)
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where r ± = /4yH jT jeG(v—v^C . It has been assumed that f « l ,  so
that the thermal equilibrium value p° of the electron polarization can
be used in (1.25). With the same validity conditions as for (1.24),
where b is  now equal to

the steady state value of the space average polarization pn is  given by

•If the microwave power is  switched on at t=0,  p shows an exponent­
ial behaviour with a polarization time given by

If the spectrum is  resolved and one of the forbidden transitions, e.g .
r ~  is  excited, we can take T =54S0C, where = (yH 1)2Tle T2e.
Substitution of r — and t '3 into (1.26) yields

Eq.(I.29) shows that in the limit of very high rf power (SQ—»<») the
nuclear polarization is equal to that given by (1.15) which was de­
duced without referring to spin diffusion. If extraneous nuclear relax­
ation can be neglected (<p=0), the dependence on microwave power
in (1.29) is  also the same as in j l .1 5 ) . But if cpw is  comparable to
8.5 n0C'^D^ the dependence of p on Sg. becomes weaker. This is
illustrated in fig.I.7 for several values of cpw.

The polarization time r, of (1.28) shows a dependence on micro-
wave power which is  also much weaker than that given by (1.19) (fig.I.7).
The fact that 7  ̂ tends to zero for high rf fields even if the spectrum
is resolved, is  a result of the assumption that f « l .  If f cannot be

b = [(c + r ~ + r +)/D]

Pn= P
r~-r* i

c+r-+r+ 1+cpwTg (1.26)

where

( r ' ) " 1 = 8 . 5 n 0(C + r“+r+)‘/«D* (1.27)

(Tg)"1 = 8 .5 n 0(C + r- + r +),/«D54 + 29 w (1.28)

P„ = P
8.5n0C54D5*(l+1/SS0)‘/4

(1.29)
2 cpw + S ^ n g C ^ D ^ d + ^ S g ) 54
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A .  O

F ig .  1.7. P ro to n  p o la r iz a t io n  fa c to r  and  p o la r iz a t io n  tim e  a s  a
fu n c tio n  of th e  m icrow ave  p o w er in  th e  c a v ity  in  th e
p re s e n c e  of n u c le a r  s p in  d if fu s io n , c a lc u la te d  from
(1.29) and  (1.28).

A =  2<pw /8.5n0 C /*D ^ f « l

neglected, 7̂  will be different from zero if the forbidden lines are
well resolved; however for overlapping transitions r3 tends to zero in
the limit of strong rf fields.

1-1.4. The influence of a phonon bottleneck on the
polarization process

•

As d iscussed  in part 1-1.1, the interaction between the phonons
of the la ttice  and the electron spin system is  responsible for the spin-
la ttice  relaxation time T le . It was assumed that these phonons were
in equilibrium at a temperature T^# which is equal to the temperature
of the surrounding helium bath. The average energy of the la ttice
oscillators is  E=(!<6+k)hv, where k is  the average phonon excitation
number, which takes the value at thermal equilibrium

k(v) = [exp (f£—) -  1] - 1 (1.30)
k T L

If the electron sp in-lattice  relaxation is  determined by a direct pro­
cess , which is  usually the case at temperatures of about 1 °K, a relax­
ation transition creates a phonon of energy hv . If the rate  at which
these transitions take place is  higher than the rate at which these
phonons distribute their energy over the entire phonon spectrum, the
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excitation number k(ve)of the phonons of a frequency ve will be higher
than its  thermal equilibrium value, namely

k(v ) •  [exp(—-S-) — l ] -1  (1.31)
e kT p

where T is  the temperature of the "h o t phonons". The spectrum of
the la ttice  osc illa to rs can be v isualized  as a Debye spectrum with a
narrow spike superimposed at v  = ve . The width of th is spike will be
of the same order of magnitude as that of the electron resonance line.

The sp in -lattice  relaxation is  now accomplished in two steps:
the spins at a temperature T s relax to phonons at a temperature T p,
and these  hot phonons return to their equilibrium temperature T L at a
rate 1 / r  . To take th is phonon bottleneck into account in the cal­
c u la t io n s ^  the nuclear polarization, it is  necessary to introduce an
extra equation to the rate equations (1.9) and (1.10), which describes
the evolution of the hot phonon temperature T p. It can be shown that
under stationary conditions T p is  given by

T P 1 + °r (1.32)
T l  " l * a ( p #/p " )

where a  is  the so-called bottleneck factor defined as the (energy ex­
change rate between spins and phonons)/(energy exchange rate be­
tween phonons and bath), a  is  proportional to the electron spin con­
centration and inversely proportional to the paramagnetic resonance
linewidth. , , _,

The dependence of the nuclear polarization on the rf power and
on the irradiation frequency is  now extremely complicated. In the
relatively simple case  of a resolved spectrum, pn can be found from a
biquadratic equation105. However, it is evident that a phonon bottle­
neck will always reduce the polarization factor in the lim it of strong
saturation of the forbidden transition . The electron polarization is
smaller when a phonon bottleneck is  present, and (1.17) shows thatpn
can never become larger than pe .



1-2. Description o f saturation in so lids  in a ro ta ting  frame
o f reference

The foregoing descrip tion  of the so lid  e ffec t is  based on the
assumption that the B loch equations are va lid , even i f  the rf fie lds
are so strong as to saturate a spin trans ition . However, th is  assumption
can only be ju s tif ie d  for liqu ids  and gases, where the rapid motion of
the atoms or molecules uncouples the spins from each other. I t  is  then
possib le to consider ind iv idua l sp ins, and to solve the B loch equ­
ations. In so lids  the spins are often tig h tly  coupled, which requires
a co lle c tive  descrip tion of a ll the spins in  the sample as a s ing le
system w ith  many degrees of freedom.

Although an attempt to describe the behaviour of a spin system
in a so lid  s t i l l  in  terms of the B loch equations is  reasonably succes-
fu l as to the imaginary part X”  of the rf s u s c e p tib ility 11'.th e re  is  a
glaring discrepancy between theory and experiment in  the behaviour
of the rea l part X' when the spin system is  strongly saturated. Th is
fa ilu re  of the B loch equations to pred ict the evolution of a nuclear
spin system in  so lids  under the in fluence of strong r f fie ld s  was de­
monstrated by R e d fie ld 12\  He ind ica ted the correct approach to the
problem for the case that the spin system is  strongly saturated. Pro-
votorov solved the more general problem of a rb itra ry saturation para­
m eters131.

Since dynamic po la riza tion  is  obtained by strong saturation of
spin trans itions  in  so lids , as outlined in  1-1, Solomon suggested to
extend R edfie ld 's  theory to th is  problem14'. As an in troduction  to th is
approach of dynamic po la riza tion  in  1-2.1 a review of R edfie ld 's  theory
w il l  be given, and in  1-2.2 the extension by Provotorov is  discussed.
Section 1-2.3 deals w ith  the idea of the m ixing o f spin temperatures.
These conceptions w il l  be applied to the problem of dynamic polar­
iza tion  in  1-315\

1-2.1. Very strong saturation

A sample contain ing ne id e n tica l spins S is  submitted to a con­
stant, homogeneous magnetic fie ld  H Q in  the z d irec tion , and an rf
fie ld  f f ,  along the x ax is  w ith  amplitude H j,  and frequency oj. The
Larmor frequency of the spins S in  the fie ld  H Q is  eo m — yeH 0,' and
the to ta l Ham iltonian of the system is

H =co tr£ S { + 2a).lr2SJ cos cut + HCCe  j z  1 j  x  S o

SS'•ftcu S + 2&>,tlS cos cut +He z  1 x (1.33)



26

where a j ,= — yeHj and Hss  represents the spin-spin interaction. We
want to calcu late  the steady s ta te  value of the magnetization of the
sample in the presence of the rf field H , and the sp in-lattice  inter­
action, characterized by the relaxation time T j . It is assumed that
the spin-spin in teractions are sufficiently  strong to maintain a uni­
form temperature within the spin system , which may be different from
the la ttice  temperature T L , and that the effect of T le  is  tp change
this temperature slowly until equilibrium is  reached.

The Hamiltonian (1.33) is  explicitly  time-dependent and cannot
be used in th is  form for a thermodynamical description of the system .
However, if a transformation to a frame of reference rotating at a fre­
quency cd is  performed by means of the unitary operator U =exp(—ia>S t),
the Hamiltonian becomes

H '  =1r(a>e —cu)S2+-h£u1Sx + HgS (1.34)

The Zeeman part of H* is  now independent of time. On the other hand,
H S S - U ~ 1 H S S U  will now contain the time explicitly . If the dc field
Hq is  assumed to be much larger than the local field due to the spin-
spin in teractions, the time-dependent terms in Hgs can be neglected
and only the terms commuting with U have to be taken into account.

In the rotating frame of reference we have a constant effective
field ff  withe

>'SH-  « -  c o )2  ♦ ajJ ] 54 (1.35)

T h e  e x te r n a l  m a g n e t ic  f i e ld  H q , t h e  r f  f ie ld  H j  a n d  th e
e f f e c t i v e  f i e ld  flf in  a  f ra m e  r o t a t i n g  w ith  a  f r e q u e n c y  co.
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making an angle 6 with H0, where 6  (fig.1.8) is  given by

tan 6 m (1.36)
a) — coe

The orig inal assum ption  of R edfield  is  tha t the s ta t i s t ic a l  be­
haviour of the sp in  system  in th is  ro ta ting  frame can be d escrib ed  by
m eans of a sp in  tem perature T g. T hat i s ,  the d en sity  m atrix p ‘ in tha t
frame h as  the form

where a = l / k T g. The ex p ecta tio n  value of the  H am iltonian (1.34),
<H > = T race(p'H  ) i s  then given by

where = T race(H gg)2/T ra c e (S z )2. T he lo ca l fie ld  HL =&>L/ y e is
re la ted  to the second moment of the  unsa tu ra ted  reso n an ce  line  by
«1 - *5 *

It can be shown th a t the sp in -la ttic e  re laxa tion  ra te  of <H gg> is
tw ice a s  fa s t a s  tha t of <Z  > if there  is  no co rre la tion  betw een the
re laxation  of two neighbouring sp in s . T he v aria tio n s of <Z'> and

due to the coupling with the la t t ic e  are then given by

P  =

T race e x p ( —
(1.37)

s
which reduces for su ffic ien tly  high tem peratures to

p  * 1 — ^ - =  1 -  a.H' -  1 -  a Z ' -  clH'ss (1.38)

<H > = < Z  > + <H g s >» a ü  [(<^e—c«j)2 + c<Jj + a>£] (1.39)

[<z’>-<z'>J a> —a)
co
e

e
Z 0] (1.40)

< H ‘ > (1.41)

where Z Q is  the therm al equilibrium  value of the Zeem an
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energy in the laboratory frame, and = 1 /kT L the inverse la ttice
temperature. Under stationary conditions the expectation value of the
total Hamiltonian <H‘> is constant, so from (1.40) and (1.41) follows
for the inverse spin temperature a

a _ K - « K  p
(<De —co)2 + Cü J + 2 C«32 L

or
T u  H0He c o s g

Ts H^+ 2H^

(1.42)

(1.43)

where 0 is  the same as in fig. 1.8. The magnetic moment M of the spin
system in the rotating frame is  aligned along the effective field He .
It is  related to its  thermal equilibrium value in the laboratory frame
M0 by

M = Mg
He T, H2 c o s 0

_ L = M q_ 2 ---------
T S H2+2H?e  L.

(1.44)

From (1.42) it can be concluded that for exact resonance (A =0)

OH.

U)c s  9 0 0 0  MHs
3 0  MHz

F ig .  1 .9 . I n v e r s e  te m p e ra tu r e  o f th e  s p in  s y s te m  a s  a  f u n c tio n  o f
th e  i r r a d ia t io n  f r e q u e n c y  A fo r  tw o  v d lu e s  o f th e  rf  f ie ld
s t r e n g th ,  c a l c u l a t e d  from  (1 .4 2 ).
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the inverse spin temperature a=0 . For A = ±(a>j + 2a)^)^ the value o f a
obtains a maximum, respective ly  a minimum equal to

a  _ ± M e
/SL  2(tUj + 2 a j^ ) }4

(1.45)

The dependence of a //6 , as a function of A is  p lo tted in  fig .1 .9 for
and for From now on we w il l  assume that ^ « oj. .

Th is condition is  fu lf i l le d  in  most paramagnetic saturation exper­
iments.

1-2.2. A rb itra ry value of the saturation parameter

In the foregoing section i t  was stated that the in fluence of the
sp in -la ttice  re laxation  was so sm all that one unique spin temperature
could be defined for the Ham iltonian (1.34), in  sp ite  of the fact that
the re laxa tion  rates of the Zeeman- and the sp in -sp in  part of the
Ham iltonian are d iffe ren t. I t  is  evident that th is  assumption can only
be true i f  the rf induced trans ition  rate is  much larger than the spin-
la ttice  re laxation  rate.

Provotorov has shown that in  the interm ediate case of weak
saturation in  so lids  where T 2« T l f  a temperature has to be assigned
to the Zeeman term as w e ll as to the sp in-sp in term of the Ham ilton ian.
In general these temperatures w i l l  be d iffe ren t, but in  the lim it  of very
strong saturation they become equal (R edfie ld). In th is  theory of,
Provotorov the density m atrix in  the ro ta ting frame is  thus of the form

P
exp(— a Z '- y H g g )

Trace exp(—a Z  — y H ss)
1 - a Z  - y H ' (1.46)

where Z andHgg are the same as in  1-2.1, and a= l / k T g andy=  l / k T g g
are the ir inverse temperatures. The expectation value of the Ham il­
tonian <H > is  given by

<H‘>=<Z'>+ <H‘ss> -  a ( A 2 + a )j) + y a j^ o  a.A2 + ya>£

(1.47)

Provotorov has shown from f irs t  p rinc ip les  that the time varia tions of
<Z > and <HgS> due to the rf f ie ld  are given by
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^ - < Z '>  = -W 0(A) [< Z '>  -£*■  <H' >] (1.48)

2

-J^<Hss>=- “ J wo(A) t<Hs s > - ^ < z '>] (1.49)

Wq(A) is  the rf induced transition probability per unit time, pro­
portional to H?. WQ is  identical with the induced transition probability
used in the rate equations of 1-1. By substitution of <Z > and <Hs g >,
(1.48) and (1.49) can be rewritten as

—  a = —Wn(A)(a—y) (1.50)
Bt u

- ^- y=— W0(A)(y— a)  (1.51)
Bt

Eq.(I.50) shows that the rf field tries to equalize the temperatures
of Z ‘ and Hgg. (1.51) can be deduced from (1.50) when the conser­
vation of the to tal spin energy given by (1.47) is  taken into account.
For exact resonance (A =0) the spin-spin interaction temperature does
not change under the influence of the rf field. If on the other hand
A /0 ,  a photon of the rf field has not the right energy necessary  for
an average spin flip. The difference, fi (a>e-cu) has to be given off or
taken up by the spin-spin energy.

The variations of <Z*> and <Hgg> due to the sp in-lattice  coupl­
ing are the same as in the preceding section, so the to tal derivatives
of a  and y  are given by

j L a  =—Wn(A)(a—y ) — —̂ ( a - - S / 3 . )  (1.52)
dt 0 T , A L1 e

—  y  ■ - W0( A ) ( y - a ) - - ^ — ( y - /3 L) (1.53)
dt « t  T le

Under steady s ta te  conditions the left hand side of these equations
is zero, and the solutions for a  and y  are found to be
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g _ “ e  2 “ L  + W0 T l e A 2
ySL A 2tü2+W0T le (Ai! + 2a)^) (1.54)

woTleA2
£ l A 2 ^  + W0T le (Az + 2 ^ ) (1.55)

The behaviour of a  and y  as a function of A is  shown in fig.1.10 for
several values of the saturation parameter W0T le . For the shape
function included in W. a Lorentzian lineshape has been assumed
with a half width Hy -u>^Jy. For high power levels both a  and y  tend
to become equal to the solution for a given in (1.42) and plotted in
fig. 1.9.

4 0 0 0 4 0 0

400

w, = 9 0 0 0  MHi
3 0  MHs

MHs

F i g .  1 . 10. I n v e r s e  t e m p e r a t u r e s  o f  t h e  Z e e m a n  a n d  o f  t h e  s p i n -
s p i n  p a r t  o f  t h e  H a m i l t o n i a n  (1.34) a s  a  f u n c t i o n  o f  t h e
i r r a d i a t i o n  f r e q u e n c y  A fo r  s e v e r a l  v a l u e s  of  t h e  s a t u ­
r a t i o n  p a r a m e t e r  S = Wn T  , , c a l c u l a t e d  from (1.54) a n d
(1 .55 ) .  0 l e

1-2.3. Thermal mixing of spin temperatures

In solids containing two different spin species S and I exper­
iments can be performed in which mixing of the tem peratures of the
the two spin system s occurs. If the two system s are prepared so as
to have different spin tem peratures before mixing, they will have a
common temperature after mixing, which is  determined by the in itia l
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temperatures and the heat capacities of the two system s. This ther­
mal mixing occurs only when mutual flip p rocesses, induced by spin-
spin in teractions between these system s, can take place without
change of the to tal energy 16\  This requirement is fulfilled when the
two spins have the same or nearly the same Larmor frequencies. The
mixing time T w ill be of the order of the spin-spin relaxation time,
multiplied by a factor giving the overlap of the two resonance lines.

Two examples of experiments of th is type will be given, one on
mixing described in the laboratory frame, and one in the rotating frame.

a. When a crystal of lithium fluoride is  placed in a strong magnetic
field, the Larmor frequencies of the L i7 and F 19 nuclei are different.
The system can be described by assigning to each of the spin sys­
tems a temperature of i ts  own. If by means of a strong rf field one
spin species is  saturated, it will take a time of the order of T j, i.e .
several minutes, before equilibrium with the la ttice  is  restored. The
other spin system  remains unaffected by th is process. If, on the other
hand the sample is  removed for a few seconds from the magnetic field
after saturation, subsequent examination shows m agnetizations cor­
responding to a common spin temperature after mixing in zero field.
Complete mixing is  reached in a time TssTg, which is  much shorter
than the sp in-lattice  relaxation time T j 17L

b. If it is  assumed that R edfie ld 's  hypothesis of the ex istence of a
spin temperature in the rotating frame is  valid, an experiment analo­
gous to that described above can be performed in the rotating frame.
A sample containing two spin species S and I with widely different
Larmor frequencies o> and cun where £t>e» £ u n 1® placed in a strong
magnetic field. An rf field of frequency co in the vicinity of coe is
applied. The Larmor frequency of the spins S in a frame rotating with
an angular frequency co is  c*)g—cu=A. B ecause cue » c u n , this rf field
will not affect the spins I, and their Larmor frequency is  s till  given
by co . If ,th e  two spin system s are in good heat contact with
each 'other and will obtain equal tem peratures in the rotating frame
The temperature of the spins S is  given by (1.42) in the case of strong
saturation.

Because of the mixing the temperature of the spins I has the
same value in the rotating frame; however, this temperature is  the
same in both frames of reference, so (1.42) gives directly the cooling
factor of the spins I in the laboratory frame. If the spins S are iden­
tified with electron spins, and the spins I with nuclei, th is experiment
gives the enhancement of the nuclear polarization if the sample is
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strongly irradiated at a frequency cu=a> — a>n. So the description above
is a new approach to the experiment d iscussed  in 1-1 in terms of
Zeeman levels and rate equations. As can already be seen from (1.42)
the resu lts  for the nuclear polarization factor are different from those
deduced in 1-1. In the next part of th is chapter a more detailed  dis­
cussion of th is approach will be given.

1-3. Dynamic polarization in the rotating frame

As d iscussed  in the preceding section, an adequate description
of dynamic polarization of nuclei in solids requires an approach simi­
lar to that given by Redfield and Provotorov for one spin species.
Recently Borghini has worked out th is polarization theory, described
in principle in the la s t section of 1-2.3, in d e ta il15\  As in R edfield 's
theory it  is  assumed that the line broadening is  homogeneous, in order
to make it possib le to assign one unique spin temperature to the sys­
tem. The case  of inhomogeneous broadening will be d iscussed  in
1-3.2. c.

1-3.1. Homogeneous line broadening

a. Very strong saturation

A solid containing n electron spins S = lA and nQ nuclear spins
l= lA with respective Larmor frequencies a) and a>n in a constant
homogeneous magnetic field HQ is  submitted to a strong rf field H j,
perpendicular to H . with a frequency cu in the vicinity of a  . The
Hamiltonian is  given by

H  =tTaJeS2 + 2&u1Sxcos cut +llcunIz +Hss  + HSI+HII (1.56)

where S„ =  £SJ , S =  2S-*, I =  2 l1 and a)=y  H ,. Tne la s t three terms re-z j z '  x j x '  z  j  z  ' e l

present the spin-spin interactions. The canonical transformation
U =exp(—icuSzt) leads again to a tim e-independent Hamiltonian in the.
rotating frame

H '  = IT AS +1rcu,S +tcu I + H ' + H ‘ + H . .  (1.57)z  l x  n z SS SI  II ' '

where HgI is  the secular part of the S-I interaction, and A=cu—u> .
Since the effective Larmor frequencies in the rotating frame, A and a) ,
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are of the same order of magnitude in dynamic polarization experiments,
we can assume that the thermal mixing is  complete so that it is  a l­
lowed to assign  a single spin temperature T s to the whole Hamiltonian
H ‘. The density matrix in the rotating frame is  then

p '»  1 —aZ g —aH gS—a Z j —a-Hgj—aH n  (1.58)

where a = l/k T g . From (1.57) and (1.58) the expectation value of H ‘
can be calculated

< H ’ > =<Zg> + <Z j> + <HgS> +<Hgj> + <Hn > =

Trace(I )2 ,  Trace(H ' )2 + Trace(H ' ,)2 + Trace(HjA2 + — „ 2  + — s s ' - - ............ - n ) 2 1
* n T  r n r p  f.S JTrace(S ) Trace(S )2

(1.59)

The variations of-the different terms in (1.59) due to the coupling with
the la ttice  can be written in the same way as (1.40) and (1.41). The
argument that < H ' >  is  constant under steady s ta te  conditions yields
for the common inverse spin temperature

a  A
K  = A2 +2 a ^ 2 +N(Tl e / T lnK

(1.60)

where N = n /n  and T , and T , are the electron and nuclear spin-n e  i  g  _ i n
la ttice  relaxation tim es; eu'Ms now defined by

2 " if “
2 Trace(Hgg)2 + Trace(HgI)2

Trace(Sz)2
(1.61)

In the derivation of (1.60) it has been assumed that and
terms of the order of T le Trace(Hu )2/ T ln Trace(Hgg)2 have been
omitted.

