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INTRODUCTION

K am erlingh  Onnes, who in 1908 succeeded in liquefying helium x),
made the startling observation in 1911 that the density of liquid helium
shows a maximum at 2.2°K 2). Although it was found later that liquid
helium at this temperature shows more peculiar characteristics 3), it was
only in 1928 that Keesom and W o lfk e4) supposed a kind of phase
transition to take place at this temperature: they introduced the now well-
known names “helium I ” and “helium II” for the phases above and below
the transition temperature. In 1932 Keesom and Miss Keesom 5), following
a suggestion by E hrenfest, named this temperature the lambda-point
because of the high, lambda-shaped peak in the specific heat«) at this temper
ature. Then progress in the field was rapid. In the years between 1936 and
1938 it became clear from four successive discoveries that the equations of
motion which describe the dynamical properties of customary liquids and
also of helium I, do not apply at all to helium II. These four discoveries
were: the large, anomalous heat conductivity 7) ; the phenomenon of super
fluidity, i.e. the unusually large mobility of helium II in narrow slits and
capillaries, pointing to an immeasurably small viscosity 8) ; the fountain
effect 9) which is a flow of He II through a tube as a result of a temperature
gradient applied; and finally the liquid He II-film 1(>) which covers all
surfaces in contact with He II and which shows superfluidity also.

This striking behaviour urged F. London u ) in 1938 to compare He II
with a Bose-Einstein gas. Below the degeneracy temperature the bosons
start to “condense” in the momentum space into the ground state, the
number of condensed particles increasing with decreasing temperature.
In this state they are, perforce, unable to exchange momentum or energy:
hence the condensed particles have a viscosity zero, accounting in this way
for the superfluidity.

From this idea T is z a 12) derived his two-fluid model which describes
most experiments fairly well. He II is supposed to consist of two inter
penetrating fluids: one, the superfluid, lacks both entropy and viscosity and
is the equivalent of the condensed Bose-Einstein atoms, the other, the normal
fluid, shows all properties of a customary liquid. At the absolute zero-point
of temperature only superfluid is postulated to exist, but with increasing



temperature some normal fluid is excited until at reaching the lambda-
point all superfluid has been transformed into normal fluid and the He
II has become He I.

Actually, natural helium as obtained from wells or from the air consists
almost exclusively of the isotope 4He (to which the above-mentioned par
ticulars apply) but it contains also a very slight amount of 3He 13), viz. in
concentrations of the order of 10~« -  10'? 14). In contrast to 4He, the 3He-
atom contains an odd number of elementary particles and therefore it obeys
Fermi-Dirac statistics instead of Bose-Einstein statistics as 4He does
because of its even particle-number. Hence 3He should not show any super
fluidity provided that London’s interpretation is right. The study of 3He
or of 3He—4He mixtures should therefore yield valuable information on the
nature of superfluidity, . , . 1 ‘

The first experiments 43) in this direction had to be carried out with
mixtures of 3He-concentrations of the order of 10"4, obtained from natural
helium by means of the “heat flush method” 16). Only when artificially
produced 3He became available could experiments with mixtures of higher
concentration and with pure 3He be carried out.

This thesis deals with some properties of 3He—4He mixtures at concen
trations up to about 8% and at temperatures generally below the lambda-
point of the mixture. All experiments were performed with very similar
apparatus: they all had a very narrow slit as essential part m common.

The thesis can be divided into two main parts: the first half, consisting
of three chapters, deals with thermodynamic quantities, the second half,
being the fourth chapter, is devoted to dynamical properties of the mixture.

In the first chapter the determination of the vapour-liquid phase equili
brium of mixtures of about lO”3 concentration is given. The experiment
has been performed in order to extend Som m ers’ phase equilibrium
measurements XT) to the lower concentration region. A good fit to his data

Chapter II gives the measurement of the osmotic pressure of 3He—4He
mixtures of concentrations up to about 4%. A liquid 3H e - 4He mixture,
when separated from pure 4He by means of a fine capillary, appears to
exert an osmotic pressure, quite similar to that of an ordinary solution
behind a semi-permeable wall: V an ’t  Hoff’s law applies even in this case.
The concentrations are determined from the vapour pressure, known from
Som m ers’ and our experiments. ........................

In chapter III we calculated the chemical potential of mixing of different
3He—4He mixtures from the vapour pressure data. From them quantities
such as the specific heat are derived and compared with the experimentally
determined values. In general good agreement is found.

The last chapter deals with the flow of pure 4He and of mixtures of con
centrations up to 8% through a slit with a width of about 0.3 micron. At irs
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sight the mixture flows as pure 4He, showing the same peculiar dependence
on the driving force. Closer examination, however, reveals that its velocity
is somewhat smaller and that the 3He itself most probably shows no super
fluidity. Interpretation of the results in terms of a somewhat adapted two-
fluid model yields the viscosity and the density of the normal fluid of the
mixture. Furthermore, the lowering of the lambda-point with the addition
of 3He is observed. Its value is in good agreement with the now generally
accepted value of —0.015 deg per % 3He added 18).
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Chapter I

THE VAPOUR-LIQUID EQUILIBRIUM
OF 3He—4He MIXTURES

Sum m ary
Measurements have been made of the ratio of the vapour and the liquid concentra

tion C^/Ct of 3He -  «He mixtures of very low concentrations at temperatures between
1.2 an 12°K, forming an addition to the experiments of S o m m e r s .  The results are
in good agreement with those of S o m m e r s .

1. Introduction. Many experiments have been performed on the ratio of
the vapour and the liquid concentration, Cv/Cl *)> of 3He-4He mixtures. In
1949 T a c o n i s ,  B e e n a k k e r ,  N i e r  and A l d r i c h  ) pubhshed
measurements concerning mixtures of about 0.1% concentration at temper
atures below the lambda-point down to 1.75°K, from which they concluded
that the 3He is dissolved in the normal fluid fraction of the He II only. Hence
the classical formula

Cv/Cl m PlIPl W
with P° and Pi denoting the vapour pressures of pure 3He and 4He resp.,
becomes .

Cv/CL =  (QlP°3)l(enPl) (2)
where q°. and gn are the molar densities of pure 4He and its normal fluid
fraction resp. However, since gn decreases rapidly with decreasing temper
ature, eq. (2) yields very large values of Cv/Cp at low temperatures, e.g.
about 1600 at 1.2°K. .

S o m m e r s 2) in 1952 at L o s  A l a m o s  performed experiments on
the distribution coefficient with mixtures of concentrations between 0.58/„
and 13 00%. Extrapolation of his results to low concentrations indicated
much lower values of CV/CL than those found by T a c o n i  s B e e n a -
k e r  N i e r  and A l d r i c h .  But as S o m m e r s  pomts obtained with
the 0.58% mixture lie systematically below the smooth curve that can be
drawn through his other points (see fig. 1), this extrapolation is rat er

•jTn""thïTThesis, C denotes the molar ratio V /V ,  whereas X denotes the molar fraction

N*I(N* +  N ‘).
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arbitrary. Thus it is impossible to decide from the two different measure
ments, mentioned above, how large C \ j C Lisin the limit of zero concentration,
especially at lower temperatures where the discrepancy between the two
investigators becomes very large. Therefore it seemed useful to take up once
more the determination of the distribution ratio in the low concentration
region.

♦
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Fig. 1. The distribution coefficient CV/CL as a function of the liquid concentration
X L at different temperatures.

Temperature 1.3°K 1.4°K 1.75°K 1.9°K 2.0°K
S o m m e r s  +  V ' □  A O
T a c o n i s et al. n A •

By choosing a different way of determining CV/Cl we tried to avoid a
disturbance which can easily arise in experiments with 3He-4He mixtures
at temperatures below the lambda-point. In this case one has to reckon with
the existence of heat currents in the mixture, because of heat leaks by film
creep or heat conduction along the tubes which connect the apparatus with
the outside of the cryostat. These heat currents give rise to a flow of normal
fluid in the direction of the heat current, while the superfluid flows in the
opposite direction. As the 3He experiences frictional forces from the normal
fluid only, it will move in the same direction as the heat current, yielding in
most cases a decrease of the liquid concentration at the surface of the liquid.
Calculating CV/Cl, for example, in such cases from the measured vapour
pressure and the known liquid concentration, too low values are obtained, as
the vapour is in equilibrium with liquid of lower concentration than is
supposed.

As has been shown by B e e n a k k e r ,  T a c o n i s ,  L y n t o n ,  Do-
k o u p i 1 and V a n  S o e s t 3) in their experiments on the heat conducti
vity of 3He-4He mixtures, the concentration gradient is proportional to the
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heat current density. Therefore one has to reduce the heat leaks as far as
possible: the precautions we have taken to ensure this are mentioned in
section 2, describing the apparatus. In order to minimize the influence of
the heat leaks yet remaining in spite of these precautions, a very thin layer
of liquid with a large surface was used in our apparatus, decreasing in this
way the difference in concentration between surface and interior of the
liquid once more. Hence only about 15 mm3 of liquid were condensed in a
copper container with a bottom surface of 50 mm2, yielding a layer thickness
of only 0.3 mm. Comparing this with the 3 mm S o m m e r s  used in his
apparatus or with the 1 cm liquid height in the earlier L e i d e n  experi
ment (where, however, stirring was applied), it is seen that we worked under
much more favourable conditions concerning the influence of heat leaks.

Fig. 2. The apparatus.

2. Apparatus. The apparatus is shown in fig. 2. Enclosed in a vacuum
space is a glass vessel B, connected on one side with a glass capillary C2 with
a cross-section of 0.46 mm2 and on the other end with a narrow slit S,
called the “superleak”. Around B a heating coil has been wound. The
superleak consists of two gold wires of 3 cm length and 0.1 mm diameter,
fused into a piece of soft glass. Because of the difference between the
expansion coefficients of gold and glass an annular slit between the wires
and the glass is formed when the apparatus is cooled down. In this way a slit
width of about 0.2 micron is obtained at liquid helium temperatures.

The lower end of the superleak is connected with a copper vessel A (volume
454 mm3) by sealing a platinum ring Pt into the soft glass and soldering it to

6



this container. The vessel A, in which the mixture under investigation is
condensed, has been connected furthermore with a thin walled stainless steel
capillary C1 by means of a narrow copper tubing. C\ leads to an oil mano
meter filled with Octoil-S, on which the vapour pressure difference between
the liquid helium in A and the surrounding helium bath can be measured with
a cathetometer. In the same way as A, C2 has been connected with an oil
manometer by means of a stainless steel capillary in order to measure the
vapour pressure difference between the bath and the helium, condensed in
B and C2.

Both stainless steel capillaries have been connected also with a Toepler
pump system by which known amounts of gas can be condensed in the
apparatus.

As long as the apparatus is immersed in the bath completely, the heat
leaks are small, the stainless steel capillaries being thin walled and of small
diameter. When the surface of the surrounding helium bath falls below the
top of the apparatus during the experiment, radiation would increase to a
disturbing amount, if no further precautions were taken. To prevent this the
copper capillary between A and C1 and the top of the vacuum space have
been surrounded by some cotton cords K. The liquid helium film creeping
along these cords will keep the whole apparatus at the desired temperature
by evaporating at the top of the cotton. To ensure the latter the cotton has
been covered nearly completely with a piece of oiled cloth, only the top
being free.

3. Method. The ratio CV/Cl of the mixture in A can be calculated if one
knows the partial vapour pressures (which yield Cv) and the number of
moles of 3He in the known amount of liquid (which yield Cl). The partial
vapour pressure and the liquid volume can be measured easily, whereas the
number of moles of 3He in the liquid is derived by means of a mass-balance
calculation.

According to S o m m ers ’2) dew-point measurements the following relation
between the vapour concentration Xy  and the vapour pressure holds:

X v =  (AP/P) (1 +  F(P, T)) (3)
where AP is the difference between the vapour pressure of the sample, P,
and the vapour pressure of pure 4He, P° (which is identical with the bath
pressure). If the liquid concentration is less than 0.5% this relation becomes

Xy  =  AP/P (4)
with an error less than 0.5%. Hence the molar ratio becomes

Cy =  A PI K  (5)
By measuring the bath pressure and the pressure difference AP on the mano
meter connected with the vessel A and the bath, Cy is known immediately.
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A prime requisite for the calculation of Cl with the aid of the mass-
balance is the determination of the total number of moles of 3He in the vessel
A . After condensing a small amount of mixture in A and pure 4He in B and
C2 until the liquid level becomes visible in the glass capillary, B is heated by
means of the heating coil. The resulting fountain pressure draws liquid He II
through the superleak S out of the vessel A, at least if the applied fountain
pressure is larger than the osmotic pressure exerted by the mixture. Hence
the concentration will increase and therefore AP also. If the applied fountain
pressure is large enough one can draw away all liquid 4He from A into B,
with the exception of the helium film layer staying behind in A. Then all 3He
will be in the vapour phase and neglecting for the time being the influence
of second virial coefficients, the total number of moles A3 of it is given by

A? =  APmax Vt/RT (6)

where riPmax is the pressure difference observed on the oil manometer when
A has been emptied, and Ft the total volume of the vessel A (454 mm3).
Perhaps some 3He has been dissolved in the He II film, but as this amount
is negligible compared with the total quantity of 3He it can be omitted.

By measuring the rise of the liquid level in the capillary C2 continuously
during the emptying process of A , one can calculate the amount of liquid in
A, F l, at any instant as this amount follows immediately from the difference
in height of the liquid level at the chosen moment and its final position when
A has been emptied completely. This way of determining F l makes it neces
sary to keep the temperature of B constant as otherwise evaporation or
condensation will take place in C2, thereby affecting the height of the liquid
level. This is achieved by observing the oil manometer connected with C2
with a telescope and by regulating the heating current appropriately.

Now the vapour volume Vy in the vessel A is known too, it being the
difference between the total and the liquid volume. Combining Fv with the
vapour pressure AP which is also measured continuously during the emptying
process of A , the number of moles of 3He in the vapour yields

2Vy =  AP Vy/RT. (7)

As the total number of moles of 3He is known too, the mass balance gives
2V3 =  Nat — N3y  (8)

and from this we obtain
CL -  N l /A4 =  (APmaxFt -  AP Vy)/R T e® VL. (9)

N l  is calculated from
A4 = F l {?J (10)

where 54, the partial molar density of the 4He in the liquid, has been put
equal to the density of pure 4He, neglecting the change in density due to the
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3He. As Cv has been determined from AP directly (eq. (5)) we have finally

Cv/Cl =  A P R T  qIVjJPI (dPmaxF t -  AP(Vt -  F L)). ' (U)

Calculating the correction term for Cv/Cl, which is due to the influence
of second virial coefficients (these have been neglected so far), we obtain the
correction factor

( 12)

with Bm — X yB 33 +  (1 — Xy) P 44, B33 and P44 being the second virial
coefficients of pure 3He and 4He. The cross-term B3i has been put equal
to \{B33 +  P 44), as has been justified by experiment 4) and theory 5).

Hence we find as final relations:

APmax Ft — AP Vy 1 ^
L “  ~RT F l - 1 +  BmP/RT

and
Cy A P R T eo y L /  B mP  \
CL P°4 (APmaxVt -  AP Vy) ' \  T  R T )  '

In our calculations we used the experimental values of K i s t e m a k e r
and K e e s o m 6) and of K e l l e r 7) 8). The correction term BmPjRT
varies between 0.3% at 1.2°K and 3.5% at 2°K.

4. The measurements and the results. After switching on the heating
current the position of the liquid level in C2 is measured every half a minute,
whereas the vapour pressure AP is measured every minute. The results are
plotted versus time and typical curves are given in fig. 3. From these curves
a modified graph is made, containing liquid volume F l, vapour pressure AP
and the bath pressure as a function of time from which Cv/Cl and Cl are
derived by means of eq. (13) and (14). Usually four points at regular time
intervals are chosen for the calculations.

Two different difficulties can arise in this determination of Cv/Cl- In the
first place the instants at which AP and the liquid level height reach their
maximum value do not always coincide exactly, the liquid level reaching its
final position a little bit later. This can be caused by the following fact: when
the superleak is made by fusing the glass around the gold wires little holes
between the glass and the wires remain at some places, as can be seen easily
with the naked eye. As it has been shown in flow experiments with the same
apparatus 9) that the superleak is filled completely with liquid He II by
capillary condensation 10) and not only with a film layer, one has to assume
that it is possible to draw liquid out of the holes in the superleak after A
has been emptied, this causing the liquid level to reach its equilibrium posi-
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tion a little bit later than AP. Therefore in the case of no coincidence of the
two maxima we corrected the liquid volume versus time-curve by subtracting
a constant volume in such a way as to get zero volume at the time A Preaches
its maximum. When this was done the results calculated at the different
instants agreed usually rather well with each other, taking into account the
changes in bath temperature and concentration.

‘The other difficulty arose when only a very small quantity of liquid was
condensed and the applied heating current was rather large. In this case the
emptying process took place in too short a time, making the inaccuracy in
the time determination too large. We had to discard these measurements
as well as those obtained when the bath pressure had changed too rapidly.

mm oil

Fig. 3. The height h of the liquid level in the glass capillary C2 and the vapour pressure
difference AP  as a function of time.