Since the temperature of the nuclear spins is  the same in both
frames of reference, (1.60) directly gives the enhancement of the nu­
clear polarization in the laboratory frame. The behaviour of a.//3^ as
a function of A is plotted in fig.1.11 for several values of f = N T le / T ln .
The maximum and minimum values of a / /3L are obtained for
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A = ±(2&)'l 2 + fo>2)'/*

and they are equal to

( 5 i _ )  =  ± _____ f j __________
/8l ” «*">1" 2(2cu'l 2 +{cü2)«

(1.62)

(1.63)

b)c « 9 0 0 0  MHz
te) L .  1 5  MHz
w n = 15 MHz

f a  O200

F ig .  1 .1 1 . I n v e r s e  t e m p e ra tu r e  o f th e  s p in  s y s te m  a s  a  fu n c t io n
o f th e  i r r a d i a t i o n  f r e q u e n c y  A fo r s e v e r a l  v a lu e s  o f  f,
c a l c u l a t e d  from  (1 .6 0 ).

b. Arbitrary value of the saturation parameter

Consider again a sample containing spins S and spins I, repre­
sented by the Hamiltonian (1.57) in the rotating frame. If the spin-
la ttice  relaxation rates are not slow compared with the rf induced
transition probability, different temperatures have to be assigned to
the various parts of the Hamiltonian, just as in the case of one spin
species. The density  matrix will then be of the form

p  «  1 —"haASz —"ftf i  cunIz— yH s S (1.64)

where contributions from H's l  and H u  are left out. The omission of
Hjj with respect to Hs s  is  certainly justified  because the concen­
tration of the paramagnetic ions is  always of the order of 1% in polar-
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ization experiments. The omission of Hgj sim plifies the calculations
while the resu lts  are not affected seriously.

The expectation values of <Zg>, <Zn> and < H gg> can be cal­
culated in the same way as before. The variations of these expect­
ation values due to interaction with the la ttice  are given by

A2 - ^ - a ------— A2(a— A r t  ) (1.65)
Bt T , A L1 e

Ncu2 — y8  =---- — N(oj2 /3 -w 2 /3. ) » — — Ncu2/S (1.66)n  T  n  ~  t * n '
Öt  1 I n  1 I n

(L67)
ö t  h e  ‘ l e

and the rates of change induced by the rf field by

A2— a  = —A2Wn(a —7) —Ncu A(W~— W+)(a— /3)  (1.68)
Bt n

Ncu2 A /3 -  —  Nco2 W“  [(/3—a) + (1—— )(a—y)] +

— Na)2W + [(yö—a) + (l+ — )(a—y)] (1.69)
n  * .*

a)2 ^ -y  = -  A2W n(y—a) -  Na)2 [W“ ( 1- A )+W +(1+A )](y-/3I) (1.70)
*-Bt u n co co

where W~ and W+ are the probabilities for the forbidden transitions,
defined by (1.5) and (1.6). The first terms in Ba/Bt and By/Bt of
(1.68) and (1.70) are the same as those in (1.50) and (1.51). We intro­
duced a second term in B a /B t which represents the influence of the
nuclear polarization on the electron spin system^® • In many of our
experiments this term is necessary to describe the polarization pro­
cess completely. Conservation of spin energy is  accounted for by
means of the second term in By/Bt. Eg. (1.69) describes the tendency
of yS to become equal to a under the influence of W . When an rf quan­
tum with energy is absorbed or emitted,causing a change of 1l(cue ±a>n)
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in the Zeeman energy, the difference Tlico^coico  )^ll(A ±ty ) has to
be supplied or taken up by the spin-spin energy.

As before, the forbidden transition  probabilities have a maximum
at A = ±a>n and a width of the order of co.. Their relative magnitude is
given by »

W +(A = a>n) » W“ (A « -  wB) -  W0(A = 0 ) ._ I f -  (1.71)
T l n

for the case  that extraneous relaxation can be neglected. The la s t
terms in (1.68) and (1.70) are then of the order of N T je/ T , n = f com­
pared with the first ones. In general the solutions of (1.65) - (1.70)
have been computed numerically. These solutions will be compared
with the experimental resu lts  in the following chapters. The equations
as given by Abragam and Borghini are only valid if f « l .  The steady
sta te  solution for /3 is  then given by

co , co A
^S-(W --W +)T ln + -% (W - + W+)W0T. T,

a  a r=  ln 2 CO? o l e  I n
- 2 ------------------------- h___________________  (1.72)

. A2 + 2cof
(1 + W T ln + W+T ln )(l+ ------ -M V 0T l e )

2a;2

To demonstrate the difference between th is spin temperature theory
and that based on the rate  equations, (1.72) should be compared with
(1.21) which is the general resu lt from Je ffrie s ' theory. There are two
important phenomena for which the predictions from (1.72) deviate
strongly from those of (1.21):
1. According to (1.72) /3/J3^  tends to a constant value in the lim it of
high rf power, while (1.21) predicts that the polarization factor goes
to zero in th is case .
2. The maximum obtainable enhancement calculated from (1.21) is
“ e ^ n ’ whereas (1.72) predicts coe/(2a>L/2 )  in the lim it of high rf
power. Thus if coa> 2 (0 ^ 2 ,  the polarization factor following from the
spin temperature theory is  higher than that predicted from the rate
equations.

Also the time-dependent solutions of (I.65)-(I.70) can be com­
puted. Since the equations are coupled, every spin temperature will
exhibit three time constan ts, with different coefficien ts. The solutions
for a  and y  are mainly determined by two characteristic  times Tj and

which are of the order of T j e . The nuclear polarization is  described
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by the third one, r3. This polarization time is , analogous to the relax­
ation time T ln , the response time of the average value of the nuclear
polarization when the microwave power is turned on. These time-
dependent solutions have been computed numerically on the TR-4
computer of the Technische Hogeschool in Delft, for the crysta ls used
in the polarization experiments. The equations were solved by hand,
and then the coefficients were evaluated by the computer. The usual
approximation methods for the solution of first order differential equ­
ations are of little  value here, because at high power level Tj and r2
are of the order of 10“ 5 seconds, which implies a step length of 10-6
seconds, while the time necessary  for the establishm ent of equilibrium
t3 is  of the order of 102 seconds.

The resu lt of such a calculation of r3 in a crystal of La2Mg3(N03) 12.
24HzO containing 1.0% Ce is shown in fig .1.12. For small values of
A 7  ̂ becomes constant at relatively  low rf power, because for small
A the electron resonance line is  strongly saturated. In that case  the
ratio of polarizing and relaxing transitions is  no longer proportional

i °U c«
1.9 °K
T , -  3 9 .

0 .0 3

F ig .  1 .1 2 . P ro to n  p o la r i z a t io n  t im e  a s  a  fu n c t io n  of th e  m ic ro w a v e
p o w e r in  th e  c a v i ty  fo r s e v e r a l  v a lu e s  o f  th e  i r r a d ia t io n
f re q u e n c y  A. T h e  c u r v e s  h a v e  b e e n  c a l c u l a t e d  n u m e r ic ­
a l ly  from  (1 .65) -  (1 .70 ) fo r  a  s i n g l e  c r y s t a l  o f  L aM N
c o n ta in in g  1.0%  C e .
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to Wn. On the other hand, far in the wings of the line a much largerft U A.
H j is  necessary  to obtain saturation. Since here the ratio W /W0 is
larger, very short polarization times are found at high microwave
power, t.  is  always different from zero, although the transitions are
not resolved. This result differs appreciably from that following from
Jeffries 'theory , given in fig.1.6.

1-3.2. Special solutions

a. Spectrum resolved

If co, « c o  , so that the transitions are well resolved, saturation- L n _ 9 .
of one of the forbidden transitions, say W does not affect W or WQ.
(1.72) then reduces to

a co W T ,
p  _ e  I n

1+wT.~  L  n  I n
(1.73)

U>c -  9 0 0 0  MHs
fa) n "  1 5  MHs
fa) 4  MHS

5 0 0

O A 2 5  5 0  7 5  MHs 1 0 0

F i g .  1 .13 .  P r o t o n  p o l a r i z a t i o n  f a c t o r  a s  a  f u n c t i o n  o f  t h e  i r r a d i a t i o n
f r e q u e n c y  A fo r  s e v e r a l  v a l u e s  o f  t h e  m ic r o w a v e  p o w e r
in  t h e  c a v i t y ;  co^> 2ca^]/2 s o  t h e  m ax im u m  p o l a r i z a t i o n
i s  l a r g e r  t h a n  6) Ico = 6 0 0 .

el n
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which is  exactly  the same expression as that found from the rate equ­
ations if f is  neglected (cf. (1.15)). This is  not surprising, because
the spin-spin interaction does not take part in the polarization pro­
ce ss .

If the spectrum is  not completely resolved, while at the same
time co >2<u,/2 , the nuclear polarization shows the behaviour illu­
strated in fig.1.13. Irradiation with a frequency A = a>n yields an en­
hancement which is  given approximately by (1.73). However, for values
of A in the v icinity  of oo, V l  a larger polarization factor is  found for
high rf power. In the limit of very strong saturation the inverse nu­
clear spin temperature is  then equal to

a  C i) A
p m e (1.74)

P l. A2+ 2 ct)£

which is  the same value as that found from R edfield 's theory (1.42).

b. Homogeneous line broadening; a>n

If the electron resonance linewidth co . is  of the same order of
magnitude as the nuclear Larmor frequency a>n, the polarization factor
is determined by the first term in the numerator of (1.72) for low rf
power (W±T ln < l) . This term has a maximum for Ae<an. At high power
levels however, the second term which is  quadratic in W takes over.
The maximum obtainable enhancement factor then sh ifts to A = cu^v/2,
while i ts  value is  again given by (1.74). This behaviour is  shown in
fig.I.14.

In many experiments the terms proportional to f in (1.68) and
(1.70) cannot be neglected. The general solution of is  then much
more com plicated than (1.72). However, in the lim it of very high rf
power the enhancement factor is  again given by (1.60). For interme­
diate saturation param eters the solutions of (I.65)-(I.70) can only be
computed numerically.

Attention has to be paid to the origin of the leakage factor f.
If no im purities are present in the crystal a change of the ratio T j e/T ^ n
resu lts  in a different value of f, but the forbidden transition probabil­
itie s  W± will a lso  change (cf. (1.71)). On the other hand if Tln is
shortened by the addition of im purities, then W+ and W are not in­
fluenced, because they are only due to the coupling of the nuclei with
the polarizing sp ins. The microwave power necessary  to obtain the
maximum polarization will then be larger, since the condition W T jn»  1
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F ig .  1 .1 4 . P ro to n  p o la r i z a t io n  f a c to r  a s  a  fu n c tio n  o f th e  i r r a ­
d i a t i o n  f r e q u e n c y  A fo r  s e v e r a l  v a lu e s  o f  th e  m ic ro -
w a v e  p o w e r  in  th e  c a v i ty ;  fo r h ig h  p o w e r  l e v e l s  th e
m ax im um  p o la r i z a t io n  s h i f t s  to  A = co^j/2,

is more difficult to sa tisfy  as T ln is  shorter. Examples of this be­
haviour will be shown in chapter VI.

The behaviour of the nuclear polarization time 7̂  depends also
on the origin of the factor f. An example is  shown in fig.I.15, where
r3/ T ln calculated  from (I.65)-(I.70) is  plotted as a function of micro-
wave power. The drawn curves correspond to a case  that f s 2.4 while
no impurities are present. The dotted curves give the resu lts  for the
same param eters, but with impurities added, so that f = 12. In this
last case  r 3/ T ln is  relatively larger for all values of A .

A -  I 5 MHs

» r * “ -

i o o
9 0 0 0  MHs

1 5 MHs
2 0  MHsU>L -

2000.02

F i g .  1 .1 5 . P ro to n  p o l a r i z a t io n  t im e s  a s  a  fu n c t io n  o f th e  m ic ro -
w a v e  p o w e r  in  th e  c a v i t y f fo r  s e v e r a l  v a lu e s  o f th e
i r r a d ia t io n  f r e q u e n c y  A. T h e  d ra w n  c u r v e s  w e re  c a l ­
c u la t e d  fo r  a  c r y s t a l  fo r  w h ic h  f = 2 .4  , w h i le  n o  im­
p u r i t i e s  a re  p r e s e n t .  T h e  d o t te d  l i n e s  r e f e r  to  th e
s a m e  c r y s t a l ,  b u t  w i th  im p u r i t ie s  a d d e d  s o  t h a t  f = 1 2 .0 .
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c. Inhomogeneously broadened electron resonance line

If the electron resonance line is  inhomogeneously broadened,
the description of 1-3.1 and 1-3.2 is  no longer valid. In th is  case  of
inhomogeneous broadening two extreme situations have to be con­
sidered: the spin packets are thermally iso lated  from each other, or
the packets are so strongly connected by spectral diffusion that their
temperatures are equa l1 .

If the spin packets are independent, the Zeeman energies of
different packets will take different tem peratures in the rotating frame •
If the width of a packet is  much sm aller than co , the only packets
that contribute to the nuclear polarization are those for which A = ±<wn .
These two packets take opposite inverse tem peratures a(+a) ) =—a (—eon).
Ju st as in 1-1.3 the dependence of the nuclear enhancement on the
irradiation frequency will then be proportional to the derivative of the
electron resonance lineshape.

If, on the contrary, spectral diffusion is  sufficiently strong to
equalize the tem peratures of the narrow spin packets, the inverse
temperature in the rotating frame can be shown to be

co Aa. _ e

/3l  A2 + a>2

where co is  the mean frequency of the distribution and co i ts  second
moment. So in th is  ca se  the dependence of the nuclear polarization
on A is  the same as in the case  of a homogeneously broadened line.

1-3.3. The influence of nuclear spin diffusion

In the case  that the spin diffusion plays a part in the polar­
ization and relaxation of the nuclear spins, the nuclear inverse spin
temperature is  considered as a continuous function of r, analogous to
the treatm ent in 1-1.3. The density matrix in the rotating frame can
then be written as

p  -  1-crtiAS -CO„ S /^ r ^ fr ^ -y H s s  ^*75^k

and the equation for yS(r, ) can be deduced from (1.66) and (1.69), com­
bined with the diffusion equation (1.23)
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^ /J ( r ;> - D V W k> -C ||r .-7 k l * W fk) - £ j  *

-r-||r.-rkr*W(rk)-^a-<i-A)r] .
n n

~ r + e l^ ~ 'k l  [/8(rJt) + - ^ .a - ( l+ J ^ ) y ]  ^*76^k O) con n

where r ±r- 6=W±. From (1.71) follows that rVC=W0Tle when as­
sumed that the shape functions of W* and WQ are equal. The diffusion
equation can be rewritten as

^■Dv^-rjir.-rj V - s t) (1.77)

_  4-
where T =T +T +C and /? t is  given by

(A _ i ) r - _  + n r +A p -  p+ KCO W 1/1 n
1 r, ~ 1 a ------2------ --------2-------- y  + ̂ /S .r r* (1.78)

which is  of course identical to the earlier expression (1.72), since in
the stationary s ta te  spin diffusion has no influence on the nuclear
polarization. Although the stationary value of the nuclear inverse
spin temperature /3 is  not affected by the deta ils  of spin diffusion,
the dependence of the polarization time r g on rf power is very sen­
sitive as to these  d e ta ils . As was already d iscussed  in 1-1.3,
will be proportional to for the case  that T . is  determined by spin* _1 An
diffusion alone, while for rapid diffusion t ,  a  W.

If the nuclei can undergo relaxation transitions with paramag­
netic im purities different from the polarizing sp ins, a lso  the steady
sta te  value of y6 will be influenced by the spin diffusion. Then there
will ex ist a continuous distribution of yS, which is  large near the polar­
izing spins Sj and small c lose  to the im purities S2. The rate equation
for y8(rk) then reads

^y8(rk)=Dv^rj-r; s |r;-rk | ~\p- p j )-r2 s |r2-rk \~\p-p2)
(1.79)
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where Tj and r 2 are the positions of the spins Sj and S2. Eq.(I.79)
shows that Sj and S2 tend to polarize or relax the nuclear spin system
to different inverse temperatures y8, and yS2. The space average value
of yS in the stationary sta te , following from (1.79) is  given by

y8 _ ^ 0  ^ i b i

N2b2 + N l b l
(1.80)

where ySQ denotes the inverse temperature that would be given to the
nuclei if only the spins S, were present; bj and b2 are equal to (rj/D )'*
and (r2/D )‘/4 respectively , while Nj and N2 represent the numbers of
the spins Sj and S2. In (1.80) b2 will depend on the rf power since
the sp ins S, are the polarizing spins, while b2 is  constant. If the
available power is  sufficient to make N 1b 1» N 2b 2, the influence of
the impurities S2 is  negligible and the nuclear enhancement will be
the same as if only the spins Sj were present. Obviously th is ar­
gument only holds, just as in 1-1.3, as long as the factor f is  neglected.
If th is factor is  taken into account, it turns out that the high tran­
sition probability necessary  to surpass the impurity influence resu lts
in a higher electron spin temperature, which causes a sm aller nuclear
polarization. In the experiments that will be described in chapter VI
this influence of nuclear spin diffusion will be of importance.

1-3.4. Influence of a phonon bottleneck

In (1.40) and (1.41), describing the coupling of the electron spins
with the crystal la ttice , /3, was assumed to represent the inverse
la ttice  temperature. In crysta ls where a phonon bottleneck is present,
this assumption is  no longer true, and /SL will be the inverse temper­
ature of the phonons on speaking terms, as d iscussed  in 1-1.4. Ju st
as before it  is  then necessa ry20* to introduce an equation describing
the evolution of th is phonon temperature 1 /ySL

J k -
dt fi

M
le ^  fii

(1.81)

where A is the relative number of spins and phonons on speaking
terms, and T le  spin-phonon relaxation time. The second term on the
right hand side describes the relaxation of the hot phonons to their
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equilibrium value given by the bath temperature l / /3 ° .  The rate °*
this process is  given by 1/t  . .

With the assumption that f « l ,  the stationary values for /S and
yS. are found to be

- ^ ( W - —W+)T l n + ^ 4 ( W -  + W+)W0T le T ln
j f i  CO n &C*)T

_  .......... _  A2 + 2(l+cr)c^^
(1.82)

(l*W % n*W-T. )[1*W0TU
2 a>i

A . + (L83)
yS° 2cu2 + W0T l e [A2+2(l + cr)aj2 ]

where p" is  the bottleneck coefficient. The only difference in th is
solution for /3 with the earlie r expression (1.72) is  that the factor 2
multiplying &>2 is  replaced by 2(l + cr). This is a consequence of the
fact that the Zeeman relaxation of the electrons is  slowed down by a
factor (1 + cr), while the relaxation of <H„S> is  not affected by the
phonon bottleneck because of the much smaller heat capacity  of the
spin-spin in teractions.

Fig.I.16 shows the nuclear enhancement factor for the same
parameters as in fig.I.14, but now including a bottleneck factor c r -5.
At the highest power levels the maximum enhancement is  now ob­
tained for A = a)L/(l+cr)2, instead  of cu^/2 in the case  where no bottle­
neck ex is ts . The value of th is maximum is  reduced by a factor /cr+ 1.
In chapter V several experiments are described where the influence
of a phonon bottleneck is  clearly demonstrated.

There is  no doubt that the co llective description of the spin
system s that participate in the polarization process is  more rigorous
from a theoretical viewpoint than that based on the rate equations. In
fact the experiments that will be d iscussed  in the following chapters
indicate that a quantitative agreement between theory and experiment
is obtained in many practical cases .

In the equations (I.65)-(I.70) describing the electron and the
nuclear polarization the influence of Hs . was neglected with respect
to HgS (cf.(1.64)). So it may be expected that in c ry sta ls  with a large
concentration of param agnetic ions the experimental resu lts  will be
in better agreement with these theoretical predictions than in cry sta ls
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F ig .  1 .1 6 . P r o to n  p o l a r i z a t io n  f a c to r  a s  a  fu n c t io n  o f th e  i r r a ­
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b o t t l e n e c k ;  fo r  h ig h  p o w e r  l e v e l s  th e  m ax im um  p o la r ­
i z a t io n  s h i f t s  to  A = a ) ^ l /2 (  1 + C7).

containing only a small amount of these ions. However, the opposite
is true: serious d iscrepancies between theory and experiment occur
in c ry sta ls  with the largest concentration of paramagnetic ions. In
the following we will ind icate  how (I.65)-(I.70) should be changed to
account for these  observed d iscrepancies.

1-4. Improvement of the theory of dynamic polarization in
the rotating frame

As will be shown in chapter III the nuclear sp in -lattice  relax­
ation is  in general not only determined by the electron sp in-lattice
relaxation, but a lso  by the electron spin-spin in teractions. E specially
in those c ry sta ls  where the electron spin concentration is  large these
spin-spin in teractions may determine the nuclear relaxation time com­
pletely.