The measured quantities and the values of Cl, Cv/Cl and AP/Xl derived
from them are given in table I. The function AP/Xl has been calculated
because it is the best one to use when calculating liquid concentrations from
vapour pressure measurements. The temperatures are given in the 1948-
scale u ). At temperatures above 1.4°K it is possible to compare our results
with the values derived from S o m m e r s’ data. This has been done in fig.
4 where Cv/Cl has been plotted as a function of the liquid concentration X L
at constant temperature. As can be seen from the figure it is not difficult to
draw a smooth curve through S o m m e r s  and our points if one omits his
results with the 0.58% mixture. Usually only one point of a run has been
plotted in order to make the figure not too unintelligible; at the temperature
of 1.7°K, however, we took three points calculated from the same run in order
to show that the deviations between the different points are largely caused
by changes in temperature, whereas the two points, drawn at the temper-
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TABLE I

The distribution coefficient Cy/Cl

T
deg K

A P
mm Hg m m 3

Cl
% Cv/Cl

A P / X i
mm Hg

T
deg K

A P
mm Hg

Vj.
mm*

Cl
% Cv/Cl

A P / X  l
mm Hg

1.2 1.055 4.02 1.70 103.3 62.0 1.475 0.181 9.15 0.140 40.6 129.3

1.2 1.133 3.04 1.815 104.0 62.5 1.480 0.194 7.15 0.155 38.4 125.2

1.2 1.223 2.08 1.918 106.3 63.8 1.474 0.211 5.20 0.165 40.6 128.0
1.2 1.318 1.21 1.931 113.3 68.2 1.462 0.228 3.50 0.170 44.9 134.0

1.2 1.450 0 1.468 0.270 0

1.193 0.290 18.00 0.336 145.3 86.3 1.598 0.361 13.65 0.206 31.3 175.3
1.194 0.336 13.32 0.394 142.5 85.4 1.598 0.397 10.19 0.228 31.1 174.0

1.201 0.391 9.20 0.470 131.5 83.2 1.598 0.439 6.96 0.253 31.1 173.3

1.216 0.459 5.72 0.567 115.8 81.0 1.598 0.488 3.97 0.281 31.0 173.8
1.202 0.552 2.65 0.595 146.2 92.8 1.598 0.572 0
1.182 0.634 0

1.680 0.230 8.95 0.108 27.2 213.0
1.207 0.149 10.13 0.134 168.8 111.2 1.677 0.241 7.40 0.110 28.3 219.0
1.258 0.161 7.68 0.163 101.6 98.8 1.691 0.253 5.77 0.122 25.4 208.4

1.256 0.175 5.25 0.194 98.0 90.2 1.707 0.267 4.17 0.130 23.5 205.4
1.253 0.193 2.88 0.247 86.9 78.2 1.709 0.278 3.10 0.133 23.8 210.0
1.241 0.234 0 1.712 0.311 0

1.256 0.245 12.48 '0.283, 94.5 86.7 1.78 0.439 11.50 0.190 20.0 231.0
1.271 0.271 9.07 0.342 78.0 79.2 1.78 0.475 8.52 0.199 20.6 238.7
1.269 0.305 6.05 0.430 71.0 71.0 1.78 0.518 5.50 0.223 20.1 232.4

1.269 0.3,49 3.50 0.530 65.8 65.9 1.78 0.567 2.81 0.228 21.4 248.5
1.241 0.454 0 1.78 0.618 0

1.322 0.847 14.97 0.755 81.5 112.1 2.01 0.521 7.34 0.210 10.4 248.7
1.328 0.954 11.53 0.928 71.9 102.8 2.01 0.557 5.25 0.246 9.5 226.4
1.333 1.078 8.55 1.039 70.8 103.9 2.01 0.599 3.22 0.286 8.8 209.5
1.309 1.223 5.36 1.151 83.0 106.3 2.01 0.647 1.26 0.238 11.3 272.0
1.340 1.398 2.76 1.433 63.3 97.5 2.01 0.675 0
1.313 1.619 0

ature of 1,598°K (which was perfectly stable during the whole measurement)
show the observed concentration dependence. From these curves smoothed
values of Cv/Ci as a function of temperature at constant concentration have
been evaluated. The results are shown in fig. 5 and table II.

As previously no measurements had been performed at temperatures of
1.2— 1.3°K, the larger part of our attention was given to this temperature
region. In order to extrapolate these results to zero concentration without
having at our disposal other measurements to combine them with, we calcul
ated (0 log Cv/Cl/2 A P ) T=conat' in the limit of zero concentration at temper
atures above 1,4°K. As this slope appeared to be independent of temperature
we used the same value of this slope at lower temperatures in order to obtain
C y / C l at zero concentration. The results of this procedure are given in
fig. 5, from which it is clear that at these low temperatures our results are
not any better than those of Sommers. Fortunately, however, the experi-



ments on the osmotic pressure at 1.2°K (see ch. II) yielded us the missing
vapour pressure-liquid concentration relation at this temperature, from
which Cv/Cl was derived in the way, given in ch. III. The curves and values,
given in figs. 5 and 6 and in tables II and III, are obtained by combining

©1691

Fig. 4. The distribution coefficient CV/CL as a function of the liquid concentration X L
at constant temperature.

O: S o m m e r s ,  ^ : W a n s i n k .  «

N G
\  ©

■>
%

—
N
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—

11 T ^  U  «  «  M  « *

Fig. 5. The distribution coefficient CV/CL as a function of temperature at different
liquid concentrations X^.

O : Cy/6'jj at zero concentration, obtained by extrapolation of the measured values.
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TABLE II

Smoothed values of the distribution coefficient C y / C l

\ A l
r \

d e g K \
0% 1% 2% 5% 10%

1.2 114.0 111.8 109.9 104.8
1,3 77.5 74.4 72.2 66.8
1.4 55.3 51.8 49.3 46.2 44.1
1.5 40.8 38.4 36.0 33.4 31.5
1.6 31.7 29.2 27.2s 24.9 23.0
1.7 24.8 22.6 20.9 18.8s 17.3
1.8 19.5' 17.55 16.2s 14.6 13.3
1.9 15.4 13.7 12.7 11.4 10.4
2.0 12.1 10.7 9.9 9.0 8.1*

these results with the directly measured values of CyfCl and APjXj, at
1,4°K and higher.

The values of AP/Xi  at 1.1 °K have been obtained by extrapolation.
Since obviously both AP/X-l and d(APIXi)/dT are zero at 0°K, the possibi
lities of drawing the AP/Xl versus T-curve are limited. Because of the
relation:

{AP/X l)^l- o =  T>4(Cv/Cl)xl=o (15)
this extrapolation yields also the Cy/C l  versus T-curve at zero concentration
at this lowest temperature (indicated by a dotted line in fig. 5).

mmHg

Fig. 6. The ratio  A P /X L as a  function of tem perature a t  constan t values of /IP .
O : experim ental points a t  A P  =  0.

A: A P  =  0 C: A P  =  2 m m  Hg
B : A P  =  1 mm  H g D : A P  =  4 mm  Hg

E : A P  =  8 mm  H g
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TABLE III

Smoothed values of A P / X l

\  A P
T  \  mm Hg

deg K \
0 1 2 4 8

1.1 54.7 53.0 51.7 49.0 46.0
1.2 74.1 69.4 67.6 64.5 '58.8
1.3 94.0 90.0 87.1 82.7 75.0
1.4 119.6 112.8 108.8 102.8 93.6
1.5 147.7 137.3 132.0 125.2 115.0
1.6 178.5 165.3 158.0 148.3 136.3
1.7 210.0 193.3 182.8 171.3 157.3
1.8 238.0 218.5 205.8 192.5 177.6
1.9 260.7 238.0 223.5 209.8 195.0
2.0 279.3 255.5 240.5 225.0 209.7
2.1 294.0 270.5 255.5 239.2 219.8

5. Discussion. The following assumptions have been made in our way of
determining Cy/Ci,:

1) no 3He leaves the volume A through the capillary C1 nor does the change
in height of the bath level affect the effective volume of A .

2) no 3He passes through the superleak 5.
3) no thermomolecular pressure difference exists along the tubes C1

and C2.
4) the pressure difference AP is equal to the partial vapour pressure P3.
5) the liquid volume, entering the capillary C2 is the same as the volume

leaving A.
In view of point 1 the cross section of the lower part of Cx has been chosen

small; the constant downward gas stream in the capillary caused by the
evaporating film keeps all 3He in A, eliminating at the same time any in
fluence of the change in height of the bath level on the volume of A.

The second assumption is proved by switching off the heating current in
B : the vapour pressure difference on the corresponding oil manometer then
immediately disappears. This is rather obvious as the pressure in B is
always higher than in A : hence there is a continuous flow of normal fluid
from B to A, preventing all 3He from passing the superleak.

By choosing rather large cross sections for the upper parts of the stainless
steel capillaries C\ and C2, thermomolecular pressure differences along these
tubes are prevented. This is proved by condensing pure 4He in A and B : no
pressure difference is observed on the corresponding oil manometers.

In our calculation of Cv/Cl we made use of S o m m e r s’ relation

X y  — {APjP) (1 +  P[P, T)) (3)
by showing that the correction term F (P, T) becomes negligible in the region
under investigation. But as this function is derived from his experiments
with mixtures of rather high concentration, it is not necessary that it
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describes the behaviour of the vapour pressure in the right way in the low
concentration region. Let us see what happens if the real relation should be
of the form

Ps =  AP (1 +  S) (16)

where <5 is too large to be neglected. Because of the fact that AP does not
change very much during the whole process of determining CV/CL we can
assume that d is a constant for each series of measurements. According to
eq. (16) there should be a difference between the value of CV/Cl, we calculated
with the aid of eq. (14), and the real value of the distribution coefficient,
calculated by using P 3. Denoting the latter by (Cv/Cl)p3 and the value,
derived from eq. (14) by (CyjCi)AP, we can derive the relation

(Cv/Cl)p3 = (Cv/ClLp • (1 -  <5 AP/P»)-' (17)

by inserting in eq. (14) AP{\ +  6) instead of AP and P? — d AP instead
ofP°.

On the other hand we can study the influence of eq. (16) on the distribution
coefficient Xy/Xj,, which can be calculated in the same way as Cv/Cl. It is
easy to see that in the low concentration region the relation becomes

( X y \  _  P 3 / P w  ^  -  P 3 Vy
\ X L Jp3 p  I RTqI F l (1 +  BmP/RT)

A P  I AP max F t  — AP Vy /  X y  \
I RTe°t Vl (1 + B mP/RT) =  \ X ^ ) AP (18)

where P  denotes the total vapour pressure. Hence the ratio Xy/XL is in
sensitive to whether or not <5 equals zero, in contrast with Cv/Cl.

Since S o m m e r s  determined the partial vapour pressure P 3, the distri
bution coefficients, derived from his measurements have to be denoted by
(Cv/Cl)p3 and (Xy/Xj,)p3, whereas our results have to be indicated by
(Cv/Cl)jp  and (Xy/X-p)AP =  (Xy/Xjj)p3. Plotting S o m m e r s’ and our
values of (Xy/XjJ)p3 versus AP at constant temperature, we can determine
{Xy/XJj)p3 at zero concentration by extrapolation. But the latter quantity
obviously equals (Cv/Cl)p3 at zero concentration. Hence it is possible
to draw the (Cv/Cl)p3 versus dP-curve by using this extrapolated value
and S o m m e r s  data on this ratio. In this way we can compare our
value of (Cv/CL)jp with (Cv/Cl)p3 at the same value of AP. As far as the
inevitable inaccuracy of this procedure permits this conclusion, no difference
between the two distribution coefficients was found. Hence assumption 4
(AP =  P 3) seems to be proved in this way also.

Coming to the last assumption we have to remark that the observed in
crease of the liquid volume in the glass capillary C2 during a certain time
interval, AV, does not correspond exactly to the amount of liquid which has
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passed the superleak, since the entering liquid causes condensation of an
adequate amount of vapour in this capillary. Hence the number of moles of
4He which have passed the superleak is only (g® — gy) A V instead of g® A V,
where g® and gy denote the molar densities of pure 4He in the liquid and the
vapour phase. On the other hand the arrival of this number of moles in the
capillary demands a decrease of the liquid volume in A with A V', which
obeys the relation

(g4 — gv) A V  =  (g® — gy) dF  (19)

because of the fact that an appropriate amount of vapour has to be formed
in A. ĝ  and gv denote the partial molar densities of the 4He in A. Since the
concentration is very low, we can put g4 =  g®, but as the capillary C2 has a
much higher temperature than the vessel A, we have gy ^  gv- Calculating,
however, the ratio (g4 — gv) / (g® — gy)» one finds that it equals unity within
the required accuracy, even if the temperature difference is very large (see
table IV). Hence we are allowed to put A V = A V  which means that the

TABLE IV

The ra tio  (g4 —  ev)/(e ° 4  — @°v), calculated in the case of a
tem perature difference, corresponding with a  vapour pressure

difference of 100 mm Octoil-S
T  (deg K) 1.20 1.46 2.01

(p4 —  Qv)i(e°4 — e°v) | 1.002 1.0015 1.001

observed change in height in the capillary corresponds exactly to the change
in liquid volume in A .

6. Accuracy. As can be seen in figure 3 the liquid volume can be de
termined rather accurately as there is no large scattering in the readings of
the liquid level position in the glass capillary. The vapour pressure difference
AP, on the other hand, is the main cause of the sometimes very large
scattering in our results, as is obvious from fig. 3. The deviations of AP are
mainly due to unobserved changes in the bath pressure; therefore, one
has to expect that the scattering becomes larger with lower bath pressure
owing to the increasing difficulty in controlling this pressure. This seems to
be confirmed by the results (see table I). At 1.598°K the scattering is less
than 1 %, because of the perfect stability of the bath temperature in this case,
whereas at other temperatures the scattering rises to the order of 10%, due
either to emptying A too fast (1.47°K) or to lack of control and measurement
of the bath pressure (e.g. 2.0°K). One has to conclude, however, that it is
possible with this method to attain an accuracy of about 1%, if the bath
pressure can be kept very constant. On the other hand it seems to be justi
fiable to put the overall accuracy of our results at 5%, after omitting the
obviously wrong results.
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7.^Theoretical computations. We compared our experimental data with a
number of theories, viz.:

1) the ideal solution (eq. (1)),
2) the theory of D e B o e r  and G o r t e r 12), which yields eq. (2),
3) the classical regular solution-theory of N a n d a 13),
4) the "modified Bose-Einstein theory” of M i k u r a 14).
In fig. 7 the different theoretical values and the experimental result at

zero concentration have been drawn, with the exception of the N a n d a -
curve, which lies even higher than the curve of D e B o e r  and G o r t e r .

1000

ïig . 7. The distribution ratio CV/CL at zero concentration as a function of temperature.
IS : ideal solution-theory.
M: “modified Bose-Einstein theory” of M i k u r a 14).

exp: experimental result.
de B —G: theory of D e  B o e r  and G o r t e r 1*).

-------- ^extrapolation according to D e B o e r  and G o r t e r 15).

M i k u r a  gives the best approximation, but his values are somewhat too
low. At higher concentrations his results agree much better with experiment
(see fig. 8), but this seems to be rather obvious taking into account his
adaptations: M i k u r a  introduces an energy gap A, equal to A0C'^A, where
A„ is the energy gap of pure 4He and C4 =  N i Vij(N3V3 +  N4F4) with N  and
V denoting the number of moles and the molar volume in the liquid state of
the two components. The exponent 0.4 has been chosen in such a way as to
get the right dependence of the lambda-temperature on the concentration.
His second adjustment consists of deriving the partial vapour pressure P3
not from P®, but from the experimental values of P 3 at a certain liquid con
centration (In our case we took the data of the 5.21% mixture of S o m 
mer s ) .  Especially the latter adaptation makes his results perhaps rather
trivial.
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On the other hand one might conclude from fig. 8 that our values are
perhaps too high because of a systematical error. This, however, is out of
question, as it can be explained only by assuming that A is larger than the
calibrated value, as this would give the required larger liquid concentration.
But as our error in the calibration should be of the order of 20%, this
possibility has to be discarded.

D e B o e r  and G o r t e r 15) showed as a result of purely thermodynamic
reasoning, not based on any particular model, that a discontinuity in the
temperature derivative of the distribution ratio has to exist at the lambda-

Fig. 8. The distribution coefficient CV/CL as a function of the liquid concentration X L
at constant temperature.

The drawn curve denotes M i k u r  a\s theoretical value, whereas the circles denote
the experimental data of S o m m e r s  and the author.

point, if the lambda-transition is assumed to be of the second order. This
discontinuity obeys the relation

A(d In (Cv/Cl)/3T)Xl =  (ACJRT*). (dTJdXC) (20)

where AC „ is the jump in the specific heat at the lambda-point and dTJdX i
the change in lambda-temperature as a function of the liquid concentration.
In the case of zero concentration ACV xa — 4.8 R, whereas dTJdXj, =  —
— 1.49 deg, according to K i n g  and F a i r b a n k 16), to D o k o u p i l ,
V a n  S o e s t ,  W a n s i n k  and K a p a d n i s 17) and to D a s h  and
T a y l o r 18). With these values we find

A (8 In (Cv/CL)/dT)xL=0 -  1.5 deg-1 (21)

which yields, combined with the extrapolation of our CV/CL versus T-curve,
that just above the lambda-point Cv/Cl decreases with increasing temper-
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ature somewhat faster than the classical function Pg/Pjj. This has been in
dicated in fig. 7 by a dotted line.
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Chapter  II

THE OSMOTIC PRESSURE OF 3He — 4He MIXTURES

Sum m ary
The osmotic pressure of liquid 3He-«He mixtures, condensed in a vessel connected

by means of a narrow slit to a similar vessel containing pure «He, has been measured by
determining the fountain pressure exerted by the pure 4He, when heated, necessary
to obtain equilibrium with the osmotic pressure of the mixture. The osmotic pressure
meets V an ' t  Hoff’s law within a few percent up to 4% concentration.