1-4.1. The relaxation equation for the nuclear spins

If the spin-spin in teractions of the electrons contribute con­
siderably to the nuclear relaxation rate, there are two relaxation
processes in parallel, so that (1.66) can be written formally as

- | - / 3 « - 4 - 0 S - / 9 L) - 4 r ( / 3 - £ L)
Bt T l„  T I n

(1.84)
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where (T j,,)” 1 is  the rate at which the nuclear spin system comes
into equilibrium with the la ttice  by the interaction with the electron
Zeeman system . The second term describes the return to thermal
equilibrium via the electron spin-spin in teractions. It has been shown
both theoretically and experimentally th a tT l n is  inversely proportional
to the number of param agnetic ions n . In chapter III we will show

II ©
that in many practical cases  T ln  is  given by

which means that the nuclear relaxation time is  equal to the spin-
la ttice  relaxation time of the electron spin-spin system  T le /2  multi­
plied by the ratio of the heat capac ities  of the nuclear Zeeman sy s­
tem and of the electron spin-spin system . This ratio is  approximately
proportional to n“ 3. Thus for large concentrations of paramagnetic
ions the second term in (1.84) will determine the nuclear relaxation
rate.

1-4.2. Consequencies for the nuclear polarization

In 1.3 the forbidden transition  probability was calcu lated  from
(1.71), where the measured value of the nuclear sp in -lattice  relax­
ation time was used. However, it will be clear from the foregoing
that th is value is  no longer a measure for the magnitude of W if
electron spin-spin interactions contribute to T ln . Then T ln of (1.84)
should be used to calcu late wVWg. The second term of (1.84) can
then be considered as a term describing the extraneous relaxation of
the nuclei via the electron spin-spin system . The relative importance
of- th is extraneous relaxation will increase strongly with increasing
paramagnetic ion concentration. Thus for higher concentration the
microwave power which is necessary  to obtain the maximum polar­
ization will increase, because the condition W*Tj n» l  is  then more
difficult to sa tisfy . An example of th is behaviour, which is  analogous
to that observed when param agnetic im purities are present in the crys­
tal, will be given in chapter IV.
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Chapter IL

EXPERIMENTAL ARRANGEMENT AND PROCEDURE

Introduction

Electron-nuclear double resonance experiments are performed
in general in an apparatus which enables the sim ultaneous obser­
vation of the electron param agnetic resonance and the nuclear reson­
ance. In dynamic polarization the electron Larmor frequency is  gener­
ally of the order of 10 to 100 GHz, so that the proton resonance fre­
quency is  in the rf region from 10 to 100 MHz.

The sample in which the dynamic polarization is  to be studied
is  placed in a microwave cavity. The external magnetic field HQ is
then adjusted at one of the forbidden transitions, and the in tensity
of the proton resonance signal is  used as a m easure of the increase
of the proton polarization. In most experimental se t ups the coil for
the observation of the nuclear resonance is  mounted inside the cav ity1 .̂
In our arrangement however it is  wound around the cavity, and s lits
in the sidew alls permit the penetration of the rf field into the cavity.

The cavity is  placed in a liquid helium cryostat between the
poles of a Bruker Physik BE-20 C8 electrom agnet. The power supply
of th is magnet has a long term current stab ility  of 5 parts in 106.
Small field modulation co ils  are mounted between the pole caps. The
coils are fed with a 50 Hz current when the resonance signals are
displayed on the screen of an oscilloscope, or with a small current
of a variable frequency between 30 and 1000 Hz when phase sensitive
detection is  used.

The construction of the cavity together with the microwave
spectrometer will be d iscussed  in II-1. In II-2 a description will be
given of the nuclear resonance apparatus. The preparation of the
single crysta ls of L a 2Mg3(N 03)12.24H20  (LaMN) with different amounts
of Nd, Ce or P r ions a t the La s ite s  will be described in II-3.

II-l. Electron resonance equipment

I I - l . l .  Double resonance cavity

The microwave cavity is  a rectangular X-band cavity operating
in the T E 1Q2 mode. The internal dimensions are 44 x 22 x 6 mm. The
construction is  shown in fig.II.1. The LaMN crystal, which has a
volume of about 8 x 5 x 2  mm3, is  inserted  in a p iece of styrofoam
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. _______ RG 52/U
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itms.

F i g .  II . 1. T h e  m ic ro w a v e  c a v i t y .  T h e  n .m .r .  c o i l  i s  w o u n d
a ro u n d  th e  c a v i ty .

that fits c lose  in the cavity. The lower part of the cavity can be re­
moved to give acces to the interior. In the middle of the sidew alls
narrow s li ts  are made that permit the penetration of the rf field of the
n.m.r. coil. The Q-factor of the cavity is  about 3000 at helium temper­
a tu res2,3 .̂

The advantages of th is cavity construction are that new crys­
ta ls  can easily  be inserted without changing the n.m.r. coil and that
the Q-factor of the coil is  so small due to lo sses  in the copper walls
of the cavity, that there is  only a very weak rf field at the s ite  of the
crystal. If the nuclear relaxation time T ln is  shorter than 500 seconds
the resonance signal can be continuously monitored with an rf voltage
of 15 mV across the coil without causing more than 5% saturation. A
normal coil with comparable dimensions would already cause appreci­
able saturation if T j was of the order of 50 seconds at the same rf
voltage. Furthermore, the homogeneity of the microwave field over the
crystal has been measured to be within 5%. Such uniformity seem s to
be very difficult to obtain when the coil is  mounted inside the cavity.
The field pattern is  then always distorted by the presence of the cop­
per wires of the coil.

One of the major disadvantages of the geometry of the cavity is
of course that, due to the low Q-factor of the coil, the signal-to-noise
ratio of the n.m.r. signal is  low. This difficulty is , however, only
important in measuring the thermal equilibrium proton signal. The
polarized signals are large enough to be recorded easily .
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II-1.2. Microwave apparatus for dynamic polarization experiments

The block diagram of the microwave se t up used in the dynamic
polarization experiments is  shown in fig .11.2. A Varian V-58 klystron,
delivering a power of about 300 mW at 9000 MHz is  connected to the
cavity, which is  placed in a liquid helium cryostat. A thinwalled
sta in less steel waveguide is  used to reduce the heat input. The power
level in the cavity can be regulated by means of a 60 db calibrated
attenuator. A 26 db crossguide coupler to which a bolometer mount is
connected enables a continuous monitoring of the klystron power. The
power reflected from the cavity is  measured via a 10 db directional
coupler with a second bolometer mount. The microwave power in the
cavity can then easily  be calculated  from the incident and the re­
flected power.

V
V -5 8

0 -6  Odb
/ o t t

$ ' k
p o w er HP
supply 431 B

w

HP
4 3 1  B

bo lo m eter

m agnet

F ig .  I I . 2 . B lo c k  d ia g ra m  o f th e  m ic ro w a v e  a p p a r a tu s  u s e d  in
th e  d y n a m ic  p o l a r i z a t io n  e x p e r im e n ts .

In principle th is arrangement can also be used for the obser­
vation of the paramagnetic resonance signals. However, for low con­
centrations of the paramagnetic ions in the crystal the change of the
reflection coefficient of the cavity when the field Hq is  adjusted at
resonance is  too small to be detected directly by the bolometer bridge.
Furthermore, the Nd resonance signal can be observed at low temper­
atures with a microwave power of only 10~° W because of the re-
lativily long sp in -lattice  relaxation time. This makes bolometer or
video detection im possible. Therefore the microwave apparatus was
extended to a more sensitive  set up, which easily  enables the ob­
servation of 0.01% Ce or Nd in the crysta ls.
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II—1.3. Superheterodyne microwave spectrometer

The block diagram of th is superheterodyne spectrometer oper­
ating at an interm ediate frequency of 30 MHz is  shown in fig .II.3. The
microwave signal of the V-58 klystron is  attenuated by about 60 db
and then fed into the cavity, so that the power in the cavity is  of the
order of 10 '7W. The reflected power goes via a 10 db directional coup­
ler to the 1N23E diode. About 10- 3  W from the local oscilla to r, which
operates at a frequency 30 MHz higher than that of the V-58 klystron,
is  fed to the same crysta l. The 30 MHz component of the detected
signal is  amplified by a LEL IF 31 BS preamplifier and a LEL IF 60 B 50
main amplifier and rectified . The absorption signal can be displayed
on an oscilloscope, or it  can be fed into a PAR HR-8 narrow-band,
low frequency amplifier; after phase sensitive  detection the deriv­
ative is  recorded.

power
*uppiy

A F C

i.f. ampl.

h y b rid  T1 N 2 3 B

1 N 2 3 E

f . IB. -

2 6  db .

V -58

iJ.ampl. -  —

4 3 1  8
i.t.omp

»uppiy

------- lock-in --© o s c .

F i g .  I I . 3. B lo c k  d ia g ra m  o f th e  s u p e r h e t e r o d y n e  m ic ro w a v e  s p e c ­
t r o m e te r .

To keep the V-58 klystron locked to the cavity resonance, a
small 10 kHz modulation is  added to its  dc reflector voltage. The
resulting frequency modulation will appear as a 20 kHz amplitude
modulation at the output of the receiver if the klystron is  tuned at the
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frequency of the cavity. If there is  a difference in frequency, a 10 kHz
component will be present at the receiver output, which is  fed into a
10 kHz lock-in amplifier. The resu ltan t dc voltage is  added to the re­
flector voltage from the power supply, so that the klystron frequency
is  corrected autom atically .

About 10—3 W of the microwave signal of the V-58 klystron is
fed via the E-arm of a hybrid T to the 1N23B diode, and mixed with
the signal from the local oscilla to r. The 30 MHz component of the
resultant voltage is  amplified, and connected to a 30 MHz discrim ina­
tor circuit. The dc correction voltage produced by th is  AFC unit is
added in the right phase to the reflector voltage from the local o sc il­
lator power supply. The frequency difference is  thus m aintained at
30 MHz. The power delivered by the V-58 klystron is  continuously
monitored on a bolometer bridge.

No measurements of the sensitiv ity  of th is microwave system
have been performed. The spectrom eter is  however capable of d is­
playing the absorption signal of 0.01% Ce on the oscilloscope. Lock-
in detection increases the sensitiv ity  by a factor 10 to 100 depending
on the bandwidth.

The first derivatives of the param agnetic resonance signals
were recorded at 1.5°K and at 4.2°K by slowly varying the external
field. In a ll experiments th is field was perpendicular to the crysta l­
line z axis, except for the proton relaxation time measurements des­
cribed in chapter III-3.4. The derivatives were integrated by hand,
and the linew idths were determined from these  integrated signals.

11-2. Nuclear resonance equipment

H-2.1. Measurement of the polarization factor

The nuclear resonance spectrom eter co n sis ts  of a modified
Pound-Watkins oscilla to r, which operates in the frequency range from
9 MHz to 15 MHz. Polarization measurements on LaMN.Nd were car­
ried out a t a frequency of about 9.5 MHz, and those on LaMN.Ce at
v=14 MHz. Under normal operating conditions the rf voltage across
the coil is  10 to 100 mV, depending on the dc feedback voltage. As
mentioned before, an osc illa ting  amplitude of 15 mV perm its a conti­
nuous observation of proton signals without saturation if the relax­
ation time is  shorter than 500 seconds.

The linear response of the osc illa to r has been checked for
several operating points by comparing the measured proton enhance­
ment factor E with that measured with an twin-T bridge. The two
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observed values of E were always equal within the accuracy of the
measurements, which is  about 5%. A second check of the linearity  is
provided by the observation of the decay of an enhanced proton signal
after switching off the microwave power. Always a purely exponential
decay was observed, which would not have been the case  if the
oscilla to r had a nonlinear response.

After one stage of rf am plification the proton signal is  rectified
and fed into the PAR HR-8 lock-in amplifier. The block diagram is
shown in fig .II.4.

pound

power
ompl.

supply

l O k W

F ig . I I .4 . B lo ck  d iag ram  of th e  n .m .r . a p p a ra tu s  u se d  in  th e
d y n am ic  p o la r iz a t io n  e x p e r im e n ts .

The course of the measurement of the polarization factor is  as
follows: the V-58 klystron is  tuned at the resonance frequency of the
cavity. The magnetic field HQ is  then adjusted in the vicinity of the
paramagnetic resonance value. At a certain microwave power level in
the cavity the proton resonance signal is  then recorded by motor­
tuning the oscilla to r through the proton resonance frequency.

The m agnetic field is  then increased by one or two oersted and
the proton signal is  again recorded. If the m agnetic field is  shifted so
far from resonance that the polarization factor has become very small,
the klystron is  sw itched off and the thermal equilibrium proton re­
sonance signal is  measured several tim es. B ecause of the unfavorable
signal-to-noise ratio> a long time constant is  used in th is  case . After
every change of the field Hq or of the microwave power, sufficient
time was allowed for the polarization to reach a steady s ta te .



55

II-2.2. Measurement of the polarization and relaxation times

As mentioned before, the proton sp in-lattice  relaxation times
were determined from the decay of a polarized signal after suddenly
switching off the microwave power. The exponential signal thus ob­
tained is  replotted on a semilog graph, and the time constant can
easily  be calculated . In th is manner relaxation times down to a few
seconds can be measured. This limit is  determined by the response
time of the apparatus, which is  about 0.3 seconds.

The polarization times were measured by recording the build-up
of the polarization after switching on the klystron. This was repeated
several times for the same power level. Then another cavity power
was chosen, and again the build-up time was determined. The ex­
ponential curves were always replotted for the calculation of the polar­
ization time r , .

The accuracy of the measurements of E and t„ depends mainly
on the polarization factor and frequency stab ility  of the klystron. It
is, however, always better than 10%. For all measurements of the
polarization factor and of the polarization time the rf voltage across
the coil was taken so low, that saturation of the proton resonance
signal could be neglected with respect to the other inaccuracies of
the measurements, which are of the order of a few percent.

II-3. Crystals

D-3.1. Preparation

The single c rysta ls of L a 2Mg3(N 03), 2.24H20  in which a small
amount of the La ions is replaced by one or two other rare earth ions,
were grown from a saturated aqueous solution. A vesse l with the so­
lution containing a mixture of LaMN and CeMN or NdMN is  placed in
a desiccator which is  kept at a temperature of 0° to 5°C. At higher
temperatures the evaporation of water is  so fast that the c ry sta ls  begin
to grow at the surface. Under the conditions mentioned clear c rysta ls
of 300-500 mg were prepared in a few days. The flat hexagonal p lates
were cut down to the dimensions necessary for the experim ent^ x5 x 2 mm).

Because a small amount of param agnetic ions in the crystal,
different from those added on purpose, has a great influence on the
nuclear relaxation time and on the enhancement factor, the origin and
the purity of the chem icals used is  given below:
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L a(N 03)3.6H20 Lindsay Chem.Co, Code 549;
La 99.997%; P r 0.001%; Fe 0.0001%.

Mg(N03)2.6H20 Mallinckrodt Anal.Reagent.
F e  0.0005%.

Nd(N03)3.6H20 Hopkin and Williams, Code 5990;
F e  0.001%; P r 0.005%.

C e(N 03)3.6H20 Merck A.G.
F e  0.005%; P r 0.005%.

Pr(N 03)3.6H20 Hopkin and Williams, Code 7190.

The Nd sa lts  contained the normal isotopic composition (~80% even
iso topes; 12% 143Nd; 8% 145Nd).

In some of the c ry sta ls  part of the measurements were repeated
several tim es, sometimes with in tervals of a few months. Always the
same relaxation tim es and the same polarization factors were ob-
served.

II-3.2. Concentration of the param agnetic rare earth ions
in the c rysta ls

In order to be able to make a quantitative comparison between
the observed polarization factors and the theoretical predictions, the
concentration of the polarizing spins in the c rysta ls  should be known.
In general th is concentration will not be the same as that in the so­
lution.

Arc spectrography has shown that in a small crystal grown from
a solution of LaMN containing 1.0% Nd, only 0.2% Nd is  p resen t3'® \
If the crystal is  allowed to grow on, the Nd concentration increases.
Because our cry sta ls  were always prepared from a relatively large
amount of solution, we have assumed in all our calculations that the
Nd concentration in the crysta ls  is  only 20% of that of the solution.

The percentage of Ce in the c rysta ls  is  presumably close to
that of the solution. Susceptibility  measurements on a LaMN.Ce crys­
tal grown from a solution containing 10% Ce indicate that the Ce con­
centration in the crysta l is  about 9%7 .̂

For the P r ion no p recise  data are available. The in tensity  of
the param agnetic resonance line does not give any information, be­
cause the g-values are Q / / -  1.55 and g^ = 0. Crystal field distortions
make the observation of param agnetic resonance possible. The con-
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centration however is  not important, because the P r ion was never
used as polarizing spin.

Although in the following chapters resu lts  are given for one
crystal for each concentration, many more measurements have been
carried out. The data show that c rysta ls grown from solutions con­
taining the same amount of paramagnetic rare earth ions give the same
results as to the proton sp in-lattice  relaxation times and the polar­
ization factors.
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Chapter III

SPIN-LATTICE RELAXATION

Introduction

The sp in -lattice  relaxation times of the paramagnetic ions as
well as those of the protons in the crystal play a dominant part in the
dynamic polarization process. One of the requirements for obtaining
the maximum polarization factor

F . B .".AE pi t?
is, that the factor f = NTj / T l n « l ,  as d iscussed  in chapter I. This
means that for a fixed param agnetic ion concentration T ln/ T l e » N .
Furthermore, the maximum obtainable polarization is  also strongly
influenced by the occurrence of a phonon bottleneck in the electron
spin-lattice  relaxation.

In view of the importance of the relaxation tim es the measure­
ments of T . and T , that have been carried out in the crysta ls  in1 6  I n
which the dynamic polarization process was studied, will be given in
th is chapter. In III-l a theoretical description of the nuclear spin-
la ttice  relaxation mechanism is  presented, which takes the influence
of the electron dipole-dipole interaction into account. The depend­
ence of T , on the concentration of the paramagnetic ions is  different

1 ̂  1 2  3 ) _from the one predicted by earlier theories • 1 In III-3 the values of
Tj are summarized; in III-3 the measurements of Tln in single crysta ls
of LaMN containing different amounts of one or the two paramagnetic
rare earth ions are d iscussed .

III-l. Theory of proton sp in-la ttice relaxation in dilute
paramagnetic crysta ls

I I I - l .1. Relaxation equations

The interdiction of a nuclear spin with the surrounding crystal
la ttice  is  calculated  in general by evaluating the spectral intensity
J(a>) of the fluctuating field a t the position of the nucleus4*. In dilute
paramagnetic c ry sta ls  where only a dipolar coupling between the nu­
clei and the param agnetic ions is  present, J(a>) is  known to be deter-
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mined only by the fluctuations of the z component of the spin S of the
paramagnetic io n s1 .̂

There are two mechanisms that may induce a change of the orien­
tation of the spins S: their interaction with the la ttice  and their inter­
action with each other. The spectral density due to the firs t process
will have a Debije distribution with a correlation time r  equal to the
spin-lattice relaxation time T ,

(III.l)
i+aj T Xe

The spectral distribution due to the spin-spin interaction J 2(cu) will
not have a Debye shape because of the correlation between two neigh­
bouring sp ins. However, apart from a factor of order unity the mag­
nitude of J 2(<*0 will s ti l l  be given by (III.l) where T j is  replaced by
T 2e* _

The in ten sitie s  Jj(<u) and J 2(cu) determine the rate  at which the
nuclear spin system comes into equilibrium with the electron Zeeman
system denoted by Z e , and with the electron spin-spin system Hgg
respectively. The transition  probabilities of the nuclear spins are
given by

* T ^ I S 6 s in 20 c o s 20Jj(ci>n) (HI.2)

= |-'>'nris6 s in 20 c o s 20 J 2(con) (III.3)

where r ig is  the d istance between the nuclear spin and the paramag­
netic ion, and 6 the angle between rxg and The nuclear Larmor
frequency in the field Hq is  given by .According to Provotorov’s
theory (cf. (1-2.2)) Z e and Hgg may have different tem peratures if
T 2e< < T lB5\  In the absence of a microwave field which tries to equ-
^alize thM l^temceiatilrea , there is  no contact between Z and if
pie e lec tron resonance jjnew idth  &>, is  much smaller than the Larmor
•frequency &> . A relaxation process (TfTFe’XFonrg-BouwkaTh'p ly p F 'rs
then im possib le6 .

The electron Zeeman system is  coupled with the la ttice  with a
spin-lattice relaxation time T le> The rate at which the spin-spin
system comes into equilibrium with the la ttice  is  given by 2 /T ,
(cf. (1-2.1)). le

The problem to be solved is  to calcu late  the rate at which the
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nuclear Zeeman system Z n returns to equilibrium after a disturbance.
The thermal block diagram illustrating  the model that is used for the
description of the relaxation process is  shown in fig. III. 1.

d ip o le  -  d ip o le

ty e te m

F ig . III. 1. Thermal block diagram for the description of the nu­
clear sp in -la ttice  relaxation process.

The equations describing the rates of change of the expectation
values of Z , Z g and Hss are given by

A < Zn>n=- W2<<Zn > n - < Zn>SS>-Wl < < Zn > n - < 2 n>e> <IIL4>

—  <H >dt ^"ss^ss w,{<z„>„-<zn>ss}- -{<Hgs>ss <^SS>L^
1 e

(III.5)

-<z > =w,t<z > ■e e 1 n n
(III.6)

where <Z > =n cu2/T  = nn/3 co2 is  the expectation value of the
nuclear Zeeman energy when the nuclear spin system is  at a temper­
ature T n. L ikew ise <Zn>ss =nn^ s s a)2, <Zn>e = nn/3ea>n2 and <Zn>L =
nn/3 co2. The corresponding electron spin-spin energies and the e lec­
tron Zeeman energies are given by < ^ ss> ss  =ne^ SSc<JL ' <’*ss>L =
n B, o) } , <Z > =n B cu2 and< Z  >, =n /S, a> . It is  to be noted thate " L  L ' e e e*® e e L e^L. . , ,
a)L is  the Larmor frequency of the electron spins in the field due to
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neighbouring electron sp ins. The equations given above can be re­
written as

4 r  P SS = — T T W2 ^ S S  P r )  ^ S S
1 e

j  i
— /S =------ JS. W,(/3 - y 8 -----1— (/3 — y6, )
dt e 1 e n T , * Le  l e

(IH.7)

(III.8)

(III.9)

where N = n / n e . The time-dependent solutions of these equations can
of course be calculated  in general. However, in order to show the
relative influence of the different transition probabilities we will
consider several situations where the solutions take a simple form.