1. Introduction. The existence of a kind of osmotic pressure in liquid
3jje_4He mixtures at temperatures below the lambda-point was discovered
first by D aunt, P ro b s t and Jo h n sto n  i) in 1948. Connecting two
vessels containing liquid 3He-4He mixtures of different concentration by
means of a narrow slit, they observed a liquid level difference to exist
between the two containers, the higher liquid level being at the higher
concentration side. This osmotic pressure is not very surprising, since one
can imagine that the slit acts as a semi-permeable membrane: the 4He can
pass the slit because of its superfluid properties, whereas the 3He is not able
to do so since it lacks superfluidity, as far as is known. It is clear (and it has
been confirmed by experiment also 2)) that at temperatures above the lamb-
da-point no osmotic effect over a narrow slit should exist.

Taconis, B eenakker and D o k o u p il3) performed the first quantita
tive determination of the osmotic pressure. They found, when trying to
measure the influence of 3He on the fountain effect, that it is possible to
obtain equilibrium between the osmotic pressure exerted by a mixture in
a vessel at one side of a narrow slit, and the fountain pressure exerted by
pure 4He condensed in a vessel at the other end of the slit when it is heated.
From these measurements they concluded that the osmotic pressure obeys
the relation:

fAT  =  RTX/M ig  (1)

where ƒ denotes the fountain constant, expressed in cm He/deg, M4 the molar
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weight of 4He and g the gravitational acceleration. The concentration X
is defined by:

X  =  Nz[(Nz +  V4), (2)

N 3 and N 4 denoting the number of moles of the two isotopes in the liquid.
Comparing eq. (1) with V an ’t Hoffs law, valid for ideal solutions at zero
concentration,

AP =  RTX/Mtg  (3)

where the pressure difference with respect to the pure solvent vessel, AP,
is expressed in cm He also, it is seen that even the osmotic pressure of 3He-
4He mixtures obeys this classical relation, when the fountain pressure fAT
is identified with the pressure difference AP of the isothermal case.

Since this conclusion was based on one series of measurements only,
performed at 1.38°K with liquid of about 0.1% 3He and because the ac
curacy was rather poor, we extended the measurements of T aeon is,
B eenakker and D okoupil to concentrations up to 4% in the tempera
ture region from 1.2 to 1.9°K in order to verify whether the osmotic pressure
obeys Van ’t Hoff’s law at higher concentrations also. Besides being inter
ested in the osmotic pressure itself, we were compelled to measure it also for
another reason. Inasmuch as we had the intention of studying the flow
properties of 3He-4He mixtures at temperatures below the lambda-point, a
better knowledge of the osmotic pressure was indispensable, since one has
to expect that it will influence the flow rate in the superfluid region just as
the fountain pressure and the hydrostatic pressure influence the flow rate.

From eq. (3) it follows immediately that it is impossible to measure the
osmotic pressure of a 3He-4He mixture by balancing it with a hydrostatic
pressure AP instead of with the fountain effect used. In the case of a 1 %
mixture the osmotic pressure already becomes of the order of 200-400 cm
He, depending on the temperature. Although the necessary pressure can be
created easily 2) 4) it is difficult to create it without the introduction of
temperature gradients in the mixture, from which intolerable concentration
gradients result 5) (see also section 2). In the second place the determination
of the concentration by means of the vapour pressure becomes impossible
and thirdly 3He will flow to the pure 4He-vessel as a result of the applied
pressure, which eliminates the possibility of measuring the osmotic pressure
with respect to pure 4He. Hence the fountain pressure method is the only
one possible.

2. Apparatus. The measurements have been performed with two appa
ratus which differ somewhat from each other in minor details. They are
shown in fig. 1. The slit, acting as semi-permeable membrane, is made by
fusing a gold wire of 0.1 mm diameter into soft glass. The difference
between the dilatation coefficients of gold and glass causes a slit of the
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order of 0.2 micron to be formed when this “superleak” S is cooled down to
liquid helium temperatures. The superleak is connected with two contamers
A and C which in turn are connected, by means of stainless steel tubes,
with oil manometers filled with Octoil-S. With these manometers pressure
differences with respect to the bath pressure can be measured. The container
C can be warmed by means of a heating wire. In the case la the vessel C
therefore always has to be above the bath level, with its successor 16 this
is not necessary because of the vacuum jacket around C. The vessels ot
apparatus la consist of copper, whereas in the case lb the vacuum jacket
and B and C have been made of glass. This was an improvement over the
apparatus shown in la, for this allowed the liquid level in C to be observed,
an impossibility in the case la. All metal-glass connections were made by
means of platinum-glass seals Pt.

Pt K
pt

1 a  1 b

Fig. 1. The apparatus.

Twia-mit->;i am t V a n  S o e s t5! on
As is known from the measurements of B eenakker, Taconis, Lynton,

Van S o e s t5! on the heat conductivity of 3He-4He
;entration gradients in liquid 3He-4He

mixtures at temperatures below the lambda-point. To reduce the heat leaks
along the stainless steel tubes, cotton cords K  have been wound around
them. The He II film will creep along these cords and eliminate the heat
leaks from above by its evaporation.

Apparatus la was used originally for the indirect measuremen oApparatus la was
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fountain effect by Van den M eijdenberg, Tacenis, B eenakker and
W an sin k 6), whereas the other apparatus was used also for the deter
mination of the vapour-liquid phase equilibrium of 3He-4He mixtures 7)
and for experiments on the flow of pure 4He and of 3He-4He mixtures as
a function of large fountain pressures 2).

3. Method. The measurement of the osmotic pressure is preceded by
condensing a small amount of mixture in vessel A, this container being
filled only partially, and by condensing pure 4He in C. The fountain pres
sure necessary to compensate the osmotic pressure of the mixture in A is
created by heating C; in order to allow calculation of this fountain pres
sure, it is necessary to have pure 4He in C; if there were a mixture in C,
it would be impossible to derive the temperature difference between C and
the bath from the vapour pressure, and furthermore the fountain effect in
the case of 3He-4He mixtures is unknown.

Since it is difficult to choose the heating current in such a way that
equilibrium between fountain pressure and osmotic pressure is obtained
immediately, a flow of He II through the superleak will exist as long as there
is no equilibrium between the two forces, the flow direction depending which
force is the larger one. By switching off the heating current of C it was proved
that only 4He passes the superleak: if any 3He had passed the slit, a vapour
pressure difference with respect to the bath should remain after switching
off the heating current, which is not observed in fact. Hence the conditions
required for the calculation of the fountain pressure mentioned above are
fulfilled during the whole experiment.

The equilibrium between the osmotic pressure and the fountain pressure
is reached automatically. When the fountain pressure is chosen larger than
the osmotic pressure, 4He will flow from A to C, increasing in this way the
3He-concentration in A and hence the osmotic pressure also. The total force
across the superleak becomes gradually zero in this way and equilibrium
between the two pressures will be reached after waiting a sufficient time,
this time depending on the amount of liquid in A, on the initial difference
between the two pressures and on the transport capacity of the slit.

The change in liquid concentration can be derived from the change of
the vapour pressure in A : the attaining of the equilibrium is indicated by the
vapour pressure of A becoming steady.

When using apparatus \b we could also observe the liquid level of C :
in the equilibrium state this level does not move. Hence this apparatus
permitted a double control on whether equilibrium had been reached. As
can be seen from the experimental results (see fig. 3) no systematic difference
between the data obtained with the two different apparatus exists, indicating
that the condition of constant pressure in A was a sufficient criterion for the
equilibrium.
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Once this equilibrium had been reached, the concentration in A was
calculated from the vapour pressure difference A P \  observed on the cor
responding oil manometer. The ratio between this excess pressure and the
corresponding liquid concentration X  is known from the measurements of
the phase equilibrium of 3He-4He mixtures 7). The temperature difference
between C and the bath is determined from the pressure difference A Pc ,
measured on the corresponding oil manometer. Using the entropy values
derived by K ram ers, W asscher and Gorter  8) from their measurements
of the specific heat of pure 4He, the temperature difference is transformed
into the integrated value of the fountain pressure in dyne/cm2, ƒ p$S® dT,
assuming the validity of H. London’s equation. S® and o® stand for the
molar entropy and density of pure 4He.

The fountain pressure ƒ p®S® dT  has to be corrected for the vapour
pressure difference APc and for the height of the liquid column in C.
A third small correction results from the fact that A is filled with liquid
only partially. Hence there exists a free liquid surface at the lower end of
the superleak (as is schematically indicated in fig. 2) which exerts a force
on the liquid in C by means of its surface tension. Calculation of the equi
librium condition of this liquid surface reveals that the exerted surface
tension is equal to the pressure exerted by a liquid column reaching from
the liquid level in A to the liquid surface at the end of the superleak. Com
bining the influence of this surface and that of the liquid column in C we
obtain a correction of the order of 5 cm He. The fountain pressure, corrected
in this way and expressed in cm He, will be indicated hereafter b y / /  AT.

| | | _ G L A S S

Fig. 2. The liquid surface at the lower end of the superleak.

When the measurement of the osmotic pressure at one equilibrium point
had been performed, the heating current was increased. Hence the flow of
He II through the superleak started again and equilibrium was reached
when the concentration in A had increased sufficiently. In this way the
larger part of the measurements was performed, the other part being
measured in the opposite direction.

The temperature scale used is the 1948-scale 9). Since recalculation of the
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fountain pressure according to the 1955-scale 10) yielded corrections of a
few cm He only in the case of the largest fountain pressures applied, we
did not convert the results to this new temperature scale.

4. Derivation of the osmotic pressure equation. In order to compare the
results with the values of the osmotic pressure to be expected on theoretical
grounds or from other experimental data, we shall first derive the equation
for the. osmotic pressure. Different ways of obtaining the required equation
exist.

The first method is based partially on ordinary reversible thermodyna
mics. As has been pointed out before, the slit is most probably filled with
pure 4 He, which implies that the temperature and concentration gradients
are separated in space. If furthermore the supposedly very small diffusion
of 3He in the slit is neglected, the conditions for the applicability of reversible
thermodynamics seem to be fulfilled. Hence one might be tempted to derive
the osmotic pressure equation by putting equal the chemical potentials
/i4  of the 4He in the two vessels at both sides of the slit. Although this
procedure yields the required equation it is doubtful whether it is the
cdrrect way of deriving it, since the fact that no special assumptions have
to be made, concerning e.g. the superfluid character of the 4 He, implies the
obtained relation to be of general validity which means that the osmotic
pressure of any solution could be compensated by means of a temperature
difference. This derivation offers the same difficulties as the one of the
fountain effect by means of reversible thermodynamics.

Since the temperature and concentration gradients are separated in space,
we can avoid these difficulties by introducing a third, imaginary vessel I,
situated somewhere in the lower part of the superleak and filled therefore
with pure 4 He. Assuming this vessel to be at bath temperature, we are
allowed to apply reversible thermodynamics to the isothermal system,
consisting of the two vessels A and I, connected by a part of the superleak.
The change of the chemical potential ^ 4  of the 4 He-component in A, due
to the addition of 3 He, amounts to:

A nf = RT In {(\ - X ) U }  (4)

where the activity coefficient ƒ4  n ) accounts for the deviation of the mixture
from the ideal solution. In order to obtain equilibrium between A and I,
we apply a “negative pressure” AP to I, yielding a change of the chemical
potential fi\, equal to:

Ap\ =  F« AP (5)

with F® denoting the molar liquid volume of pure 4 He. From eqs. (4) and
(5) we obtain as equilibrium condition for the system A — / :

RT  In {(1 — X) /4} =  F® AP (6)
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which is equal to V an’t Hoff’s law in the case of ideal solution {fi =  1) and
zero concentration.

Let us now consider the system C — I, filled with pure 4He. When heating
C from the bath temperature TA to the temperature Tc, a fountain pressure
across the superleak is created which can be compensated by the “negative
pressure” AP, applied to I. Expressing the fountain constant ƒ in cm He/deg,
the equilibrium condition is given by:

V\ AP =  -  Mig f$ l  f AT. (7)

Since I  is in equilibrium with both A and C, A and C are also in mutual
equilibrium. Hence the required equation for the osmotic pressure becomes:

f  f AT =  -  RT  In {(1 -  X) U}/Mig (8)

which stays valid when the volume of /  is reduced to zero.
Because eq. (7) can be considered as a purely experimental result, it is

not necessary to discuss the theoretical derivation of the fountain pressure.
The same is the case with H. London’s equation for the fountain effect,

Mig f  f  AT =  f  S \A T  — V\ APe- M

For the present purpose of calculating the fountain pressure from the entropy
values of K ram ers, W asscher and G o r te r8) it is sufficient to know
that eq. (9) holds within the experimental accuracy without discussing
whether the different derivations of this equation hold.

Instead of the semi-empirical equation (8) we can derive from the eqs. (4),
(6), (7) and (9) the equivalent relation:

A t f =  - / S ° A T +  V \A P C 00)

which will be used later.
Another derivation of the equation of the osmotic pressure is based on the

equations of motion of the superfluid and was made first by G orter 18) )
in 1949, who assumed the normal fluid concentration to be the same on both
sides of the slit. On this basis V an’t Hoff’s law was found to be valid in the
limit of zero concentration, but the validity of this derivation has become
somewhat doubtful, since his rather plausible assumption concerning the
normal fluid concentration — about which nothing was known at that
moment -  has not been confirmed by experiment.

Further attempts to derive the osmotic pressure law from the equation
of motion of the superfluid have been made by M azu r14), by Koide and
U su i15) and by Mikura 16). On the basis of irreversible thermodynamics
they derived an equation of motion of the superfluid which can be written
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in the stationary state as:

— x(8Si/8x) grad T +  (Af4/M) V grad P =

=  {X/(\—X)} {(d/x3l8X)P'T,x grad X  +  (8fi3/8x)P^.x  grad xj (11)

whereas we can transform eq. (10) with the aid of the Gibbs-Duhem relation:

X(8fi3/8X)p t +  (1 — X)(8[nj8X)p t =  0 (12)
into:

-  x °(8S°J8x) dT +  V“ dP =  {X/(l -  X)} (8fi3/8X)p t dX (13)

under the assumption that G o rte r’s relation S® =  x° 8S°j8x 12) holds. In
these equations x stands for the normal fluid fraction of the 4He, S4 for the
partial molar entropy of 4He and M and V for the mean molar weight and
volume of the mixture.

Some differences between the two equations (11) and (13) exist, which
are mainly due to the fact that in the case of eq. (11) it is supposed that the
concentration and the temperature gradient occur at the same place,
whereas this was excluded explicitly in the derivation of eq. (13). Further
more, as a result of the two-fluid model used, the chemical potential /i3 in
eq. (11), besides depending on the temperature, depends also on both the
3He-concentration X  and the normal fluid concentration x, whereas the two-
fluid concept was not necessary for the derivation of eq. (13). At low con
centrations, however, the differences between the two equations disappear,
especially if one assumes the concentration and the temperature gradient
to be separated in space, since then both the left and the right hand members
of eqs. (11) and (13) become identical.

Concerning the derivation of eq. (11) it has to be remarked that, according
to M azu r14), the introduction of the quantity xSS^Sx is allowed only
when it is supposed that the 3He is dissolved in the normal fluid fraction
only. M ikura 16), on the other hand, does not mention this condition
explicitly. Furthermore, he replaces x 8Si/8x by S4, assuming that G o rte r’s
relation also holds in the case of dilute mixtures. Under these assumptions
M ikura’s result can be written formally as:

(1 — y)f dT =  — {RT/Mig)( 1 — <5) grad X  (14)
or

/ dT -  -  (RT/Mig) {1 +  (y -  <5)/(l -  y)} grad X  (15)

and is the analogue of eq. (8) which can be written as:

ƒ / dT =  -  (RT/Mig) {1 +  In /4/ln (1 -  A)} In (1 -  X). (8')

From eqs. (8') and (15) one sees that the relative deviation of the osmotic
pressure from the ideal solution value is given by :
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n iy _  ^)/(i _  y) in the case of the derivation with irreversible thermo
dynamics with concentration and temperature gradient occurring at the
same place,

2) _S in the case of the derivation with irreversible thermodynamics
with the temperature gradient existing in pure 4He only (y =  0),

3) ln /4/ln (1 — X) in the case of the semi-empirical derivation.
The deviation terms (y — S)/\ 1 — y) and — <5 can be calculated from

M ikura’s theory, whereas In /4/ln (1 — X) can be calculated for any given
Gibbs-function or derived directly from the vapour pressure of the mixture *),
yielding in this way a possibility of comparison with other experimental data.