Ill-1.2. Special solutions

a. n co2» n  a)2e  e  n  n

If the electron spin concentration is  larger than ~  10“ 3%,
n cu2» n  ocr because in general cu « 103cu . The temperature of thee e n n  e n
electron Zeeman system 1 /y8e will then remain equal to the la ttice
temperature 1/yS, during the nuclear relaxation process. Eq. (III.9)
is  then no longer important, while (III.7) reduces to

-6. -  -  -8ss> -  » l -  /3l ) «II. 10)

The two equations (III.8) and (III.10) describing the evolution of y8n
will have a solution of the form

yS -  Ae Tl +Be ^  +C (III. 11)1 n

and thus the decay of y3 will show in general two time constants tj
and t „.

In the c rysta ls which are used in the dynamic polarization ex-



62

periments described in the following chapters the electron spin-lattice
relaxation time T . is  known to vary between 10— and 1 sec, while
the spin-spin relaxation time T 2e is  in the range from 10 to 10
sec, depending on the paramagnetic ion concentration; the nuclear
Larmor frequency a>n » 1 0 8. Substitution of these values in (III. 1)
shows that so

w2»Wj an. 12)
Furthermore, measurements of the electron resonance linewidth a>t
show that for concentrations up to about 20% the following condition
is  valid

2 i i» i  an. i3)

The general time-dependent solution of y0n can be simplified by making
use of these  inequalities (III. 12) and (III. 13). The two time constants
t , and t2 are then given by

r - i  A . J _  + W, (III. 14)
1 Ncu2 T , 1n 1 e

r T 1 ------^ -W 2 (III. 15)

In the concentration range up to 20% the coefficient A in (III. 11) is
very large compared with B, so that the principal change in occurs
with the time constant Tj, which can be identified with the observed
relaxation time. This time behaviour of P n is illustrated  schem atically
in fig .III.2, curve 1; /Sn-ySL first drops by a small amount with the
short time constant t2, and then goes slowly to equilibrium with a
characteristic  time T j. If the paramagnetic ion concentration c in­
c reases, a>2 /N  increases as c 3, while Wj is  proportional to c; Tj de­
creases and t2 increases with increasing concentration. Also the
coefficient B can be shown to increase (curve 2).

If the concentration becomes larger than ~  20%, (III. 13) will no
longer be valid. The time constan ts are then no longer given by (III. 14)
and (III. 15). Calculation shows that Tj and r 2 become comparable in
magnitude, ju st as the coefficients A and B (curve 3). If the concen-



63

F i g .  I I I . 2 . B e h a v io u r  o f  th e  n u c le a r  i n v e r s e  s p in  t e m p e ra tu r e  a s
a  f u n c tio n  o f t im e .  T h e  d i f f e r e n t  c u r v e s  a r e  d i s c u s s e d
in  th e  t e x t .

tration becomes so large that <y2 >Ncu2 the spin-spin system will re­
main at la ttice  temperature during the nuclear relaxation. The relax­
ation time is  then given by

V“  1 “ W2+W1“ W2 (III. 16)

This relaxation time is  tem perature-independent, because W2 is  deter­
mined by T 2e< which is  independent of temperature.

The solutions d iscussed  above show that in the interval of para-
mqgnetic ion concentrations between 10“ 3% and 20% the main part of
the decay of ft is  given by the time constant Tj from (III. 14). As
stated  before, the first term in (III. 14) is  proportional to c 3, the second
one proportional to c. Calculation shows, that the two terms are of
comparable magnitude for c = l %,  so that T j ( = T j n ) will vary as c
for 1%<c<20%, and proportional to c -1  for 10“ 3% <c<l% . For higher
concentrations the dependence of T j on c is  determined by the con­
centration dependence of T 2e.

b. n cu2<n cu2e  e  n  n

n n
If the electron spin concentration is  so low that a>e <Ncun , the
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assumption that the electron Zeeman system remains at la ttice  tem­
perature, is no longer evident. A straightforward solution of the equations
(III.7)-(III.9) shows that the principal change in /2n then occurs with
a time constant

’- 1
Nco

W.T, +11 1 e

(III. 17)

Because Na>2/a>2 is  inversely proportional to c, while Wj is  propor­
tional to c, the denominator in (III. 17) is  independent of c. It is  known
from the d iscussion  given in III-1 .2athat for a LaMN crystal containing
1% Nd W .T j ^ l O - 4 , while Ncu2/eo2« l .  Thus we may conclude that
the first term in the denominator is  much sm aller than unity for all
concentrations. E q.(III. 17) reduces to

T T 1 -W , (III. 18)I n  l

which shows that T 7 1 is proportional to the paramagnetic ion con­
centration c down to the lowest concentrations.

The measurement of T j n for very small paramagnetic ion con­
centrations are difficult in practice because of the presence of un­
known impurities in the crysta ls .

III-2. Spin-lattice relaxation of the paramagnetic ions

The relevant part of the energy level diagram of the paramag­
netic rare earth ions in LaMN is shown in fig.III.3. The spin-orbit
splitting is  usually of the order of 103 cm- 1 , which is  considerably
larger than the crystal field sp littings (~ 102 cm~ ). For the ions
which are of in terest here the low est s ta te  is a doublet, the degener­
acy of which is  removed by an external magnetic field HQ.

At liquid helium tem peratures only this ground sta te  will be
occupied, and paramagnetic resonance is observed between the two
levels la> and lb> of th is lowest s ta te . The next higher s ta te s  will
in general not be populated at these  low tem peratures, but they may
still be of great influence on the relaxation rate between the levels
la> and lb> 7\

It has been shown both theoretically  and experimentally that the
spin-lattice relaxation of the rare earth ions at low tem peratures can
occur through three different p ro cesses3 :̂
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c r y s ta l  f ie ld h.

S c h e m a tic  e n e rg y le v e l d iagram  o f a  p a ra m a g n etic
rare ea rth  io n  in  a s in g le  c r y s ta l  o f LaM N .

a. The direct p rocess, where a spin flips from s ta te  lb> to s ta te
la> , sim ultaneously with the creation of a phonon of energy htu . The
direct relaxation rate T ^ 1 is  proportional to coth (tl&>e/2kT ).
b. The Raman process, which involves the sim ultaneous absorption
of a phonon of energy Sj and the em ission of another phonon of energy
S2= S1+tIcu , together with a spin flip from lb> to la> .- The Raman
relaxation rate is  proportional to T 7 if the ground s ta te  is  a non-
Kramers doublet, or to T 9 if it is  a Kramers doublet.
c. The Orbach process, which a lso  im plies a two phonon process:
a phonon of energy Al is  absorbed, with a sim ultaneous spin flip
from lb> to the next higher doublet at A l. Then a phonon of energy
Al + heu is created, while the spin flips to |a > . C learly th is process
only works if there are phonons of energy Al present in the crysta l,
so Al should be sm aller than k.6, where 6  is the Debije temperature
defined as k0=hQ (fi is the cut-off frequency). The Orbach relaxation
rate is  proportional to exp (—A l/kT ).

The direct process and the Orbach process are depending on
a narrow phonon band, with a width of the order of the param agnetic
resonance line width. The relaxation rates due to these p rocesses may
be slowed down by a phonon bottleneck8 .̂ In the Raman process how­
ever the spin energy is  distributed over the whole phonon spectrum,
so that a phonon bottleneck is very improbable.

For two of the ions that will be d iscussed  (Ce and Pr) only the
direct process shows a phonon bottleneck. The spin-bath relaxation
rate T7j? is  then proportional to A [coth (lieu /2 k T )]2 where A depends
on the concentration and the line width of the param agnetic ions, and on
the crystal s ize .
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III-2.1. Nd in LaMN

Two uneven isotopes of Nd are present in our crystals: 143Nd
(12%;I=7/2) and 145Nd(8%; 1=7/2).The remaining 80% are even isotopes
with 1=0.The g-values of the ground state are g ^ ^ . 362 ± 0.01 and
g±*2.702 ±0.006 with respect to the crystalline z axis3\  The para­
magnetic resonance spectrum at v = 9000 MHz thus consists of a
central line at H0 »2500 Oe, flanked by 16 h.f.s. lines each with an
intensity of about 1% of that of the main Nd line.

The next higher doublet is at A l/k  = 47.6°K, which is well be­
low the Debije temperature of ~60°K .

The spin-lattice relaxation times of Nd have been measured for
zJL Hq in an external field of 2.5 kOe in crystals containing 1% and
5% Nd. The data which do not depend on the Nd concentration, are
very well fitted by the expression

T 7 1 = 0.3 coth ) + 6.3 x 109 exp ( -  4 M )  (III. 19)
le 2kT T

in the temperature region from 0.3 °K to 4.2 °K 1 . At low temperatures
the direct process prevails, while at high temperatures the Orbach
process is most effective. The exponent of the Orbach term is in
agreement with the energy of the excited level.

Measurements were also carried out in our laboratory by Dr Drewes
and Drs Lijphart in one of our crystals. Their results are shown in
fig.III.4, together with the relaxation times calculated from (III. 19).
The agreement is very good.

In III-3.4 experiments on the proton relaxation time T ln as a
function of the angle 6 between the crystalline z axis and the exter­
nal field Hq are described. The electron spin-lattice relaxation time
has been measured as a function of this angle11'. The results show
that T je is independent of 6 in the region 9O°>0>5O°.

III-2.2. Ce in LaMN

Only even isotopes are present in the crystals, 14 * 4 Ce(I=0).
The g-values of the ground state are gi =1.83 and g ,, = 0.024 10,12
The paramagnetic resonance spectrum at v  = 9000 MHz consists of
only one line in a field of about 3600 Oe.

The next higher doublet is found at Al/k=34.0°K.
The relaxation rate shows, just as in the case of Nd, two pro­

cesses in parallel. The Orbach process, which is predominant above
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40 °K

F ig .  II I .4 . Nd s p in - la t t i c e  re la x a t io n  tim e  T j  a s  a  fu n c tio n  o f
te m p e ra tu re .
T h e  c i r c le s  r e p re s e n t th e  v a lu e s  m e a su re d  a t  9600 MHz,
w h ile  th e  d o tte d  cu rv e  g iv e s  th e  v a lu e s  of re f . 3 . T h e
s o l id  lin e  r e p r e s e n ts  T^e  a t  8600 MHz.

T=2.2°K, is proportional to exp (—34.0/T), while now a phonon bottle­
necked direct process is observed at the lowest temperatures. In
crystals containing different amounts of Ce the spin-bath relaxation
rate could be fitted by the expression

T7.1 = A [coth (— s-)] +2.7 x 109 e x p ( - ^ - )  (III.20)
l b  2kT T

in a field H0 = 3600 Oe 10\  The coefficient A is inversely proportional
to the Ce concentration and to the crystal size. For Ce concentrations
of a few percent A is of order unity.

III-2.3. Pr in LaMN

The only isotope present is 141Pr (1=5/2). The ground state is
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a non-Kramers doublet, and the g-values are g 1.55 and g i =0, The
spectrum co n sis ts  of six  equally strong h .f .s . lines. The next higher
level is  a sing let at A l/k= 54 .6°K , which is  just below the Debije
temperature.

The spin-bath relaxation times Tjj, have been measured in the
temperature region from 1.3 °K to 4.2°K3'.They can be described by
the expression

T7.1 = A [coth  (——*■ )]2 + 2.35 T 7 + 4.6 x 1010 exp ( - -^M )lb 2kT T
(iu.21)

The T 7 dependence for the Raman process is  expected from the fact
that the ground sta te  is  a non-Kramers doublet. The Orbach term is
dominant at the h ighest tem peratures.

The temperature dependence of the first term again ind icates
that a phonon bottleneck is  present. This is  confirmed, ju st as in the
case of Ce, by the observation that A depends on concentration and
crystal dim ensions. A theoretical estim ate of the direct relaxation
rate yields T =< 105T. The bottleneck coefficient cr is  then of the
order of 103, so that the observed value of T7,1 at the lower temper­
atures is  of the order of 102 s e c "  .

III-3. Results on proton spin-lattice relaxation times

m-3.1. Proton sp in -lattice  relaxation in (La,Nd)MN

In single c ry sta ls  of LaMN containing 0 .5 ,1 .0 ,2 .0 ,5 .Oand 10% Nd
the proton relaxation tim es have been measured in the temperature
region from 1.5°K to 4 .0 °K in an external field HQ=2500 0 e . The
resu lts  are shown in fig.III.5 as a function of temperature for the
various c ry sta ls . The behaviour of T , with temperature is  roughly
the same as that of the electron sp in-lattice  relaxation time T le , given
in fig .III.4; a c loser examination shows however, that for a ll c rysta ls
the temperature dependence of T ln is  slightly weaker than that of T le *
This is  probably due to the presence of unknown im purities in the
crysta l. This suggestion is  confirmed by fig.III.6, where T ln is  plot­
ted versus the Nd concentration c. This figure shows that for T= 1.5°K
T , is  independent of the Nd concentration if th is concentration is
le s s  than ~  1%. At T* 2.5°K the same behaviour is  found for c< 0 .5%.
At higher temperatures th is  effect is  not observed, and then T ln  is
approximately proportional to 1 /c  for Nd concentrations below 2%.
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lO O O

lO O

F ig . I I I .5 . P ro to n  s p in - la t t i c e  r e la x a t io n  tim e  T jn a s  a  fu n c tio n  of
te m p e ra tu re  fo r s e v e r a l  Nd c o n c e n tra t io n s  in  th e  c r y s ta l .

300

to o

F ig . I I I .6 . P ro to n  s p in - la t t i c e  r e la x a t io n  tim e  T , a s  a  fu n c tio nin
of th e  Nd c o n c e n tra tio n  in  th e  c r y s ta l  for s e v e r a l
te m p e ra tu re s .
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For the 5% and the 10% Nd crystals the Nd spin-spin interactions
contribute appreciably to the nuclear relaxation rate. In this region
Tln is proportional to c—3. This concentration dependence is exactly
the one predicted by the theoretical description given in III-1 •

The widths of the Nd paramagnetic resonance lines in the vari­
ous crystals also indicate that for concentrations c>l% the Nd spin-
spin interactions become important: the measured half width increases
from9MHzin the 1% crystal to 35 MHz in the crystal containing 10% Nd.

III-3.2. Proton spin-lattice relaxation in (La,Ce)MN

In single crystals of LaMN containing 0.10, 0.20, 0.50, 1.0, 2.0
and 5.0% Ce the proton spin-lattice relaxation times have been meas­
ured at T=1.5°K and at T*2.1°K. These experiments were carried out
in a field H0<= 3600 Oe because the Ce resonance line is found at this
field for a microwave frequency of <=9000 MHz. The results are shown
in fig.III.7, where T ln is plotted versus the Ce concentration c. At
2.1 °K T ln is proportional to c " 1,4 in the region where c>0.2%, and
at 1.5°K T, « c- 1 -8. At lower concentrations T ln becomes propor­
tional to 1/c. This behaviour is in qualitative agreement with the

l O O O

100

F ig . I I I .7. P ro to n  s p in - la t t ic e  re la x a t io n  titne  T^n a s  a  fu n c tio n
o f th e  C e c o n c e n tra tio n  in  th e  c r y s ta l  for tw o tem per­
a tu r e s .
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description of the proton spin-lattice relaxation given before. How­
ever, the dependence of T, on c is too weak at the higher concen­
trations. This is not surprising because our assumption that n « c 3
is only valid for a homogeneous distribution of the paramagnetic ions.
Furthermore, the Ce resonance line is known to be inhomogeneously
broadened13\  which makes the concept of a Ce dipole-dipole system
which is homogeneous in temperature rather doubtful.

III-3.3. Proton spin-lattice relaxation in LaMN containing
2.0% Nd and various amounts of Ce

In single crystals of LaMN, containing 2.0% Nd and 0.02, 0.10,
0.20 and 0.50% Ce respectively, the proton spin-lattice relaxation
times have been measured in the temperature region from 1.25 °K to

lO O O

1.1 4 0 *K

F ig . I I I .8 . P ro to n  s p in - la t t i c e  re la x a tio n  tim e  T jn  in  c r y s ta l s
c o n ta in in g  2.0% Nd an d  v a r io u s  am o u n ts  of C e a s  a
fu n c tio n  of te m p e ra tu re .

O -  0% C e 7  -  0.20%  C e
□ — 0.02%  C e O — 0.50%  C e
A -  0.10%  C e
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3 .5 °K in an external field HQ = 2500 Oe. In fig .III.8 T ln is  plotted
versus T for the various c ry sta ls . The upper curve represents T ln in
a pure 2.0% Nd crysta l. The resu lts  show that the proton relaxation
tim es are shortened considerably by the addition of Ce, especially  at
tem peratures above 2°K. The contribution of the Ce ions to the proton
relaxation rate  (T . )—1 can be calculated  by subtracting the con­
tribution of the Nd spins (T', )—1 given by the upper curve, from the

i n  i i
total observed relaxation rate. In fig .III.9 T j is  shown as a function
of the Ce concentration c. For the sm allest concentrations T ; is

O  * nproportional to c, except at 1.5 K where the influence of unknown im­
purities becomes apparent, ju st as in the case  of Nd. The stronger
dependence on c for higher concentrations mentioned already in the
preceding section, is  observed also  in th is case.

0.200.100.050.02

F i g .  I I I .9 . C o n t r ib u t io n  of th e  C e  io n s  to  th e  p ro to n  s p i n - l a t t i c e
r e la x a t io n  t im e  in  c r y s t a l s  c o n ta in in g  2 .0%  N d a n d
v a r io u s  a m o u n ts  o f C e .

Fig .III.10  shows the relative influence of the Ce ions on the
proton relaxation. At 1.5°K th is influence is  very small even for
0.50% Ce, but a ll curves show a maximum at ~ 2 .2 °K . For the 0.50%
Ce crysta l the proton sp in -lattice  relaxation time is  shortened by a
factor of about 30 in the temperature region from 2 .0 °K to 3 .0 TC.

III-3.4. Proton sp in -lattice  relaxation in LaMN containing
2.0% Nd and various amounts of P r

In single c ry sta ls  of LaMN containing 2.0% Nd and 0 .02 ,0 .10
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0.10

0.02

F ig .  I I I .  10. R e la t iv e  in f lu e n c e  o f th e  C e  io n s  on  th e  p ro to n  s p in -
l a t t i c e  r e la x a t io n  t im e  in  c r y s t a l s  c o n ta in in g  2 .0%  N d
a n d  v a r io u s  a m o u n ts  o f  C e .

io o o

O °lo Pr

1 oo

0.02

0.10

0.20

3.5 4.0 °K

F ig .  I I I .  11. P ro to n  s p i n - l a t t i c e  r e la x a t i o n  tim e  in  c r y s t a l s
c o n ta in in g  2 .0%  N d  a n d  v a r io u s  a m o u n ts  o f P r  a s  a
f u n c tio n  of te m p e ra tu re . .



74

and 0.20% Pr the proton spin-lattice relaxation times were measured
in the temperature region from 1.5°K to 3.5°K in an external field
H0 = 2500 Oe. Because of the very fast direct process of the Pr ion
in LaMN (cf. III-2.3.) a small amount of Pr is expected to have a large
influence on T , . The results of the measurements are shown in
fig.III.11. The upper curve represents again the 2.0% Nd crystal. The
influence of the short Pr spin-lattice relaxation time due to the fast
direct process is reflected in the different temperature dependences
of the curves. In the pure 2.0% Nd crystal the T-1  dependence ex­
pected from the direct process of the Nd spin is observed below
T=2.0°K. If an increasing amount of Pr is added, the T 1 dependence
is found in a larger temperature region, indicating that the proton
relaxation is more and more determined by the Pr ions.

Attention is drawn to the fact that the short spin-lattice relax­
ation time of the Pr ion is based on a theoretical estimate. A direct
observation is impossible because of the occurrence of a phonon
bottleneck as discussed in III-2.3.0ur proton relaxation time measure­
ments show unambiguously that a fast direct process is indeed pre­
sent.

The relative influence of the Pr ions calculated in the way in­
dicated before is shown in fig.III.12. The Pr influence increases
rapidly with decreasing temperature, down to 2.1°K, where a con­
stant value is obtained. Below this temperature the proton relaxation
time due to both the Nd ions and the Pr ions has a T“  dependence.

In two of these crystals also the angular dependence of T ln has
been measured. The angle 6 between Hq and the crystalline z axis,
which was 90° for all previous experiments, was now varied between

2 .0 °lo H 4

O.IO

0.02

4.0 °K

F iq .  III. 12. R e la t iv e  in f lu e n c e  o f th e  P r  io n s  on th e  p ro ton  sp in -
la t t i c e  re la x a tio n  tim e  in  c r y s ta l s  c o n ta in in g  2.0% Nd
an d  v a r io u s  am o u n ts  of P r .
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2 .0  % N4
O °t>Pr

2 . 1 ' l t

• k 0 .1 0  %> Pr

2-6 °K 0 .0 2 % Pr

9 0  8  .« O

F ig . III. 13. P ro to n  s p in - la t t i c e  r e la x a t io n  tim e  T jn in  c r y s ta l s
c o n ta in in g  2.0% Nd an d  v a r io u s  am o u n ts  o f P r  a s  a
fu n c tio n  on th e  a n g le  8. T h e  fig u re  on th e  le f t  sh o w s
T . in  a  p u re  2.0% N d c r y s ta l ;  w h ile  th e  r ig h t h an d
s id e  sh o w s th e  in f lu e n c e  of s m a ll  a m o u n ts  of P r .