5. The experimental results in comparison with the vapour pressure. The
experimental results are given in table I and fig. 3, where the corrected
fountain pressure f f d T ,  divided by the bath temperature T, is plotted
versus the liquid concentration X. The observed osmotic pressure shows
only small deviations from the ideal solution value of the osmotic pressure,
which is rather striking in view of the large deviations from ideality of the
distribution coefficient Cv/Cl 7). However, calculation of the activity
coefficient /4 from the vapour pressure at 1.6 and 1.9°K and application of
it to eq. (8) yields an osmotic pressure which is in perfect accordance with
experiment, as can be seen in fig. 3, A and B.

With respect to the results in the temperature region of 1.2°K it has to be
remarked that no exactly known values of the vapour pressure were available
at this temperature. Hence the calculation of the concentration X  from the
vapour pressure contained a large error and at the same time it became
impossible to calculate the activity coefficient /4 exactly from the vapour
pressure. This difficulty has been overcome in the following way.

Although the vapour pressure was only approximately known, it still
permitted the conclusion that the activity coefficient /4 did not exceed
unity by more than half a percent up to concentrations of 5%. On this basis
a first approximation of the osmotic pressure as a function of the liquid
concentration could be calculated with the aid of eq. (8). Since the measure
ment of the osmotic pressure gave us the relation between vapour pressure
and osmotic pressure of the mixture at this temperature the above mentioned
first approximation of the osmotic pressure allowed us to construct the
vapour pressure -  liquid concentration relation at 1.2°K. Having done this,
we recalculated /4 and the concentrations of the experimental points from
the new vapour pressure curve, obtaining in this way the results, given in
fig. 3, C. This vapour pressure -  liquid concentration relation has been given
in chapter I, table III.

*) The calculation of the activity coefficient ft  and other connected quantities wiU be dealt with
in chapter III 17).
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TABLE I

Observed values of the osmotic pressure

date T A P k A P C f  S°  4 dT X f f A T \ T
deg K mm Hg mm Hg J/g % cm He 1 deg

5-11-53 1.226 0.467 1.46 16.72 0.616 124
1.236 1.227 3.20 36.50 1.617 273
1.239 0.191 1.07 12.23 0.241 87
1.214 0.542 2.00 22.81 0.742 173
1.226 0.540 2.00 22.80 0.714 171
1.237 0.751 2.67 30.35 0.978 226
1.234 0.960 3.33 38.03 1.271 286
1.220 1.179 3.93 45.06 1.622 353
1.220 2.420 7.67 89.01 3.440 683
1.220 2.670 8.87 103.47 3.840 795

10-11-53 1.222 1.600 5.33 .61.34 2.247 463.
1.222 1.933 6.67 77.09 2.690 584

10-11-53 1.629 0.248 0.02 0.05 0.135 12
1.629 0.684 1.33 . 15.72 0.384 89
1.636 1.358 2.67 31.72 0.790 196
1.617 2.100 4.07 48.24 1.293 279
1.630 2.767 5.33 63.60 1.720 363

18-2-54 1.238 0.413 1.33 15.29 0.527 112
1.194 0.852 2.77 31.62 1.240 245

25-2-54 1.218 0.760 2.67 30.37 1.031 230
1.195 0.829 3.26 • 37.20 1.199 292
1.181 0.858 3.36 38.32 1.289 300
1.172 0.895 3.40 38.79 1.366 306
1.175 0.980 3.60 41.15 1.500 325
1.181 1.032 3.53 40.32 1.565 317

19-3-54 1.214 1.212 4.20 48.20 1.692 368

25-3-54 1.248 0.334 1.57 17.98 0.415 131
1.246 0.386 1.47 16.76 0.482 122
1.253 0.402 1.23 14.11 0.495 102
1.248 0.428 1.33 14.97 0.531 n o

13-4-54 1.230 0.596 2.00 22.80 0.780 170
1.239 0.476 1.47 16.90 0.607 135

6-5-54 1.232 0.229 1.00 11.51 0.296 84

15-7-54 1.239 2.255 6.66 77.00 3.02 580
1.239 2.970 9.94 116.20 4.08 876
1.239 2.990 10.00 116.90 4.12 882
1.239 2.905 9.34 110.20 4.00 828
1.239 2.763 8.67 101.00 3.80 756
1.239 2.555 8.07 93.80 3.52 708
1.239 2.370 7.37 85.80 3.21 644
1.239 2.770 8.74 101.90 3.80 760

15-7-54 1.494 3.505 7.40 87.35 2.79 548

21-10-54 1.512 1.160 2.53 34.60 0.833 215

21-10-54 1.668 1.540 2.93 34.75 0.860 194

4-11-54 1.476 1.560 3.40 39.60 1.218 247

4-11-54 1.658 2.050 3.80 45.35 1.190 255

4-11-54 1.841 2.600 3.93 50.25 1.250 256

All measurements have been performed with apparatus 1ft, except those a t 5-11-53 and
10-11-53, where la has been employed.
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cm Hg

0.04

Fig. 3. The corrected fountain pressure ƒ  ƒ d T , divided by  the b a th  tem perature T,
as a function of the  liquid concentration X.

•  : results, obtained w ith  apparatus 1 a. A : T  >  1.8°K
O : results, obtained w ith apparatus 16. B : 1.4°K < T  < 1.7°K

------------- : ideal solution value. C: T <  1.3 K
________ : osmotic pressure, calculated according to  eq. (8) w ith th e  activ ity  coefficient

/4 as determ ined from the vapour pressure 17).

6. Comparison with theory. In order to compare the experimental data
with different theories, we calculated the ratio In /4/ln (1 — X) from our
results, from the original version of M ikura’s theory 6 * * * * * * * * * 16 *) and from the later
modification of his Bose-Einstein model18) adapted in such a way as to get
the right shift of the lambda-point temperature with 3He-concentration.
Furthermore we calculated for both versions the deviation term — d,
whereas the term (y -  d)/(l -  y) has been calculated for the original
version only. The results are given in table II. Only if one assumes y  =  0,
i.e. that the temperature gradient exists only in pure 4He, agreement
between M ikura’s theories and experiment is found, his original version
yielding the closest agreement. The differences between the deviation
terms In /4/ln (1 -  X ) and -  ö, calculated both from M ikura’s theory
are not important. Only in the case of the 5% mixture in his original
version this is not the case. Although the reason for this deviation is not
clear, it might be connected with the fact that the term In ƒ4/ln (1 A) has
been calculated from the chemical potential /i4 directly, whereas — d is
obtained by M ikura himself after a much more complicated calculation,
involving his assumption S4 =  x 8S4/8x and neglecting some terms.

Calculation of In /4/ln (1 — X) from the Gibbs-function as proposed by
De Boer and G orter 19) reveals that the osmotic pressure of a 1% mixture
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would be only three quarters of the observed value, whereas the Gibbs-
function, quadratic in T, as proposed by De B o e r20) yields an osmotic
pressure, which is a few times too large.

TABLE II

The relative deviation of the osmotic pressure from the ideal-solution value
exper. M ik u ra  ref. 16) M ik u ra  ref. 18)

X T In f t In f t
— «5

y  —: Ö In f t
—  6In (1 — X ) In (1 — X ) 1 — y In (1 — X )

% deg K % % % % % %
2 1.3 —2.8 —2.0 —2 —0.3 — 1.7 —2

1.5 —5.0 —2.2 —3 — 1.0 — 1.8 —2
1.7 —6.2 —2.5 —4 —2.4 — 1.8 —2
1.9 —6.4 —2.7 —4 —3.0 — 1.9 —2

5 1.3 —5.7 —3.2 —6 —0.3 — 4.9 —4
1.5 —7.9 —4.2 —7 - — 1.4 —5.1 —5
1.7 ' —8.6 —5.4 —9 —4.9 —5.5 —5
1.9 —7.7 —6.6 — 11 —7.0 —6.2 —6

Appendix. A remark has to be made on the equilibrium condition used
in the experiment. Equilibrium between the fountain pressure and the osmo
tic pressure was assumed to exist when the total transport through the slit
was zero. Now one might suppose, for instance, that equilibrium exists when
the velocity of the superfluid in the slit is zero. The influence of the choice of
the equilibrium condition can be discussed on the basis of the equations of
motion for the normal and the superfluid, given by G orte r and M eilink21)
and also by M azu r14). In the case of a mixture they become:

0 =  — grad P +  — y) grad T  +  gradP0sm — AqH' (va — vn)m (16)
0 =  — grad P +  rjnAvn (17)

where the term (1 — y) accounts for possible deviations of the fountain
force from the pure 4He-value, where q stands for the molar density of the
mixture and where %' denotes the normal fluid fraction, the word “normal”
bearing upon the combination of 3He-particles and of the normal fluid of
the 4He. The velocities of the normal and the superfluid are denoted by
vn and v8 resp. and the normal fluid viscosity by rjn. The last term of eq.
(16) is the G orter-M ellink mutual friction between the normal fluid and
the superfluid-

From eq. (16) it is obvious that equilibrium between the hydrostatic, the
fountain and the osmotic pressures requires the relative velocity vT =
=  va — vn to be zero, whereas we used as equilibrium condition that the
total transport v = x'vn (1 — x')va was zero. Since the pressure difference
across the slit is small and the slit is very narrow, negligibly small values
of vn must be expected. Hence the mutual friction term will be negligible
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also in the case of equilibrium, independent of the choice whether v, vT or vs
should be zero at equilibrium, making the experimental results nearly
insensitive to this choice also.