90° and 50°. The measurements were performed by polarizing the
protons with a constant microwave frequency. B ecause of the aniso­
tropy of the Nd g-value the external field had to be increased with
decreasing 8 . The resu lts  are shown in fig.III. 13. For the pure Nd crys­
tal, T , is  observed to increase  with decreasing 8 , because the exter­
nal field increases ( T ln « H q 2). At 2.8°K a smooth curve is  found,
but a t 2.3°K a dip is  observed at 0 « 67° .  If 0.02% P r is  added, th is
dip is  a lso  observed for T *2.8°K . For 6 -  67° the low field P r line
crosses the Nd resonance line. B ecause of cross relaxation between
the Nd ions and the P r ions, T ln is  shortened. The fact that 0.02% Pr
is enough to show th is dip at 2.8 °K, which is not observed in the
"p u re "  2.0% Nd crysta l, ind icates that although some unwanted P r
is present in our crysta ls , i ts  concentration will be much sm aller than
0.02% Pr.

In th is chapter only those data on T ln are d iscussed  which are
necessary  to make possib le a quantitative comparison between the ex­
perimental resu lts  of the following chapters and the theoretical pre­
dictions. A more detailed  analysis of the proton sp in -la ttice  relax­
ation process in various c rysta ls will be given in a forthcoming artic le .
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Chapter IV

DYNAMIC POLARIZATION OF PROTONS IN

(La,Nd)2Mg3(N03)12.24H20

Introduction

The description of the dynamic polarization process in LaMN
with Nd ions as polarizing spins is  relatively simple. The spin-lattice
relaxation of the Nd ions is  not influenced by a phonon bottleneck in
an external field H0 = 2500 Oe as used in our experim ents1 .̂ Further­
more it will be assumed that the only source of extraneous proton
relaxation comes from the hyperfine splitting  lines of the uneven iso ­
topes 143Nd and 145Nd, which give a contribution of about 20% to the
nuclear relaxation ra te . So the only quantities that are necessary  to
calculate the maximum obtainable polarization factor from the spin
temperature theory given in 1-3 are: the Nd resonance linewidth co, ,
the irradiation frequency A=<y — co and the factor f =NT,  / T ,  . Thee  l e  I n
maximum obtainable polarization factor is  then given by (1.63)

E .0 -  a m *
0 .  A2 + 2a>2 + fa>2^  L  L. n

(IV. 1)

For intermediate power levels the polarization factor is  found from
the steady s ta te  solutions of (1.65)-(1.70). The time-dependent so­
lutions of these equations can also be calculated to yield the response
time of the proton spin system to a sudden increase of the microwave
power, the polarization time r , .

In IV-1 we will give the experimental resu lts  for the polari­
zation factor E and for the polarization time r 3 in single c rysta ls  of
LaMN containing 0.5, 1.0, 2.0, 5.0 and 10% N d21. In IV-2 a compari­
son is  made between these experimental data and the values of E and
Tg calculated from (IV .1) and (1.65)-(1.70).

IV -I. Experimental results

a. The leakage factor f

The factor f *NT.  /T . can be calculated from the Nd and the
proton sp in-lattice  relaxation times given in chapter III, and from the

1 M
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Nd concentration in the c ry sta ls , which is  about 20% of that of the
so lu tion3\

The values of f for the various c rysta ls are shown in fig.IV. 1 as
a function of temperature. Due to the different temperature dependen­
c ies of T j and T ln f increases with decreasing temperature. Below
2.1°K, where both T , and T ln obey approximately a T _1-law, f tends
to a constant value. From these  data it  can be expected on the basis
of (IV. 1) that the maximum obtainable enhancement factor in the liquid
helium temperature range will be found at 4.2 °K for all c rysta ls , and
that th is enhancement will decrease with decreasing tem perature4\

' o  %  > ,

O T 1.0 2X3 3 .0  °K  4 0

F ig .  IV . 1. F a c to r  f = N T je / T j n  a s  a  Ju n c tio n  of tem p e ra tu re  for
v a r io u s  N d c o n c e n tra t io n s  in  th e  c r y s ta l .

In performing the experiments it turned out to be im possible to
obtain the maximum enhancement factor at tem peratures above T =2.5 K.
This is  due to the fact that the maximum available microwave power
in the cavity (200 mW) was not sufficient to saturate the forbidden
transition completely. At 3.0 °K and 3.5 °K however the maximum ob­
tainable enhancem ents could be extrapolated from the values found
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at 0.2, 2.0, 20 and 200 mW cavity power. In the d iscussion  the polari­
zation factor E at a microwave power of 2.0 mW will be denoted by
E 2>0, and the maximum of E 2 0 as a function of A by E™^*; the extra­
polated value defined above is  denoted by E max; the corresponding
values of the irradiation frequency A are A™°x and Amax.

b. 0.50% Nd

In the single crysta l of LaMN with 0.50% Nd the polarization
factor could only be measured in the temperature range from 2.5 °K to
4.0 °K because of the long proton relaxation tim es at lower temper­
atures. The behaviour of the enhancement factor at the maximum
available power E 200 *s s ^own ln fig«IV.2 as a function of A for the
temperatures 2.5, 3.0, 3.5 and 4.0 °K. The curves for E ^oo0  ̂ 4.0 °K and
3.5 n  are far from their maximum values; th is is due to insufficient
microwave power. The sharp drop in the enhancement factor E oqq' from
230 at 3.0 to 80 at 2.5 °K is  expected from the increase of f (cf.fig.
IV.1). F ig .IV .2 also  shows that A™°x increases from 13 MHz at 4.0°K
to 17 MHz at 2.5 °K.

200

F i g .  I V . 2. P r o t o n  p o l a r i z a t i o n  f a c t o r  fo r  P  = 200 mW in  a  0 .5%  N d
c r y s t a l  a s  a  f u n c t i o n  o f  t h e  i r r a d i a t i o n  f r e q u e n c y  for
d i f f e r e n t  t e m p e r a t u r e s .

c. 1.0% Nd

Measurements of the polarization factor were performed again
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only between 2.5 °K and 4 .0 °K. In th is temperature region the values
of f are slightly  larger than in the 0.50% Nd crystal, and the corres­
ponding values of are Indeed sm aller than those observed in the
preceding crysta l. Amax increases from 13 MHz at 4.0°K to 21 MHz at
at 2 .5 °K. 200

1 °/o Nd

200

MHz lO O

F ig .  IV .3 .  P ro to n  p o la r i z a t io n  f a c to r  fo r P  = 200  mW in  a  1.0%  N d
c r y s t a l  a s  a  fu n c t io n  o f  th e  i r r a d ia t io n  f r e q u e n c y  fo r
d i f f e r e n t  t e m p e r a tu r e s .

Fig.IV .4a shows the enhancement factor E versus A for various
microwave power levels P at a temperature of 3.0 TC. For the lowest
cavity power, A“ ° x is  9 MHz, which is  close to the forbidden trans­
ition. For P=200 mW, A“oo sh ifts  to 15 MHz. For th is crystal the
equations (1.65)-(1.70) have been solved numerically. The values of
the measured parameters used in these  calculations are lis ted  in
table IV.I. It has been assumed that a ll three resonance lines GQ, G
and G“  have a Lorentzian shape with a half width equal to the meas­
ured value o). =9.0 MHz. The resu lts  are shown in fig.IV.4b. A com­
parison with fig.IV.4a will be made in IV.2c.
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1 °lo Nd
3 .0  °K

1 %  Nd
3 .0  °K

200

P *  2 0 0  mW Pm 2 0 0  mW

MHs 5 0  O MHz

F i g .  I V . 4 .  a .  P r o t o n  p o l a r i z a t i o n  f a c t o r  a t  T  = 3 .0  °K in  a  1.0% N d
c r y s t a l  a s  a  f u n c t i o n  o f  t h e  i r r a d i a t i o n  f r e q u e n c y  fo r
d i f f e r e n t  v a l u e s  o f  t h e  m ic r o w a v e  p o w e r  in  t h e  c a v i t y ,

b .  P r o t o n  p o l a r i z a t i o n  f a c t o r  a t  T  = 3 .0  i n  a  1.0% N d
c r y s t a l  c a l c u l a t e d  from  (1 .65) -  (1 .70) .

d. 2.0% Nd

The linewidth is  equal to that in the 1.0% Nd crysta l, and
the factor f has also  practically  the same value at corresponding tem­
peratures. The enhancement factors as shown in fig.IV.5 are in fact
equal to those observed in the preceding crysta l. At the low est tem­
perature E “ oo is only 47, while at th is temperature A“ "  has in­
creased to 60 MHz.

Also the nuclear polarization times r g have been determined in
this crystal at T = 2.1°K and at T = 2.8 °K. Fiq.IV .6 shows the resu lts ,
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aoo

O A 2S SO 75 MHt too

F ig .  IV .5. P ro to n  p o la r iz a t io n  fa c to r  fo r P  = 200 mW in  a  2.0% N d
c ry s ta l  a s  a  fu n c tio n  o f th e  ir ra d ia tio n  freq u en cy  for
d if fe re n t te m p e ra tu re s .

which should be compared with fig.IV.7 representing the values of r 3
calculated  from (1.65) - (1.70). At 2.8 °K the agreement as to the de­
pendence of Tg on A is  good, as can be seen from the behaviour of
the curve for A = 30 MHz with respect to those for A =4 MHz and A = 15 MHz.
Also the dependence of r 3 on microwave power is  in agreement with
the calcu lations, although a ll measured values of r 3 are sligthly too
large. At T =2.1 °K the equations could only be solved foT A = 10 MHz
and A = 100 MHz. The calculated dependence of r3 on microwave
power is  clearly different from the observed behaviour a t this tem­
perature.

e . 5.0% Nd

The observed polarization factors in this crystal are consider­
ably sm aller than the corresponding values found in the c rysta ls with
a lower Nd concentration, as is  to be expected from the increase of
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23 MHs

2 J ° K

T|(, . 9 # S
4MHz

0.02 Pc __ 0.2 2.0 20  nW 200

F ig .  I V .6 .  P ro to n  p o la r i z a t io n  t im e  in  a  2 .0%  N d  c r y s t a l  a s  a
f u n c tio n  o f th e  m ic ro w a v e  p o w e r  in  th e  c a v i ty ,  fo r
T  —  2 .1  °K a n d  T  = 2 .8  K . T h e  a c c u r a c y  i s  s h o w n  b y  th e
e rro r  b a r .

10 MHs

2.1 °K

4  MHs

0.02

F ig .  I V .7 . P ro to n  p o la r i z a t io n  t im e  in  a  2 .0%  N d c r y s t a l  a s  a
f u n c t io n  o f  th e  m ic ro w a v e  p o w e r  in  th e  c a v i ty  fo r
T  = 2 .1  K a n d  T  = 2 .8  °K , c a l c u l a t e d  from  (1 .65 ) -  (1 .7 0 ).
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the factor f. The measured values of E 200 are shown in fig.IV .8. At
1.5 °K the maximum polarization factor Eifoo *s on^y 24, while the
corresponding value of A has even increased to 110 MHz.

aoo

MHl

F ig .  I V .8 . P ro to n  p o l a r i z a t io n  f a c to r  fo r  P  = 200 mW in  a  5 .0 %  N d
c r y s t a l  a s  a  fu n c t io n  o f  th e  i r r a d i a t i o n  f r e q u e n c y  fo r
d i f f e r e n t  t e m p e r a tu r e s .

In fig.IV .9 the enhancement factor E is plotted versus A for
several values of the microwave power in the cavity at T =3.0TC. The
curves for the lowest power levels clearly show a structure. This
phenomenon was a lso  observed in a ll other crysta ls; it was not men­
tioned before because it d isappears at high power levels. For all
crysta ls the structure increases with decreasing temperature, as can
be seen for instance by comparing fig.IV.9 with fig.IV.10 representing
E versus A for several values of the microwave power in the cavity in
the 5.0% Nd crystal at 2.1°K. Anticipating the d iscussion  in IV-2.e
a part of the derivative of the Nd resonance line is  a lso  drawn in
fig.IV.10.

f. 10% Nd

Measurements in th is  crystal were only performed at two tem­
peratures, namely at 2.1°K and at 3.0 °K. The enhancement factors
were very small, Egoo 5=4 and E 2 00 =8 respectively, due to the short
proton sp in-lattice  relaxation time; T ln is of the order of one second
at 2.1°K. The resu lts  on E 200 as afunctionof A are shown in fig .IV .11.
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F ig . IV .9 . P ro to n  p o la r iz a t io n  fa c to r  a t  T  = 3 .0 ° K  in  a  5.0% Nd
c ry s ta l  a s  a  fu n c tio n  o f th e  ir ra d ia tio n  fre q u e n c y  for
d if fe re n t v a lu e s  of th e  m ic ro w av e  pow er in  th e  c a v ity .

p -  200  inw

2.1 °K

0.06

E. P. R derivative

F ig .  I V .10. P ro to n  p o la r iz a t io n  fa c to r  a t  T  = 2.1 °K in  a  5.0% Nd
c ry s ta l  a s  a  fu n c tio n  of th e  i r ra d ia tio n  fre q u e n c y  fo r
d if fe re n t v a lu e s  o f th e  m ic ro w av e  pow er in  th e  c a v i ty .
P a r t  o f th e  d e r iv a tiv e  o f th e  e le c tro n  re s o n a n c e  l in e
i s  a ls o  sh o w n .
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Table IV.I

%Nd N “ l

MHz

T

°K

T le

ms

T1 In

S

{ pmax Anaz

MHz

0.5 24.103 9.0 1.5 780 (400) (47) (65) (66)
2.1 350 (350) (24) (89) (48)
2.5 27 120 • 5.5 165 26
3.0 1.3 28 1.1 270 16
3.5 0.13 6.0 0.5 295 14
4.0 0.023 2.2 0.2 310 13

1.0 12.103 9.0 1.5 780 390 24 89 48
2.1 350 320 14 114 38
2.5 27 78 4.2 187 23
3.0 1.3 9.0 1.8 238 18
3.5 0.13 2.3 0.70 275 16
4.0 0.023 1.0 0.25 295 14.5

2.0 6.103 9.5 1.5 780 200 24 89 48
2.1 350 130 15 110 39
2.5 21 33 5.4 165 26
3.0 1.3 4.6 1.7 253 18
3.5 0.13 1.0 0.7 275 16
4.0 0.023 (0.5) (0.25) (300) (14)

5.0 24.102 12.0 1.5 780 16.5 114 42 102
2.1 350 11.5 73 52 82
2.5 27 3.4 19 98 44
3.0 1.3 0.5 6.0 154 28
3.5 0.13 (0.12) (2.4) (200) (21)
4.0 0.023 (0.04) (1.4) (224) (19)

10 12.102 35.0 1.5 780 (1.0) (930) (15) (285)
2.1 350 (0.7) (600) (18) (232)
2.5 27 (0.14) (240) (28) (154)
3.0 1.3 (0.025) (60) (38) (89)
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lO  °/o Nd

200 400

F ig . IV .11. P ro to n  p o la r iz a t io n  fa c to r  fo r P  = 200 mW in  a  10% Nd
c ry s ta l  a s  a  fu n c tio n  of th e  ir ra d ia tio n  frequency  for
tw o te m p e ra tu re s .

IV-2. Discussion of the experimental results

In order to compare the experimental resu lts  with the predictions
on the basis  of (1.65)-(1.70), both the time-dependent and the steady
sta te  solutions of these equations have been computed numerically.
The calculations have been carried out on the TR-4 computer of the
Wiskundige D ienst of the Technische Hogeschool in Delft. The values
of the various parameters used in these computations are listed  in table
IV. 1. The numbers in brackets are estim ated by extrapolation. The
last two columns in table IV. 1 represent the values of E max and Amax
calculated  from (IV. 1).

In the d iscussion of the resu lts  for a ll crysta ls the most import­
ant features of the polarization factor and the polarization time will
be considered separately.

a. E max as a function of temperature

The values of E max, extrapolated from the m easurements, are
plotted in fig.IV.12 as a function of temperature. The solid  curves
represent E max calculated from (IV. 1) given in table IV.I. For all
crysta ls the observed temperature dependence of E ” *11 agrees quite
well with the theoretical predictions. Only the absolute values of
the observed polarization factors are sm aller than the calculated
ones; th is discrepancy is  small for small Nd concentrations, but in­
creases to a factor three in the 10% Nd crystal.
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In order to explain these deviations it  should be realized that
in the crysta ls  containing 0.5, 1.0, and 2.0% Nd the Nd resonance
line is  inhomogeneously broadened. The Larmor frequency of a cer­
tain electron spin is  determined by the orientation of the surrounding
protons. Consequently, spectral diffusion inside the paramagnetic
resonance line will be faster at higher tem peratures, because then the
reorientation of the proton spins is  more rapid . The inhomogeneous
character of the Nd line is  thus expected to be more apparent at lower
tem peratures. Then not a ll Nd ions participate in the polarization
process, so that the number of protons N per polarizing spin, that
should be used in the calculation of f, will be larger than the value
given in table IV.I. As a resu lt the calculated  values of E max will
be sm aller than those given in the table. This explains the fact that
the deviations between the experimental data and the predictions
from (IV.I) are larger at the lower tem peratures.

The deviations in the 10% Nd crystal have a different origin.
Here the Nd resonance line is  homogeneously broadened (cu.= 35 MHz),
so it should be expected that the values of E max calculated  from
(IV. 1) with the f -  values of table IV.I would be in agreement with the
experimental data. However, the behaviour of the polarization factor

300 0.3%

200

300

200

1.0 T _ 3.0 1.0 20 3.0 °K 4.0

F ig .  IV . 12 . P ro to n  p o la r iz a t io n  fa c to r  for a l l  m ea su red  c r y s ta ls
a s  a  fu n c tio n  o f  tem p era tu re . T h e  c ir c l e s  r e p r e se n t
th e  v a lu e s  e x tr a p o la te d  from  th e  m e a su r e m e n ts . T h e
s o l id  l in e s  a re  th e  e n h a n c e m e n ts  c a lc u la te d  from
(IV .1 ) .
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in th is crystal is  an example of the situation d iscussed  in 1-4. The
contribution of the Nd spin-spin interaction t-o the proton relaxation
is so large (cf. III-l and III-3.1),that the assumption that W*= W0T j / T .  .
where T ln is identified with the measured proton spin-lattice relax­
ation time, is  by no means justified . As remarked in 1-4 the depend­
ence of the polarization factor on microwave power should then be
weakened. This behaviour is indeed observed: even at T =2.1 °K a
power of 200 mW was not sufficient to observe the onset of saturation
of the forbidden transition. So our measurements give only a lower
limit for the maximum obtainable enhancement factor E max. It seems
reasonable to expect that in the limit of very high microwave power
levels the enhancement factor will be given by (IV. 1), but this limit
cannot be obtained experimentally.

b. A - x as a function of temperature

The values of the irradiation frequencies A“ °* for which the
maximum polarization factors E “ oo were obtained are given in fig.IV.13.
The drawn curves represent the calculated values of Amax given in
table IV.1. For a ll c rysta ls a good agreement between theory and ex­
periment is  observed over the whole temperature region. The increase
of the factor f as proposed in the preceding paragraph causes a small
increase of the calculated values of Amax. On the other hand the
experiments show that a further increase of the microwave power
above 200 mW would also  resu lt in a small increase of the experimen­
tal values of fig.IV.13.

c. E as a function of microwave power

Figs.IV .4a and b show an example of the calculated and the ob­
served behaviour of E for various microwave power levels. A good
agreement is  found, ju st as in the crysta ls with other Nd concentra­
tions a t temperatures above T = 2.5°K . Only for large values of A a
serious discrepancy between figs.IV .4a and b is  observed. This de­
viation is  simply a consequence of the assumption made in the cal­
culations that the forbidden transitions have a Lorentzian lineshape.

At temperatures below T =2.5°K the increase of E with increas­
ing microwave power is  too weak in a ll c rysta ls. This may be due to
the presence of unknown im purities in the crysta ls as  d iscussed  in
1-3.2b. However, it  is  more probable that the inhomogeneous broaden­
ing of the Nd resonance line as mentioned in IV-2.a is  the cause of
these deviations: at lower tem peratures, where the spectral diffusion
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F ig .  IV . 13 . M icro w a v e  irra d ia tio n  f r e q u e n c ie s  for  w h ic h  th e
m axim um  p o la r iz a t io n  fa c to r  i s  o b ta in e d , p lo tte d  a s  a
fu n c tio n  of tem p era tu re . T h e  s o l id  l in e s  are th e  v a lu e s
ó f  A m ax c a lc u la t e d  from (IV . 1).

V  -  0.5%  N d a  -  5.0% Nd
o .  1.0% N d O -  10% Nd
A -  2.0%  Nd

inside the electron resonance line is  slow, not a ll Nd ions take part
in the polarization process. Consequently the factor f is  larger than
the value given in table IV.I, so that the calculated polarization fac­
tor E max is  too large at these low temperatures (cf. IV-2.a). Further­
more all remaining Nd spins will behave as paramagnetic im purities,
which tend to relax the polarized protons. In 1-3.2.b it was shown
that the dependence of E on microwave power is  weakened if such
impurities are present in the crysta l. This behaviour is  indeed ob­
served for temperatures below T =2.5TC.

d. r ,  as a function of microwave power and frequency

The observed dependence of the polarization time r 3 on micro-
wave power and frequency at T =2.8°K is  in good agreement with the
calculations on the basis  of (1.65)-(1.70), as shown in figs.IV .6 and 7.

At T = 2 . 1 ° K  these equations do not yield proper solutions for
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the polarization time for 15 MHz<A<100 MHz. This is  due to the fact
that it  was assumed in the computations that W± = W0T 1 / T ,  . In
view of the arguments given in IV-2.a and c th is value o f ' w *  is  too
large, firstly  because T j n is  also  determined by Nd spin-spin inter­
actions, secondly because at low temperatures not all Nd ions parti­
cipate in the polarization, while they do contribute to the relaxation
rate (T ln ) . If W would be calcu lated  in the correct way, a sm aller
value would be found. If th is sm aller value is  inserted  in the equ­
ations (1.65) - (1.70) a polarization time can be calculated  for all values
of A. The time constan ts r3 computed in th is way increase, which
is  in  better agreement with the experimental data.

e. The structure in the curves of E as a function of A

The curves of E versus A show a pronounced structure espec i­
ally at low tem peratures, while at T =4.0°K  in none of the crysta ls
any structure is observed. According to the description given in 1-3.2
for the case that the electron resonance linewidth is  of the same order
of magnitude as the nuclear Larmor frequency, the polarization should
display a structure analogous to that of the derivative of the electron
line for low rf power leve ls . At high power levels a smooth d ispersion­
like shape should be observed, because then all electron spins have
die same temperature in the rotating frame. This predicted behaviour
is indeed observed, but only at low tem peratures.

As was already mentioned in IV-2.a and c, the reorientation of
the protons surrounding an electron spin is  more rapid at higher tem­
peratures. The spectral diffusion inside the electron resonance line
is then faster, so that saturation of one of the small sa te llite s  will
only resu lt in a small cooling factor of a ll e lectrons, and the nuclear
polarization will be small. Only irradiation of the main resonance line
resu lts in an appreciable nuclear enhancement factor.

In the 10% Nd crysta l no structure was observed in the E versus-A
curves, although the Nd line itse lf  showed a structure like that of the
other c ry sta ls . This is due to the fact that in th is crysta l the micro-
wave power necessary  to obtain a certain nuclear polarization is
much larger than that in other c ry sta ls . B ecause of the homogeneous
broadening of the Nd line a ll electron spins will then have the same
temperature in the rotating frame, so that a smooth dispersionlike
shape is  found.
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IV-3. Concluding remarks

By varying the concentration of the Nd ions in LaMN single
crystals a variation of the factor f =NTj  / T j  of two orders of mag­
nitude can be obtained in the temperature region from 1.5 °K to 4.0 °K.
The observed values of the polarization factors and the polarization
times are compared with the predictions from the theory given in 1-3.
In most of the crysta ls a good agreement is found. The relatively
small deviations can be explained by assuming that the inhomogeneous
character of the Nd resonance line is  more apparent at lower temper­
atures. The behaviour of the polarization time shows that Nd spin-
spin interactions contribute to the nuclear relaxation rate.

The large deviations occurring in the 10% Nd crystal indicate
however, that the dependence of the enhancement factor on microwave
power predicted by the theory of 1-3 is  not correct. For th is high con­
centration the treatment indicated in 1-4 should be used.

The influence of the spin-spin interactions of the paramagnetic
ions on the proton relaxation rate (T ln ) 1 can be treated in exactly
the same way as the influence of paramagnetic im purities. In 1-3.2 we
showed that if these impurities are present the transition probabilities
W* should be calculated from W* = WQT le/T*ln , where (T*ln )— 1 is  the
part of the nuclear relaxation rate that is  due to the polarizing spins
only. Consequently more rf power will be required to saturate the for­
bidden transition, and the numerical solutions of (1.65) - (1.70) show
that sim ultaneously the dependence of the polarization factor on the
rf power is  weakened. In order to simplify the d iscussion  we will refer
to th is effect in the following as "ex traneous re laxation". Its in­
fluence is apparent also  in the Ce c rysta ls that will be d iscussed  in
the next chapter. In the measurements given in chapter VI this extra­
neous relaxation is  greatly enhanced by adding impurities to the crys­
ta ls .

No comparison of the experimental data with the predictions
from the theory of 1-1 was given. However, if fig.IV.4a is  compared
with fig.1.4 which shows the calculated  behaviour of E for different
microwave power levels, enormous discrepancies are observed. In
none of the crysta ls a decrease of the polarization factor with in­
creasing power, as  expected from fig.1.4, was found. Also the behav­
iour of t3 as a function of microwave power is  in contradiction with
that expected from 1-1 (cf. fig.1.6).

As a conclusion it may be sta ted  that the theory given in 1-3 and
1-4 is  in much better agreement with the experiments performed in
these c rysta ls, than the theory based on the rate  equations for the
populations of the Zeeman levels.
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Chapter V

DYNAMIC POLARIZATION OF PROTONS IN
(L a,C e)2Mg3(N 03) 12.24H20

Introduction

The polarization process of protons in L a 2Mg3(N 03) j 2.24H20
containing various amounts of Ce is  more complicated than that in
the case  of (La,Nd)MN. Again one single paramagnetic spin species
is present, but now the sp in -lattice  relaxation of th is ion is  limited
by a phonon bottleneck at tem peratures below T = 2 .0 °K , as was
mentioned in III - 2.2

For tem peratures above 2.0 °K the proton polarization can be
described, ju st as in the case  of the Nd sa lt, by the equations (1.65)
- (1.70). At T = 1.5°K however the existence of a phonon bottleneck
should be taken into account, so that also  equation (1.81) is necessary
for the calculation of the polarization factor. As d iscussed  in I - 3.4
the maximum obtainable enhancement factor is then given by

ci) A_  __________e _________________________
A2 +2(1 +o)a>2 +f (1 +cr) cu2

( V . l )

where c ris  the bottleneck factor. Equation (V.l) shows that the irradi­
ation frequency Amax for which this  expression obtains its  maximum
value has increased by a factor /1  + cr compared with the case  that
cr= o (cf. chapter IV). The maximum value of E is reduced by the same
factor / l  +cr

In order to determine experimentally the influence of the phonon
bottleneck on the polarization, measurements have been carried out
both a t T = 2.1 °K and T=1.5 °K in single crysta ls of LaMN with 0,1,
0.2 , 0.5 , 1.0 ,2 .0  and 5.0 % Ce 3' 4). The steady s ta te  solutions
of (1.65) -  (1.70) and (1.81) have been computed numerically, with the
bottleneck factor eras a parameter. The resu lts  of th ese  calculations
will be compared with the experimental data. Also the polarization
time t3 has been calculated  for some of the c rysta ls (cf. fig. 1.15).

As was shown in chapter III -  3.2 the proton sp in-lattice  relax­
ation times are influenced by the Ce spin-spin interaction for Ce con­
centrations which are larger than 0.5%. Because of th is extraneous
relaxation the observed dependence of the polarization factor on micro-
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wave power will be weaker than that predicted from (1.65) -  (1.70)
and (1.81). In solving these equations no account was taken of the
influence of this spin-spin interaction.

As in the preceding chapter we will give a summary of the meas­
urements of E and r3 for all crystals, which is followed by a discussion
of the most important features.

V - 1. Experimental results

The relaxation time of the Ce spin which enters into the ex­
pression (1.71) for the magnitude of the forbidden transition probability
is not equal to the measured spin-bath relaxation time, because of the
presence of a phonon bottleneck. In the calculation of the transition
probabilities W and of the factor f the spin-phonon relaxation time
T je should be used. Because this time constant is about two orders
of magnitude shorter than that of the Nd ion, while the proton spin-
lattice relaxation times are of the same order of magnitude as in the
Nd crystals, the factor f is smaller than unity for the Ce concentrat­
ions under consideration, both at T=1.5 °K and at T = 2.1 °K.

Another consequence of the fact that for the Ce crystals the ratio
T le /T in is much smaller than in the case of Nd is, that at the same
microwave power level the saturation factor W±T 1 of the forbidden
transition is smaller. Indeed in performing the experiments it turned
out to be impossible to obtain the maximum enhancement with the
available microwave power of 200 mW. However, at 1.5 °K the onset
of saturation could be observed.

a. 0.1% Ce

In this crystal the polarization factors were only determined
at T=2.1°K because at lower temperatures the proton spin-lattice
relaxation times were too long. In fig. V.l the polarization factors are
plotted as a function of A - coe - a> for three values of the microwave
power in the cavity. The maximum enhancement factor E“0a0x - 66 is
obtained for A = 16 MHz which is close to the forbidden transition
(WB* MHz in the external field H0» 3600 Oe).

b. 0.2% Ce

For the same reasons as in the preceding crystal the meas­
urements could only be performed at T =2.1 °K. The results are shown
in fig. V.2. The factor f and the Ce resonance linewidth are the same



96

0.1 %  Ct

F i g .  V . 1. P r o t o n  p o l a r i z a t i o n  f a c t o r  a t  T  = 2 .1  K in  a  0 .1%  C e
c r y s t a l  a s  a  f u n c t i o n  of t h e  i r r a d i a t i o n  f r e q u e n c y  for
d i f f e r e n t  v a l u e s  of t h e  m ic r o w a v e  p o w e r  in t h e  c a v i t y .
T h e  d o t t e d  c u r v e  i s  t h e  d e r i v a t i v e  of t h e  e l e c t r o n
r e s o n a n c e  l i n e .

0.2 % c«

Pm  2 0 0  mW

F i g .  V .2 .  P r o t o n  p o l a r i z a t i o n  f a c t o r  a t  T = 2 .1  K in  a  0 .2%  C e
c r y s t a l  a s  a  f u n c t i o n  o f  t h e  i r r a d i a t i o n  f r e q u e n c y  for
d i f f e r e n t  v a l u e s  of  t h e  m ic r o w a v e  p o w e r  in  t h e  c a v i t y .
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as in the 0.1% crystal, so the polarization factors at corresponding
power levels are expected to be equal in the two c ry sta ls . However,
in the 0.2% Ce crystal the polarization is  ~25% larger than in the
0.1% crystal. This is  due to the fact that both will contain approxim­
ately the same amount of im purities, which has a relatively  larger
influence in the 0.1% crystal. The dependence of E on microwave
power will thus be weaker in the most dilute crystal, because of the
larger extraneous relaxation.

The proton polarization time r 3 was a lso  measured in th is crys­
tal, a t 2.1 °K for three values of A. The curves shown in fig. V.3 have
been drawn through many experimental points. The average sca tter of
thesé  data is  indicated by the error bar.

0 .2  %  C«
2.1 *K
T „ . t 0 3 >

0.02

F ig . V .3 . P ro to n  p o la r iz a t io n  tim e  a t  T  = 2.1 °K in  a  0.2%  C e
c ry s ta l  a s  a  fu n c tio n  of th e  m ic ro w av e  pow er in  th e
c a v ity  for th re e  v a lu e s  of th e  i r ra d ia tio n  fre q u e n c y .
I n e  a c c u r a c y  i s  s h o w n  b y  th e  e r ro r  b a r .

c. 0.5% Ce

The proton polarization factors could be measured in th is crys­
ta l both at T =2.1 °K and at T = 1.5 °K. In fig. V.4 the resu lts  obtained
at 2.1 °K are plotted versus A for four values of the microwave power
in the cavity. This figure clearly  shows the symmetry in the behaviour
of the polarization factor for positive and negative values of A. This
symmetry has a lso  been observed in the other Ce c ry sta ls , and in
those with Nd as polarizing spin (chapter IV).

In fig. V.5 the enhancement factors measured at 1.5 °K are
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'P . 200 mW

-SO A _ -3 0  -10 O + 10 +30 MMl +50

F i g .  V .4 .  P ro to n  p o la r i z a t io n  f a c to r  a t  T  = 2 ; l  K i n  a  0 .5%  C e
c r y s t a l  a s  a  f u n c t io n  o f th e  i r r a d i a t i o n  f r e q u e n c y  fo r
d i f f e r e n t  v a lu e s  o f  th e  m ic ro w a v e  p o w e r in  th e  c a v i ty .
P o s i t i v e  a n d  n e g a t iv e  e n h a n c e m e n ts  a r e  e q u a l .

0.5 % c«
1.5 *K

P> 200  mW

too

F ig .  V .5 .  P ro to n  p o la r i z a t io n  f a c to r  a t  T  = 1 .5  K in  a  0 .5%  C e
c r y s t a l  a s  a  f u n c tio n  o f th e  i r r a d i a t i o n  f r e q u e n c y  fo r
d i f f e r e n t  v a lu e s  o f th e  m ic ro w a v e  p o w e r in  th e  c a v i ty .
T h e  d o t te d  c u rv e  i s  th e  d e r iv a t i v e  o f th e  e le c t r o n
r e s o n a n c e  l in e .
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plotted versus A. For a cavity power P= 200  raW the maximum value
E — = 103 is obtained for A'Jqq = 21 MHz while the corresponding
value at 2.1 °K was A“ “* = 17 MHz.

At T = 2.1 °K the proton polarization time t~ was measured for
six  different values of the irradiation frequency A as a function of the
microwave power in the cavity. The resu lts  are shown in fig. V.6.
The decrease of t3 with increasing A at high power levels is in good
agreement with the numerical calcu lations, an example of which was
shown in fig. 1.15. However, the absolute values of 7̂  are too large,
while the dependence of r3 on P is  too weak.

o.s %  c«

A = 2 MHs

0.02 200

F i g .  V .6 .  P ro to n  p o la r i z a t io n  t im e  in  a  0 .5%  C e  c r y s t a l  a s  a
f u n c tio n  o f th e  m ic ro w a v e  p o w e j  in  th e  c a v i t y .T h e  s o l id
l i n e s  w e re  o b ta in e d  a t  T  = 2 .1  K .T h e  d o t te d  c u r v e  w a s
m e a s u re d  fo r A = 25 M H z a t  T  = 1 .5 ° K .  F o r  t h i s  c u rv e
th e  v e r t i c a l  s c a l e  i s  m u l t ip l i e d  b y  a  f a c to r  10.

d. 1.0% Ce

The measured polarization factors are shown in fig. V.7 for
T =2.1 °K and T = 1.5 °K. According to (V. 1) the irradiation frequency
for which the maximum enhancement is obtained A™°* should increase
when the bottleneck factor cr increases. This is clearly  demonstrated
by a comparison of figs. V.5 and V.7; A“ Qa* is shifted from 21 MHz to
31 MHz at 1.5 °K. At 2.1 °K the difference is much sm aller : A™ ^ =
17 MHz and 20 MHz respectively. At this temperature 0, and the
increase of A ^ 1̂  can be attributed to the increase of the Ce resonance
linewidth from 10 MHz in the 0.5% Ce crystal to 12 MHz in the crystal
with 1.0% Ce (cf. table V.I.). The increasing influence of the bottle­
neck with increasing Ce concentration is  also responsible for the
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P - 200 fflW

100

F ig .  V .7 .  P ro to n  p o la r i z a t io n  f a c to r  in  a  1.0%  C e  c r y s t a l  a s  a
fu n c t io n  o f  th e  i r r a d i a t i o n  f r e q u e n c y  fo r  d i f f e r e n t  v a lu e s
o f th e  m ic ro w a v e  p o w e r  in  th e  c a v i t y .  T h e  d o t te d  c u r v e s
w e re  m e a s u r e d  a t  T  = 2 .1  °K # th e  s o l id  l i n e s  a t  T  = 1 .5  °K .

larger polarizations at large values of A. In the 0.5% crystal E.200 = ^
for A = 100 MHz, while E 200 = 18 for A = 100 MHz in the 1.0% Ce crystal.

The polarization times T^'were determined at T = 1 .5  °K and at
T = 1.8 °K. The resu lts  are shown in fig. V.8. Ju st as in figure V.6
the dependence of 7  ̂ on A is  in agreement with the numerical calcu lat­
ions, but also  in th is crystal the decrease of with increasing micro-
wave power is  too weak.

e. 2.0% Ce

The proton polarization factors obtained for th is Ge concentrat­
ion are shown in fig. V.9, both for 1.5 °K and for 2.1 °K. The values
of E™££ are sm aller than those for the 1.0% Ce crysta l, namely 83
and 48 respectively . The corresponding values of A” gg are 32 MHz
and 26 MHz. B ecause of the increase of the bottleneck factor, E 200
at A = 100 MHz has now increased to 30, although E“ ^  is smaller
than in the preceding crystal.
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1 °/o C«

A =12  MHs

0.02 200

F ig .  V .8 .  P r o to n  p o l a r i z a t io n  t im e  in  a  1.0%  C e  c r y s t a l  a s  a
fu n c tio n  o f th e  m ic ro w a v e  p o w e r  in  th e  c a v i ty  fo r
d i f f e r e n t  v a lu e s  o f t h e  i r r a d i a t i o n  f r e q u e n c y .  T h e  u p p e r
tw o  c u r v e s  w e re  o b t a in e d  a t  T  = 1 .5  °K w h e re  T j n  = 3 5  s ,
th e  re m a in in g  th r e e  a t  T  = 1.8 ° K  w h e re  T j  = 1 9 .5  s .

P= 2 0 0  mW

MHs

F ig .  V .9 .  P ro to n  p o la r i z a t io n  f a c to r  in  a  2 .0%  C e  c r y s t a l  a s  a
f u n c tio n  o f th e  i r r a d i a t i o n  f r e q u e n c y  fo r  d i f f e r e n t  v a lu e s
o f th e  m ic ro w a v e  p o w e r  in  th e  c a v i t y .  T h e  d o t te d  c u r v e s
w e re  m e a s u r e d  a t  T  = 2 .1  °K , th e  s o l i d  l i n e s  a t  T =  1.5 °K .
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f.' 5.0% Ce

The Ce resonance linewidth has increased appreciably in this
crystal due to the increasing spin-spin interactions of the Ce ions.
The large value of reduces the proton polarization factor, as can
be expected from (V. 1). E“ |?q is  now only 40 at 1.5 °K and 16 at
2.1 °K, as shown in fig. V.lO.

s % c .

200
— o—

o  A 25  SO 7S  MHz «OO

F ig .  V .1 0 . P ro to n  p o la r iz a t io n  fa c to r  in  a  5.0% C e c r y s ta l  a s  a
fu n c tio n  of th e  i r ra d ia tio n  fre q u e n c y  for d if fe re n t
v a lu e s  of th e  m ic ro w av e  p o w er in  th e  c a v i ty . T h e
d o tte d  c u rv e s  w ere  m e a su re d  a t  T  — 2.1 °K, th e  s o l id
l in e s  a t  T  = 1.5 °K .

In order to obtain more information about the influence of the
phonon bottleneck on the polarization process, the enhancement factor
in a very thin (0.6 mm) 1.0% Ce crysta l was measured. In view of the
assumption usually made that a  is  proportional to the crystal thick­
ness  1, a larger polarization factor was expected. However, the ex­
periment yielded the same resu lts  as in a crystal of the usual thick­
ness of ~ 2 .5  mm. This negative resu lt is  probably due to the fact
that the crystal is  immersed in superfluid helium. The effective thick­
ness  is  then not determined by the outside dimensions, but by the
average d istance of cracks which are filled with helium.

V - 2. D iscussion  of the experimental results

The values of the various param eters used in the numerical
calculation of the steady s ta te  values of the polarization factors
from (1.65) — (1.70) and (1.81) are listed  in table V.I. In the comput­
ations the bottleneck factor was varied between 0 and 20 at T = 1.5
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Table V.I

% Ce N “ l

MHz

T = 1.5 °K T» 2.1 °K

T le

ms

cr T ln
s

f
T l .

ms

<7 Ti„
S

f

5.0 480 30 4.0 4 4.5 0.44 0.5 l 1.0 0.25
2.0 1200 16 4.0 4 20 0.48 0.5 l 4.0 0.15
1.0 2400 12 4.0 4 55 0.27 0.5 0 8.0 0.15
0.5 4800 10 4.0 2 220 0.09 0.5 0 24 0.10
0.2 12000 10 4.0 — 660 0.07 0.5 0 103 0.06
0.1 24000 10. - - - - 0.5 0 205 0.06

°K, and between 0 and 4 at T = 2.1 °K. Those values of a'which gave
the best fit with the experimental data are given in the table.

The calculations of the polarization time t,  were performed
without taking the bottleneck influence into account. This is  no
serious lim itation because only the transition rate of the electron
spins is of importance for the proton response time. It is  irrelevant
whether these transitions correspond to a real sp in-lattice  relax­
ation. The relaxation times used in the calculations were estim ated
from the measured spin-bath relaxation times of the Ce ion5).

a * ^*200 as  a function of temperature and Ce concentration

The measured values of are plotted in fig. V .l l  as a func­
tion of the Ce concentration in the crysta ls , both for T = 1.5 °K and
for 2.1 °K. The drawn curves represent the solutions of (1.65) — (1.70)
and (1.81) calculated  with the numerical data of table V.I.

For T = 2.1 °K the agreement between the calculated and the
measured values of E joo is  very satisfactory  for Ce concentrations
c£- 1%. For lower concentrations the agreement is  not so good, but
these deviations can be attributed to the influence of paramagnetic
im purities. As d iscussed  before these  impurities weaken the depen­
dence of E on microwave power, so that the observed value of E™ ]̂?
is  sm aller than the calculated  one.

At the lowest tem peratures again a good agreement is  found for
the largest Ce concentrations. It is  to be noted that the concept of a
phonon bottleneck is  necessary  for obtaining this agreement : if cr



1 0 4

2 0 0

2.0 %C

F i g .  V . l l .  M e a s u re d  v a l u e s  o f  t h e  p o l a r i z a t io n  f a c to r  a t  T = 1.5 K
a n d  T  = 2 .1  °K  a s  a  f u n c t io n  o f th e  C e  c o n c e n t r a t io n .
T h e  s o l id  l i n e s  a r e  c a l c u l a t e d  from  (1 .65) -  (1 .70 ) a n d
(1 .8 1 ). T h e  d o t te d  c u r v e s  g iv e  th e  o b s e r v e d  v a lu e s  o f
E .

o -  T = 1.5 °K A -  T  = 2.1 °K

MHl

200

F ig .  V .1 2 . M ic ro w a v e  i r r a d i a t i o n  f r e q u e n c y  fo r  w h ic h  th e  m ax im um
p o la r i z a t io n  f a c to r  i s  o b t a in e d  a s  a  fu n c tio n  o f th e  C e
c o n c e n t r a t io n .

O -  T =  1.5 K A -  T  = 2 .1  °K .
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is taken equal to zero, the calculated  polarization factor is  larger by
a factor of about two. The measured value of Ejqo in the 0.5% Ce
crystal is  too small. Ju s t as at T = 2.1 °K th is is  attributed to the
influence of impurities.

h. as a function of temperature and Ce concentration

The observed values of & 2 0 0  are shown in fig. V.12 together
with the calculated curves. The agreement is  very good at both temp­
eratures. Again attention is  drawn to the fact that these experimental
data cannot be explained from the factor f alone, without taking
account of a phonon bottleneck. The increase of with decreasing
temperature is due to the increasing bottleneck factor a ; f is pract­
ically  constant between 2.1 °K and 1.5 °K (cf. table V.I).

c. E as a function of microwave power

An example of the calculated  behaviour of the polarization
factor E for various microwave power levels is shown in fig. V.13
for a 1.0% Ce crystal a t T = 1.5 °K. The curve for P =* 200 mW is  in
good agreement with the experimental curve of fig. V.7. According
to fig. V.13 the same polarization factor should be obtained for P = 20
mW, which is  however certainly not observed in the experiment. The
measured increase of E with increasing microwave power is  thus

P« 200 mW

1 %  C«

F ig .  V .13 . P ro to n  p o la r iz a t io n  fa c to r  a t  T = 1 .5 ° K  in  a  1.0% C e
c r y s ta l  a s  a  fu n c tio n  of th e  ir ra d ia tio n  freq u en cy ,
c a lc u la te d  from (1.65) -  (1.70) and  (1.81), a ssu m in g
th a t ( X -  4 .
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slower than that predicted by the theory. For all crystals qualitatively
the same behaviour is found, both at T = 1.5 °K and at T = 2.1 °K.

Just as in the crystals containing Nd (cf. chapter IV) this is
due to the inhomogeneous broadening of the Ce resonance line. At
intermediate microwave power levels not all Ce spins will take part
in the polarization process, while all spins are equivalent for the
proton relaxation. In the Nd crystals this phenomenon also influenced
the maximum obtainable polarization factor Emax, because the factor
f is larger than for the crystals discussed in this chapter. In these
Ce crystals f will also be larger than the calculated values of table
V.I, but here the effect of the same relative variation of f on Emax
can be neglected.

d. t3 as a function of microwave power

The proton polarization time 7g shows approximately the behaviour
that is expected from the calculations: for small values of A t3 becomes
constant at a relatively low microwave power, while for larg.e A more
power is  necessary to obtain a constant value, which decreases with
decreasing A.

The predicted dependence of r , on A is well verified experimen­
tally (cf. fig. 1.15), but the decrease of t3 with increasing microwave
power is too weak. As discussed before, the Ce spin-spin interactions
are responsible for a too large value of W which was used in the
calculations. If this value is reduced, the calculated dependence of
t~ on P becomes weaker, in better agreement with the observations.

V -  3. Concluding remarks

The influence of a phonon bottleneck on the polarization factor
of protons in (La,Ce)MN is verified by the experiments described
above. Although the agreement with the theoretical predictions is
not so good as in the case of LaMN with Nd, it is clear that the ex­
perimental data cannot be explained adequately without introducing
the concept of a phonon bottleneck. Furthermore, the values of cr that
give the best fit with the experimental results increase with increasing
concentration, which is  in agreement with the assumption that cr is
proportional to c. The experiments show, just as in the preceding
chapter, that the inhomogeneous broadening of the electron resonance
line has to be taken into account in order to explain the observed
power dependence of the polarization factor.

A detailed comparison of the proton polarization observed in a
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number of these crystals with the theoretical description given in
I - 1 was made a few years ago by Leifson and Jeffries1 2 3 4 5 6*. Their ex­
perimental values of E ^ o o  and ^ 2 0 0  are aPProximately the same as
those given in this chapter. However, a quantitative agreement with
the theoretical data could by no means be obtained. This can be
attributed to the failure of the description based on the rate equations,
and to the fact that no account was taken of the phonon bottleneck.
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Chapter VI

THE INFLUENCE OF PARAMAGNETIC IMPURITIES
ON THE DYNAMIC POLARIZATION OF PROTONS

Introduction

The measurements d iscussed  in the preceding chapters were
performed in c rysta ls in which only two spin species were of import­
ance : the electron spins S and the nuclear spins I. Because both the
relaxation and the polarization of the protons are due to the same
matrix elem ents of the dipolar interaction between S and I, the steady
sta te  saturation factor W*Tln will be the same for all protons. If
there are no paramagnetic im purities S' present in the crystal, there
is  no " leakage”  of polarization. It is  then not important whether the
proton relaxation is  limited by nuclear spin diffusion or not.

However, if such impurities S' with a g-value different from
that of the spins S are present, the influence of spin diffusion may no
longer be neglected in general1 .̂ The proton polarization is  then
transported to the im purities, which try to maintain the proton spin
temperature equal to that of the la ttice . A continuous flow of polariz­
ation from the protons surrounding the spins S in the direction of the
spins S' will thus ex ist, even under steady s ta te  conditions. The
observed enhancement factor will depend on the average polarization
and relaxation rates due to the polarizing spins, on the relaxation
rate caused by the im purities, and finally on the rate at which the
proton polarization can be transported from the polarizing spin to the
impurity.

As d iscussed  in detail in chapter I - 3.3, two extreme situations
should be distinguished:

a. If the relaxation rate due to the impurities is  sm aller than the
diffusion rate, the main part of the proton spin system will be in
internal equilibrium. The problem can then be treated as if a ll protons
have the same relaxation rate (T ln )-1 = ( T '^ ) '1 + (T ln)-1, where T'ln
and TV are the relaxation times due to the polarizing spins and to
the impurities respectively . B ecause the factor f is  increased by the
presence of these im purities, the maximum obtainable polarization
factor

co A_e

A2 + 2aJ2 + I co 2n
E (VI.1)
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is  reduced. The forbidden transition probabilities W  ̂ however remain
the same when impurities are added, because their magnitude only
depends on the interaction between the spins S and the protons. Conse­
quently, the microwave power which is  necessary  to obtain the maximum
polarization will be larger when impurities are present ; it is more
difficult to sa tisfy  the condition W *Tln » l ,  because T ln is shortened.

b. If the relaxation rate due to the spins S' is larger than the spin
diffusion rate, the dependence of the polarization factor on microwave
power will be different, although the maximum obtainable polarization
remains the same. If the nuclear relaxation is limited by spin diffusion,
T ln is  proportional to T j #, as was outlined in I - 1.3 and I - 3.3.
Because of the equivalence of nuclear polarization and relaxation,
the average value of W* is then proportional to W„, while in a. Wf
was proportional to Wq * . As a result more microwave power will
be needed to sa tisfy  the saturation condition W*Tln »  1; at a given
power level the polarization factor will be sm aller than in the case
that spin diffusion is  fast enough to maintain internal equilibrium in
the proton spin system .

The measurements to be d iscussed  in this chapter were performed
single c ry s ta ls  of LaMN all containing 2.0% Nd and various amounts
of Ce or Pr. The Nd spins were used as polarizing sp ins, the Ce or
the P r ions as im purities. The choice of LaMN with 2.0% Nd as a
host crystal was based on the following considerations :
1. The polarization factor is large over the whole temperature region
(cf. chapter IV), so that an appreciable reduction of the polarization
by the impurities is possib le without making the proton polarization
too small for accurate measurements.
2. The proton sp in -lattice  relaxation times are long. They can be
reduced by the addition of impurities by one or two orders of magnitude,
without becoming too short to be determined experimentally. On the
other hand, the proton relaxation times in the pure Nd crysta l are
probably only determined by the Nd ions, and not by unknown impur­
itie s .

It is well known from detailed studies of proton relaxation in
LaMN with 1.0% Nd, that nuclear spin diffusion is fast enough to
maintain internal equilibrium in the proton spin system 3*. This will
also be the case in a 2.0% Nd crystal, so that we may expect that
the experimental data can be explained from (1.65) - (1.70), assuming
that spin diffusion is very fast. Therefore we will compare our meas­
urements with the solutions of these equations. If the impurity con-
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centration increases, the leakage of polarization becomes more and
more important. Then the observed enhancement factor will be smaller
than the calculated  one.

VI - 1. Experimental resu lts

VI - l.l.LaM N  containing 2.0% Nd and various amounts of Ce

The proton polarization factors in c rysta ls of LaMN containing
2.0% Nd and 0.02, 0.10, 0.20, and 0.50% Ce have been measured in
the liquid helium temperature range. In one of the c rysta ls also  the
polarization time t3 was m easured4 .̂

a. The leakage factor f

The factor f =NT,  / T , was calculated  from the proton relax-
1 © i n

ation times given in III-3.3. The Nd sp in-lattice  relaxation time was

1000

2 °!o Nd

3.5 4 . 0  °K

F i g .  V I.-J. F a c to r  f = N T i e/ T xn  a s  Q f“ n c t i ° n  o i  t e m p e ra tu r e  in
c r y s t a l s  c o n ta in in g  2 .0%  N d a n d  d i f f e r e n t  a m o u n ts  o f

C e .
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assumed to be the same as  that in a pure Nd crysta l. Although the
Ce relaxation time is much shorter than that of Nd, cross relaxation
is  quite improbable because of the difference of the g -factors. The
number of protons N per polarizing spin is  the same for a ll c ry sta ls .

F ig . VI. 1 shows the factor f as a function of temperature for
the various crysta ls . For those with the sm allest Ce concentrationf
increases with decreasing temperature, but for the h ighest Ce con­
centrations a maximum is found a t a temperature of about 2.2 °K. The
maximum obtainable polarization factor is thus expected to decrease
continuously with decreasing temperature for the sm allest Ce con­
centration, while in the c rysta ls with higher Ce contents E max will
show a minimum at 2.2 °K, and increase again at lower tem peratures.

b. 2.0% Nd; 0.02% Ce

The proton polarization factors at the largest microwave power
available are plotted in fig. VI.2 as a function of the irradiation fre­
quency A. The temperatures at which the measurements were performed
are indicated in the figure. For T-^3.5 °K the polarization factor E “0a0x
decreases with decreasing temperature, and becomes constant at
2.1 °K, as expected from the value of f from fig. VI. 1. At T =4.0 °K
E » «  Is much sm aller than E max , because the maximum available
microwave power of 200 mW is  insufficient.

0.02 % c«

200

F i g .  V I . 2. P r o t o n  p o l a r i z a t i o n  f a c t o r  fo r  P  = 2 0 0  mW i n  a  2 .0 %  N d ,
0 .0 2 %  C e  c r y s t a l  a s  a  f u n c t i o n  o f  t h e  i r r a d i a t i o n  f r e ­
q u e n c y  for d i f f e r e n t  t e m p e r a t u r e s .



112

2  %  Nd
0.1 %  Cc

200

F ig ,  V I .3 . P ro to n  p o la r i z a t io n  f a c to r  fo r  P  = 200  mW in  a  2 ,0%  N d ,
0 ,1 0 %  C e  c r y s t a l  a s  a  fu n c t io n  o f  th e  i r r a d ia t io n  f r e ­
q u e n c y  fo r d i f f e r e n t  t e m p e r a tu r e s .

2  %  Nd
0.2  %  Cc

F ig ,  V I .4 . P ro to n  p o la r i z a t io n  f a c to r  fo r  P  = 200  mW in  a  2 ,0%  N d ,
0 .2 0 %  C e  c r y s t a l  a s  a  fu n c t io n  o f th e  i r r a d i a t i o n  f r e ­
q u e n c y  fo r  d i f f e r e n t  te m p e r a tu r e s .
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The maximum values of E 20o a re < even with th is small amount
of Ce in the crystal, considerably sm aller than those for a pure 2.0% Nd
crystal at corresponding tem peratures. Comparison with fig. IV.5
shows that at the low est temperature the Ce influence is  relatively
small.

c. 2.0% Nd; 0.10% Ce

F ig . VI.3 shows the polarization factors E 200 as a function
of A. Ju s t as in the preceding crysta l the enhancement decreases
with decreasing temperature, but now a minimum is found for T =2.1 °K.
The curve for T = 1.5 °K shows that for th is temperature approximately
the same value of is  obtained as a t 2.5 °K. This behaviour is
expected from the values of f in th is crysta l.

d. 2.0% Nd; 0.20% Ce

As for the preceding c ry sta ls , E 200 is  shown as a function of
the irradiation frequency A at different temperatures (fig. VI.4). The
minimum of the polarization factor E ™ ^ a t 2.1 °K has become more
pronounced, as could be expected from the behaviour of f as a function
of temperature. E ™ ^ at 1.5 °K is  now even larger than at 2.5 °K.

In th is crystal the polarization times have also  been meas­
ured, a t T = 2.1 °K for three values of A. The resu lts  are shown in
fig. VI.5. The curves have been drawn through many experimental
points, and the average sca tter of the individual measurements is
indicated by the error bar. For comparison the resu lts  obtained in a

0.0 2 200

F ig .  V I .5 . P r o to n  p o l a r i z a t io n  t im e  a t  T  = 2 .1  K a s  a  f u n c t io n  o f
th e  m ic ro w a v e  p o w e r  in  t h e  c a v i t y .  T h e  d o t te d  c u r v e s
w e re  m e a s u r e d  in  a  p u re  2 .0%  N d  c r y s t a l ,  th e  d ra w n
c u r v e s  in  a  2 .0%  N d , 0 .2 0 %  C e  c r y s t a l .



114

0 .5 %  C«

1 . 2  5 .

200

F i g .  V I .6 . P r o to n  p o la r i z a t io n  f a c to r  fo r  P  = 2 0 0  mW in  a  2 .0%  N d ,
0 .5 0 %  C e  c r y s t a l  a s  a  f u n c t io n  o f th e  i r r a d ia t io n  f re ­
q u e n c y  fo r d i f f e r e n t  t e m p e r a tu r e s .

0.02 °loc«
2 °/o Nd

2 .5  °K 2 .5  °K

0.2 aW

0.02 °loC

MHz5 0  O

F ig .  V I .7 . a .  P ro to n  p o la r i z a t io n  f a c to r  fo r  P = 0 . 2  mW in  c r y s t a l s
c o n ta in in g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n ts  o f C §  a s
a  f u n c tio n  o f th e  i r r a d i a t i o n  f r e q u e n c y  a t  T  = 2 .5  K .

b . T h e  f ig u re  o n  th e  r i g h t  h a n d  s i d e  s h o w s  th e  v a lu e s
c a l c u l a t e d  from  (1 .65 ) -  (1 .7 0 ).
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pure 2.0% Nd crystal (see chapter IV) at the same temperature are
also given in the figure. The values of 7^/T. for corresponding
curves are larger if Ce impurities are present. This is a consequence
of the fact, that the impurities shorten the proton relaxation time
T j , while the forbidden transition probabilities W * are not influenced
by the Ce ions. A more extensive discussion of this phenomenon was
given in I — 3.2.c.

e. 2.0% Nd; 0.50% Ce

In this crystal the factor f is very large in the temperature
region between 2.0 °K and 3.0 °K. The observed enhancement factors,
as shown in fig VI.6, are indeed very small. The decrease of f from
360 at 2.1 °K to 67 at 1.25 °K is reflected in the increase of
from 5.5 to 28.

In all crystals the polarization factors E were also measured
at lower microwave power levels as a function of A. Fig. VI.7a shows
the enhancements observed with a cavity power of 0.2 mW for the
various crystals at T =2.5 °K. In fig. VI.7b the values of E0 2 calcul­
ated from (1.65) — (1.70) are given.

2.0 ^oN«

2 .5  °K
O . I O

0.20

O.SO

0.02 200

F i g .  V I . 8 .  P r o t o n  p o l a r i z a t i o n  f a c t o r  a t  T  = 2 .5  K in  c r y s t a l s  c o n ­
t a i n i n g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n t s  o f  <?e a s  a  f u n c t ­
io n  o f  t h e  m ic r o w a v e  p o w e r  in  t h e  c a v i t y .
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In fig. VI.8 the maxima of the E —versus— A curves are plotted
as a function of the applied microwave power on a logarithmic scale .
The curves for the crysta ls containing 0% and 0.02% Ce appear to be
well saturated at P= 2 0 0  mW. For the crysta ls with a larger amount
of Ce however, the slope of the curves at the highest power level of
200 mW increases with increasing Ce concentration, indicating that
nuclear spin diffusion and the large leakage factor slow down the
polarization process. Furthermore, fig. VI.8 clearly shows that for
higher Ce concentrations more microwave power is necessary  to obtain
the maximum polarization. The power for which half the maximum
value is obtained, increases by at lea s t 10 db from the pure Nd crys­
ta l to the crystal with 0.50% Ce.

VI - 1.2. LaMN containing 2.0% Nd and various amounts of Pr

The proton polarization factors in crysta ls of LaMN containing
2.0% Nd and 0.02, 0.10 and 0.20% Pr have been measured in the liquid
helium temperature range.

a. The leakage factor f

The factor f =N T ,  / T ln, calculated  in the same way as in the
(La,Nd)MN crysta ls  with Ce im purities, has been plotted in fig. VI.9.
For a ll c rysta ls  f increases with decreasing temperature, and no
maximum is  observed as in the case  of Ce im purities. The maximum
polarization factor is thus expected to decrease continuously with
decreasing temperature for a ll c ry sta ls . In the 0.20% Pr crysta l f
obtains the extremely large value of 1250 a t T= 1.5 °K.

b. 2.0% Nd; 0.02% Pr

The polarization factors observed at the largest microwave
power available are plotted in fig. VI. 10 for different temperatures.
As expected from the behaviour of f in th is crystal, ^200 *s con sidsr-
ably sm aller than in a pure 2.0% Nd crysta l, and E ^  decreases with
decreasing temperature. The relatively  small value of E ™ ^ at 4 .0 °K
is  due to insufficient microwave power, as was mentioned before.

c. 2.0% Nd; 0.10% Pr

For a ll temperatures the polarization factors are slightly smaller
than those observed in the 0.02% Pr crystal, as shown in fig. VI. 11.



117

0 . 2 0  %  P r
1000

2 . 0  %  Nd

0.10

0.02

^ 9 *  V I . 9 .  F a c t o r  f ~ N T  j e / T  j n  a s  a  f u n c t i o n  o f  t e m p e r a t u r e  in
c r y s t a l s  c o n t a i n i n g  2 .0%  N d  a n d  v a r i o u s  a m o u n t s  of
P r .

l O O

2 . 0  °/e N4
3 .0  # K 0.02 ° /o

MHx 1 OO

F i g .  V I.  10. P r o t o n  p o l a r i z a t i o n  f a c t o r  fo r  P  = 200  mW in  a  2 .0%  N d ,
0 .0 2 %  P r  c r y s t a l  a s  a  f u n c t i o n  o f  t h e  i r r a d i a t i o n
f r e q u e n c y  fo r  d i f f e r e n t  t e m p e r a t u r e s .



118

<oo
2 .0  %  Nd
0 . 1 0 %  P r

3 .0  °K

100

F ig .  V I .11. P ro to n  p o la r iz a t io n  fa c to r  fo r P = 2 0 0 m W  in  a  2.0% Nd,
0.10%  P r  c ry s ta l  a s  a  fu n c tio n  of th e  ir ra d ia tio n
freq u en cy  for d if fe re n t te m p e ra tu re s .

However, the increase of f from 100 at 1.5 °K in the 0.02% Pr crystal
to 300 in th is crystal has a remarkably small influence on the values
of , which are given by 20 and 18 respectively. In the crystals
with 2.0% Nd and 0.2% or 0.5% Ce approximately the same increase
of f reduces the polarization factor from 15 to 5.5 (cf. figs. VI.4 and
6).

M Hi

F ig .  V I .12. P ro to n  p o la r iz a t io n  fa c to r  for P = 2 0 0  mW in  a  2.0% N d,
0.20% P r  c r y s ta l  a s  a  fu n c tio n  of th e  ir ra d ia tio n
freq u en cy  for d if fe re n t te m p e ra tu re s .
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d. 2.0% Nd; 0.20% Pr

The extremely large values of the factor f in this crystal are
reflected in the further decrease of the measured proton polarization
factors as  shown in fig. VI. 12. Again this decrease is  unexpectedly
small in view of the large values of f , especially  at the lowest
tem peratures. Also the irradiation freguencies for which the maximum
polarizations are obtained differ only by a few MHz from the corres­
ponding values in the 0.02% Pr crystal.

Table VI.I

N = 6.0 x 103 - 9.5 MHz COn = 9.5 MHz

% Ce T T le T!1 In
rrfi
1 In f ^ i n a x ^ m a x

°K ms S MHz

0.02 1.5 780 200 230 39 71 61

2.1 350 130 99 31 79 55

2.5 27 33 26 11 124 34
3.0 1.3 4.6 3.8 3.2 194 22

3.5 0.13 1.0 1.0 0.77 240 16

0.10 1.5 780 200 200 47 65 66

2.1 350 130 34 61 57 75

2.5 27 33 6.2 30 79 54
3.0 1.3 4.6 1.1 8.1 141 30

3.5 0.13 1.0 (0.33) (3.0) (202) (21)

0.20 1.5 780 200 170 51 63 69

2.1 350 130 16 110 43 101

2.5 27 33 3.2 58 59 73
3.0 1.3 4.6 (0.61) (14) (121) (38)

3.5 0.13 1.0 (0.14) (6.0) (160) (27)

0.50 1.5 780 200 96 76 52 84

2.1 350 130 4.7 360 24 170

2.5 27 33 0.92 180 34 128

3.0 1.3 4.6 (0.16) (44) (67) (65)

3.5 0.13 1.0 (0.03) (25) (87) (49)
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VI— 2. Discussion of the experimental results

VI - 2.1. LaMN containing 2.0% Nd and various amounts of Ce

As discussed in the introduction to this chapter, the steady
state solutions of (1.65)— (1.70) have been computed numerically,
assuming that spin diffusion is very fast. The values of tfye para­
meters used in these calculations are listed in table VI.I. The numbers
in brackets are estimated by extrapolation. The last two columns of
table VI.I represent the maximum values of E and the corresponding
values of A,  calculated from (VI. 1). The total proton relaxation rate
is given by ( T j ^ - f T J * 1* (T">'1.

A detailed comparison between the experimental data and the
theoretical predictions will be made below for the different aspects of
the polarization process.

l O O

O  °/o C«

0.02

l O O

O.IO

0.20

0 .5 0

4 .0  °K

F i g .  V I. 13 . M e a s u re d  v a lu e s  o f  E ’ïg g  a s  a  fu n c t io n  o f  te m p e ra tu r e
fo r  c r y s t a l s  c o n ta in in g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n ts
o f  C e .
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o. Egoo as a function °f temperature

The measured values of E ”oo are shown in VI. 13 as a
function of temperature for a ll c ry sta ls . T hese data should be compared
with those given in ffg. V I.14, which represent the polarization factors
calculated  from (1.65) — (1.70). The measured values of E ^ qq ore
sm aller than the theoretical ones by a factor of about 1.5. This d is­
crepancy is  of the same order of magnitude as that observed in the
pure Nd crystal (cf. chapter IV).

For a closer examination the ratio of the calculated and the
observed values of E ” 0a0x has been plotted in fig. V I.15. This figure
clearly shows, that for a ll tem peratures and in a ll c rysta ls E calc/
E is  about 1.5, except for the c rysta ls with 0.20% and 0.50% Ce
a t”2 .1 °K, where a much larger discrepancy is observed. At th is temp­
erature the influence of the Ce ions on the proton relaxation is  very
large (cf. fig. III. 11), while f obtains its  maximum value (110 and 360
respectively). As was d iscussed  in i  - 3 .2 .b and in the introduction to

3 0 0 1 O %  C«

0.02

lO O O.IO

0.20

O.SO

4 .0  °K

F ig .  V I. 14 . C a lc u la te d  v a lu e s  o f  E ^ qq a s  a  fu n c t io n  o f  tem p era tu re
for c r y s ta l s  c o n ta in in g  2.0%  N d and d iffe re n t  a m o u n ts
o f  C e .
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4.0 °K

F ig .  V I. 15. R a t io  o f  th e  c a l c u l a t e d  a n d  th e  o b s e r v e d  v a lu e s  o f
E —  a s  a  fu n c t io n  o f  te m p e ra tu r e  fo r c r y s t a l s  c o n ­
t a in in g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n ts  o f  C e .

this chapter, the equations (1.65) - (1.70) will fail in the description
of the polarization process under these conditions, because nuclear
spin diffusion has to be taken into account. The observed polarization
factor is  indeed more different from the calculated value than at other
tem peratures. At T = 1.5°K the Ce influence is  much sm aller than
at 2.1 °K, and indeed E , /E  is  again 1.5.'  c a l c  m e a s

b. as a function of temperature

The values of the irradiation frequencies A'S»? for which the
maximum enhancements are observed at P * 200 mW are given in fig.
VI. 16 for a pure 2.0% Nd crysta l and for a crystal with 2.0% Nd and
and 0.50% Ce. A“ gJ is  slightly  larger for the (Nd,Ce) crystal. The
values of A“ ° x calculated  from (1.65) - (1.70) are represented by the
drawn curves. The agreement with the experimental data is  good; a
minor discrepancy is  observed for the 0.50% Ce crystal at 2.1 °K.
At this temperature the polarization factor a lso  deviated more from
its  calculated value than at other tem peratures, indicating the in­
fluence of nuclear spin diffusion.

The dotted curves in fig. VI.16 represent the values of Amax
from table VI.I. For the pure Nd crystal the two calculated curves for
Amax and A™qq nearly coincide, but for the other crystal there is a
large discrepancy above 1.8 °K. This deviation clearly dem onstrates,
that the forbidden transition is far from saturation in th is  crystal.
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F i g .  V I. 16. C o m p a r is o n  o f th e  c a l c u l a t e d  a n d  th e  o b s e r v e d  v a lu e s
o f  ^*200 an<* *^e c a l c u l a t e d  v a l u e s  o f  Amax. T h e
d o t te d  c u r v e s  r e p r e s e n t  x # a n d  th e  d ra w n  c u r v e s
th e  v a lu e s  o f c a l c u l a t e d  from  (1 .65 ) -  (1 .7 0 ).

o  -  2 .0%  N d  O 2 .0%  N d , 0 .5 0 %  C e .
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F i g .  V I. 17. R a t io  o f th e  c a l c u l a t e d  v a lu e s  o f E m ax  a n d  th e  o b s e r v ­
e d  v a lu e s  o f E™gg a s  a  fu n c t io n  o f t e m p e ra tu r e  fo r
c r y s t a l s  c o n ta in in g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n ts  of

C e .
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c. E as a function of microwave power

As an even more convincing proof that in a crystal containing
paramagnetic im purities more microwave power is  required to obtain
the maximum polarization, in fig. V I.17 the ratio of E maV E “(JI0x is
plotted as a function of temperature. The values of E max are taken
from table VI.I. The difference between the measured polarization
factor for P =200 mW and the maximum obtainable value E max is larger
for larger Ce contents. Only for T = 1.5 °K, where the influence of the
Ce ions on T ln is  sm all, the saturation condition W *T. » 1  seems
to be sa tisfied  for a ll c ry sta ls . At 2.1 °K the influence of the factor
f and of spin diffusion is so large, that E max/ E “ QQ shows a maxi­
mum, indicating that more power is necessary  to obtain the maximum
enhancement at 2.1 °K than at 2.5 °K. The same behaviour can also

Table VI.II

N =6.0 x 103 =9.5 MHz CO n = 9.5 MHz

% Pr T T le T 'ln
'T' / /
Aln i

£ m a x ^ m a x

°K ms s S MHz

0.02 1.5 780 200 67 100 46 96
2.1 350 130 43 58 59 73
2.5 27 33 17 10 130 33
3.0 1.3 4.6 5.9 2.9 205 21
3.5 0.13 1.0 4.0 1.0 269 16

0.10 1.5 780 200 17 280 27 160
2.1 350 130 12 155 36 119
2.5 27 33 8.9 21 93 46
3.0 1.3 4.6 3.8 4.2 179 24
3.5 0.13 1.0 1.6 1.2 252 17

0.20 1.5 780 200 3.4 1250 13 335
2.1 350 130 2.6 700 17 250
2.5 27 33 1.9 80 50 86
3.0 1.3 4.6 1.4 7.5 148 29
3.5 0.13 1.0 (0.7) (1.6) (238) (18)
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be observed in fig. VI.8, which shows that the approach to the maxi­
mum obtainable polarization factor becomes slower for higher Ce con­
centrations.

An example of the agreement between the measured and the
calculated values of E at intermediate power levels was shown in
figs. VI.7a and 7b. For this cavity power of 0.2 mW the difference
between the experimental data and the theoretical values of E™^x
is  even smaller than at 200 mW.

d. t,  as a function of microwave power

Comparison of the figures 1.15 and VI.5 shows that the observed
behaviour of tJ T j as a function of microwave power is  in qualitative
agreement with the theoretical predictions. The curves of these two
figures do not represent exactly identical situations, but nevertheless
the increase of the factor f due to the impurities causes larger values
of t3/T  j , both theoretically  and in the experiment.

V!—2.2.LaMN containing 2.0% Nd and various amounts of Pr

The steady s ta te  solutions of (1.65)— (1.70) have been computed
numerically; the values of the parameters used, are listed  in table
VI.II. In the d iscussion  the experimental data given in VI — 1.2 will
be compared with the resu lts  of these calculations.

a. E ^ q as a function of temperature

The measured values of have been plotted in fig. VI.18
as a function of temperature for all c rysta ls . At 3.0 °K E^gg in the
0.20% Pr crystal is  only a factor 3 sm aller than that in the pure Nd
crystal, and at 1.5 °K this difference is only a factor 5. The cal­
culated curves, shown in fig. VI. 19, predict a much larger difference
at 1.5 °K, namely a factor 14.

In order to demonstrate the relative behaviour of E calc and
E more clearly, the ratio E „ i _ / E _ _ _ .  is  plotted in fig. VI.20me as calc me as
just as in the case of Ce. At temperatures above T =2.5 TC this ratio
is  again of the order of 1.5 for a ll Pr concentrations. For the crystal
containing 0.02% Pr E , /E  increases to 2.3 a t 2.1 °K. andcalc meas
1.5 rC. This indicates that nuclear spin diffusion should be taken
into account, just as in the crysta ls with 2.0% Nd and 0.20% or 0.50%
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fo r  c r y s t a l s  c o n ta in in g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n ts
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Ce a t 2.1 °K . L ikew ise, one would expect a further increase of E calc/
E for higher Pr concentrations, but the reverse is true: for larger
P r1 contents E alc/ E meas decreases. In the 0.20% Pr crysta l the ca l­
culated value of E !?,^ is  even a factor two smaller than the observed
one.

These resu lts  can be explained by assuming that the Nd spin-
la ttice  relaxation time T lo is shortened considerably by cross re­
laxation with the P r ions, which are known to have a very fast re­
laxation rate (cf. III-2 .3 ). Then the factor f becomes sm aller than
the values of table VI.II that were used in the ca lcu lations. This
resu lts  in a larger calculated  polarization factor, which is in better
agreement with the experimental resu lts .

b. & 2 0 0  as a function °* temperature

In fig. VI.21 the measured values of have been plotted,
both for the pure 2.0% Nd crystal and for the crystal containing also
0.20% Pr. For the latter A“ £* is  only slightly  larger. Comparison
with the drawn curves which represent the calculated values of
shows, that especially  a t the lowest temperatures the experimental
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E  2 oo a s  a  f u n c t io n  o f  te m p e ra tu r e  fo r c r y s t a l s  c o n ­
ta in in g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n ts  o f P r .
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F ig .  V I .2 1 . C o m p a r is o n  o l th e  c a l c u l a t e d  a n d  th e  o b s e r v e d  v a lu e s
o f A*2oo a n d  th e  c a l c u l a t e d  v a l u e s  o f  Amax. T h e
d o t te d  c u r v e s  r e p r e s e n t  A ^ qq , a n d  th e  d ra w n  c u r v e s

^ 2 0 0  cc |l c u l a fe d  from  (1 .65 ) -  (1 .7 0 ).

O -  2 .0%  N d  0  2 .0%  N d , 0 .2 0 %  P r .

data do not agree with the computations. Again these deviations can
be explained by assuming that T le is shorter than expected due to
cross relaxation with the Pr ions, so that f in the calculations should
be taken smaller than the values given in table VI.II.

The difference between the experimental points and the maximum
values of A (table VI.II), which are represented by the dotted curves,
is a factor 5 at the lower temperatures. This is due to the fact that
the forbidden transition is not completely saturated, just as in the
(Nd.Ce)crystals, and to the fact that a too large value of f was used
in calculating Amax.

c. E as a function of microwave power

In order to demonstrate the influence of the Pr impurities on
the dependence of the polarization factor on microwave power,
the ratio Eraax/E “ °* is plotted in fig. VI.22 for the three crystals;
Emax is the maximum obtainable polarization factor, taken from table
VI.II. At T =3.5 °Kthe curve for the crystal with the highest Pr contents
lies highest, which is expected from the discussion given in the
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introduction to th is chapter. The same behaviour was a lso  found in
the(Nd,Ce) crysta ls  (cf. fig. V I.17). At lower temperatures however,
the situation for the (Nd,Pr) crysta ls is reversed. The crystal with
the sm allest P r concentration seem s to be further from its  saturated
value than the other two.

This behaviour is again in agreement with the assumption that
cross relaxation between the Nd and the Pr ions is present. This
cross relaxation will be most important at the lowest tem peratures,
because there the difference in the sp in-lattice  relaxation rates of the
two ions is largest. For P r the (direct) relaxation rate is proportional
to T » while the relaxation rate of the Nd ion increases by a factor
104 from 1.5 °K to 3.5 °K.

In order to check the explanation suggested above that relaxa­
tion of the Nd spins by the Pr spins is responsible for the deviations
between theory and experiment in these c rysta ls, the Nd spin-lattice
relaxation time in the c rysta l containing 2.0% Nd and 0.20% P r was
measured by Drs de Vroomen and Drs L ijphart. Their resu lts  are
shown in fig. VI.23, together with the values measured previously in
a pure Nd crystal. The decay curves were non-exponential, and both
the starting and the final slopes are given in fig. VI.23. E specially
at the lowest tem peratures, where the difference between the two
slopes is  a factor of about 4, the influence of the Pr ions is evident.

0.02 toPr

0.20

F i g .  V I . 22 .  R a t i o  o f  t h e  c a l c u l a t e d  v a l u e s  o f  £ m a x  a n d  t h e
o b s e r v e d  v a l u e s  o f  a s  a  f u n c t i o n  of t e m p e r a t u r e
for  c r y s t a l s  c o n t a i n i n g  2 .0%  N d  a n d  d i f f e r e n t  a m o u n t s
o f  P r .
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c o m p ariso n  T ,  in  a  p u re  N d c r y s ta l  i s  a l s o  sh o w n .

O -  T ,  from s ta r t in g  s lo p ele
A - T ,  from f in a l s lo p e ,le

These measurements clearly  show, that for strong saturation of the
Nd resonance line, the Nd sp in-lattice  relaxation time is  much shorter
than the one used in the calculation of the factor f. As outlined above,
the calculated  polarization factor will then be in better agreement
with the observations.

VI -  3 Concluding remarks

The behaviour of the proton polarization factor in LaMN crysta ls
with 2.0% Nd and various amounts of Ce can be explained in a ll its
aspec ts  from the theoretical description given in 1-3. For the lowest
Ce concentrations the steady s ta te  solutions of (1.65) - (1.70) are in
good agreement with the experimental data, for larger Ce ̂ contents the
influence of nuclear spin diffusion is  apparent, so that E™,^ is  smaller
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than the calculated  value. The same conclusion can be drawn from
a comparison of the observed and the calculated values of
The fact that for higher impurity contents the approach of the polariza­
tion factor to i ts  maximum value E max is slower, is strongly confirmed
by the experiments.

In the crysta ls containing Pr as  impurity, spin diffusion also
plays a part, but its  effect is  obscured by the fact that the Nd relaxat­
ion time is shortened by cross relaxation with the P r ions. B ecause
the sp in-lattice  relaxation of Nd can no longer be described by one
single T , , a numerical comparison between the calculated  and the
observed enhancement factors is  im possible. N evertheless it  may be
sta ted  that the effect of cross relaxation shows the correct temperature
dependence, and has about the expected magnitude.
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Samenvatting

De onderzoekingen die in dit proefschrift beschreven worden,
zijn uitgevoerd met het doel het verschijnsel van dynamische polari­
sa tie  van protonen in verdunde param agnetische k ristallen  te bestu­
deren. In het bijzonder waren de experimenten gericht op het bepalen
van de polarisatiefactor in die gevallen, waarin de breedte van de
param agnetische resonantielijn  van dezelfde orde van grootte was
als de sp litsing  tussen  de verboden overgangen, die de polarisatie
veroorzaken. De relatief eenvoudige benadering, op grond waarvan
de eerste  po larisatie  experimenten verklaard werden, en waarbij de
bezettingen van de verschillende energieniveaux worden berekend,
is in deze gevallen niet meer geldig. Het gedrag van de spinsystem en
als geheel moet dan beschreven worden met behulp van een quantum-
sta tis tisch e  theorie, die ontwikkeld is door Borghini. Een overzicht
van deze twee theorieën wordt gegeven in hoofdstuk I. Het blijkt,
dat de spin-roosterrelaxatietijden zowel van de param agnetische
ionen als die van de protonen een fundamentele rol vervullen in het
po larisatieproces.

In hoofdstuk II volgt een beschrijving van de gebruikte appara­
tuur en een bespreking van de meetmethoden.

De metingen, die in de daarna volgende hoofdstukken besproken
worden, zijn alle  uitgevoerd aan éénkristallen  van L a2Mg3(N 03) j 2.
24H20  (LaMN), waarin een klein percentage van de La ionen ver­
vangen is door param agnetische ionen uit de groep der zeldzame
aarden. Deze k ristallen  werden gekozen, omdat het bekend is  dat
een grote polarisatiefactor bereikt kan worden, en omdat het zeer
gemakkelijk is om verschillende param agnetische ionen in het kristal
op te nemen.

In hoofdstuk III wordt aan de hand van een eenvoudig model
een beschrijving gegeven van de kernspin-roosterrelaxatietijd. Deze
blijkt in een groot concentratiegebied van de paramagnetische ionen
evenredig te zijn met de relaxatietijd  van deze ionen. Maar, in tegen­
ste lling  tot vroegere beschrijvingen, is nu de kernspinrelaxatietijd
omgekeerd evenredig met de derde macht van de concentratie, indien
deze groter is dan 1%. Dit is een gevolg van het feit, dat de energie
van het kernspinsysteem  afgevoerd wordt via de dipool-dipool w issel­
werking van de electronspins. De relaxatietijdm etingen die in de ver­
schillende kristallen  uitgevoerd zijn worden besproken op basis  van
dit model.

In hoofdstuk IV worden de resu ltaten  van de polarisatiem etingen
aan (La,Nd)MN gegeven. Zij kunnen over het gehele temperatuurgebied
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goed verklaard worden met de genoemde theorie van Borghini. Alleen
voor het k ristal met 10% Nd worden grote afwijkingen gevonden. De
oorzaak van deze discrepanties kan verklaard worden uit de beschrij­
ving van de kernspinrelaxatie, zoals die gegeven is in hoofdstuk III.

Op grond van Borghini's theorie kan men verwachten, dat het
optreden van een fonon-bottleneck in de spin-roosterrelaxatie van
het Ce ion in LaMN van invloed is  op de polarisatie  in d it k ristal. De
metingen die besproken worden in hoofdstuk V vormen hiervan een
duidelijk bewijs.

De invloed van param agnetische verontreinigingen wordt onder­
zocht aan LaMN kristallen  met 2% Nd, waaraan bekende hoeveelheden
Ce "of Pr zijn toegevoegd. Bij verontreiniging met Ce zijn de resul­
taten in goede overeenstemming met de theoretische voorspellingen.
De toevoeging van P r heeft minder invloed dan men op grond van de
gemeten protonrelaxatietijden zou verwachten. Dit vindt zijn oorzaak
in het feit, dat de Nd spin-roosterrelaxatietijd  zelf ook verkort wordt
door de aanwezigheid van Pr.
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Teneinde te voldoen aan de wens van de faculte it der Wiskunde
en Natuurwetenschappen volgt hier een kort overzicht van mijn acade­
m ische studie.

Na het behalen van het einddiploma Gymnasium J3 aan het Gym­
nasium Haganum te 's  Gravenhage begon ik in september 1956 mijn
studie aan de R ijksuniversite it te Leiden. Het candidaatsexam en in
de Natuur- en Wiskunde met bijvak Scheikunde legde ik in 1959 af.
Bij mijn intrede in het Kamerlingh Onnes Laboratorium werd ik inge­
deeld bij de werkgroep voor m agnetische kernresonantie, die onder
leiding s ta a t van Prof. Dr N .J. Pou lis. Aanvankelijk assis teerde  ik
bij protonresonantiem etingen aan m agnetische éénkristallen . Na enige
tijd werd een begin gemaakt met de opbouw van een apparatuur voor
het bestuderen van kem -electron-dubbelresonantie. De adviezen die
ik hierbij van Dr G.W.J. Drewes kreeg, zijn zeer waardevol geweest.

In 1962 legde ik het doctoraalexamen in de experimentele natuur^
kunde af. Met de inmiddels gereedgekomen dubbelresonantie-appara-
tuur werd een onderzoek ingesteld naar het gedrag van param agnetische
ionen in m agnetisch geconcentreerde kristallen  onder invloed van een
sterk hoogfrequent w isselveld . Met het werk waarop dit proefschrift
gebaseerd is werd een begin gemaakt in 1964. Bij de voorbereiding en
de uitvoering van de metingen heb ik achtereenvolgens samengewerkt
met Drs L .J . Ancher en de Heren van den Heuvel, Booy en Heyning.
De dagelijkse  gedachtenw isselingen met Dr S. Wittekoek leverden
een belangrijke bijdrage aan de totstandkoming van dit proefschrift.

Sinds 1961 ben ik in d ienst van de werkgemeenschap V aste Stof
van de Stichting voor Fundam enteel Onderzoek der Materie, aanvanke­
lijk a ls w etenschappelijk a ss is te n t, na het doctoraal examen als
w etenschappelijk medewerker. Deze werkgroep s ta a t onder leiding
van Prof. Dr C .J . Gorter, wiens belangstelling voor mijn werk altijd
leidde tot stim ulerende d isc u ss ie s .

Gedurende de zomermaanden in 1965 heb ik aan het onderzoek
van muonische röntgenstralen, dat bij CERN in Genève onder leiding
van Prof. Dr J. C. Sens verricht werd, meegewerkt.

Behalve van de w etenschappelijke sta f ondervond ik veel steun
van het technisch en adm inistratief personeel van het Kamerlingh
Onnes Laboratorium. Vooral de medewerking van de Heer J . Hoogwerf
bij het construeren van de vaak gecompliceerde trilholtes was van
groot belang. Ook de zorg van de Heer D. de Jong voor het cryogene
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gedeelte van de opstelling heeft veel bijgedragen tot het slagen van
de metingen.

De stimulerende d iscu ssies  met Ir. P .A . T as, tot voor kort ad­
junct directeur van de Wiskundige D ienst van de Technische Hoge­
school in Delft, en de prettige samenwerking met de Heer J .C . Poll
bij het behandelen van numerieke problemen, zijn door mij bijzonder
op prijs gesteld .

De Heer W.F. Tegelaar verzorgde de tekeningen voor dit proef­
schrift.
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