However, if the assumption of K lem ens 22) were true that the normal
fluid of the He II in the slit adjust its velocity to that of the phonons in the
wall of the slit, the choice of the equilibrium condition becomes important.
According to his theory, the normal fluid velocity should be increased by
a temperature gradient, this increase obeying the relation:

vn =  — cl\T . grad T (18)

where c is the velocity of sound in the material of the wall and I the mean
free path of the phonons in the wall. When the total transport is zero, we
find for the superfluid velocity:

vB =  — x'vn/(l — x') =  {clx’/T( 1 — *')} grad T. (19)

Inserting eqs. (18) and (19) into eq. (16), integrating along the slit length
L and putting y =  0, we obtain as equation for the osmotic pressure in cm
He:

Posm = f f d T - f 0L (Aq̂ ' / M ^ qI) grad T) ■d* (20)

In order to calculate the influence of the last term of this equation we
used for glass the value of cl, given by K lem ens 22) ; for the gold wire we
calculated this product from the lattice heat conductivity which is equal
to \clC with C denoting the specific heat per cm3, using constants from De
N obel and G e rr its e n 23). In the case of a 4.12% mixture at a bath
temperature of 1.239°K where the equilibrium fountain pressure f f  dT
was observed to be 1093 cm He, the last term of eq. (20) appears to be of the
order of 107 cm He. Both the sign and the magnitude of the osmotic pressure
calculated in this way are without sense, as can be proved furthermore from
the behaviour of the flow of a mixture under isothermal conditions 2). In
this case only hydrostatic and osmotic pressure govern the flow: if the
theory of K lem ens were true, a hydrostatic pressure of 107 cm He at the
pure 4He-side of the slit would be necessary in order to prevent the liquid
from leaving the mixture vessel, whereas in reality a pressure applied to the
mixture is necessary in order to prevent inflow of 4He into the mixture
vessel. Hence we can conclude that the experimental results are in full
contradiction with the theory of Klemens. A somewhat less pronounced
disproof of this theory was recently given by Broese van Groenou, Poll,
D elsing and G o r te r24).
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Ch a p t e r  III

CALCULATION OF THERMODYNAMIC QUANTITIES
OF 3He—“He MIXTURES FROM THE VAPOUR PRESSURE

Sum m ary
From  the  vapour pressure of » H e-* H e  m ixtures the  change of th e  Gibbs-function

of the  m ixture w ith concentration has been calculated in  the  tem perature region
between 1.2 and 1.9°K a t  concentrations up to  7% 3He. The entropy, en thalpy and
specific h ea t of m ixing are given in  com parison w ith  experim ental data . The phase
separation a t  low tem peratures and the  mechanocaloric effect of 3H e - 4H e m ixtures
are calculated.

1. Introduction. If Qm denotes some arbitrary mean molar thermo
dynamic quantity and X  the molar fraction 3He of a 3He-4He mixture,
the partial molar quantities Qs and <24 are defined by.

Qz =  Qm +  0  — V) 8<Qm/dX

Qi — Qm — X  dQm/dX

( 1 )

( 2)

from which we obtain:

Qm =  XQZ +  (1 -  X)Q4. (3)

On the other hand we can introduce the quantity of mixing AQ, defined by:

Qm -  XQl +  (1 -  X)Q\ +  AQ (4)

where Q°, and Ql denote the molar quantities of the pure components^From
eqs. (1), (2) and (4) we find for the partial quantities of mixing, AQS and
AQ4, with AQS =  Q3 — Ql:

AQz =  AQ +  (1 -  X) SAQIdX

AQ4 =  AQ -  X  8AQ/8X

AQ =  X  AQz +  (1 - X ) A Q 4.

(5)

(6)

(7)

34



Differentiation with respect to X  of eqs. (1) and (2) yields:

(1 -  X) SQi/dX +  X  dQzjdX =  0. (8 )

All thermodynamic quantities used in this chapter are defined according
to this scheme.

2. Calculation of the chemical potentials. Since all thermodynamic quanti
ties can be derived from the chemical potential fi, it is sufficient for the
calculation of all quantities AQ to know A/iz and A/i 4  as a function of temper
ature and concentration. These mixing potentials can be calculated from the
vapour pressure of the mixture, since the mixing potentials of any component
in the liquid and the vapour phase are the same and the latter are well
known functions of the vapour pressure. For ideal gases we have:

Ap4 *= R T  In (Pt/P*) (9)

which transforms in the case of non-ideal gases into:

A(i4  =  RT  In (P*/P®*) (10)

where the fugacities P* *) are related to the partial pressure P 4  and the total
pressure P  by:

In P* =  In P 4  -f B 4 4 P/RT  (11)

In P f  =  In P\ +  BUP°JRT (12)

with B 44 denoting the second virial coefficient of pure 4He. The partial
pressure P 4  is defined by:

P 4 =  (1 -  Xy) P  (13)

where Xy  stands for the vapour concentration. When deriving eq. (11) it
has been assumed that Bm =  X \B ^  +  2Xy  (1 — Xy) BZ4 +  (1 —  Xy)2 B44

can be replaced by Bm =  XyB^  +  (1 —  Xy)B44, which implies 2 P 34 =
=  B 33 +  P 44. The latter equality is met within one percent error according
to the theoretical calculations of K ilp a trick , K eller, H am m el and
M etro p o lis2). Hence we can calculate A f1 3  and Afi\ from the two equations:

A ^ /R T  =  In (Pz/P°3) + B33 (P -  PD/RT (14)

A ^ /R T  =  In (Pi/Pl) +  P 44 (P -  Pi) /RT  (15)

supposed that P 33, P 44, the total pressure and the vapour concentration
are known. Because S om m ers3) measured both the vapour pressure and
concentration as a function of liquid concentration and temperature the
calculation of A/13 and Afi4 from his data is possible in principle. Actually,
however, this is not the case since the accuracy in the determination of the
vapour concentration does not meet the requirements for this calculation:
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at higher concentrations and lower temperatures Xy  becomes of the order
of unity: hence the error in Xy  implies an error in P 4 an order of magnitude
larger. Furthermore, according to eq. (15) Afu is determined largely by
In (P4/P4) =  (P4 — Pi) I Pi  — ___ and because P 4 and P\  differ only
slightly, the error in Apt becomes an order of magnitude larger than that
in P 4. From this argument it is clear that an extremely accurate determi
nation of the vapour concentration is required in order to obtain a reasonably
accurate value of A/m. Calculating, for instance, the partial fugacities from
Som m ers’ smoothed data, one finds that they do not meet at all theDuhem-
Margules relation:

(1 -  X) 8 In P*/8X  +  X  8 In P*3/8X  =  0 *) (16)
which is equivalent to the Gibbs-Duhem relation:

(1 -  X) 8fi\\8X  +  X Sfia/dX =  0 (17)
both being a special form of the general formula (8).

The lack of accuracy of Som m ers’ data caused us to follow another
procedure in calculating the chemical potentials from the vapour pressure.
In general we can write for the mixing potential of the liquid:

4«3 =  PT In (Z /3) (18)
AfH =  RT In {(\ -  X) U} (19)

where the activity coefficients /3 and /4 x) account for the deviations of the
mixture from the ideal solution. Hence the determination of the activity
coefficients is the crucial part of the whole calculation because they are
responsible for all deviations from ideality as, for instance, the heat of
mixing.

The calculation of /3 and /4 was performed in the following way. In zero
approximation /4 is assumed to be equal to unity, yielding Afu =  RT
In (1 — X). Inserting this value into eq. (15), the partial vapour pressure P 4
is obtained in first approximation, if the total pressure P  is known. From P
and P 4 the first approximation of P 3 is obtained, insertion of which into
eq. (14) yields the same approximation of Af13. Eq. (18) then gives the first
approximation of /3. Now the Gibbs-Duhem relation (17) can be trans
formed into:

(1 — X)8 In U/8X +  X8 In f3/8X =  0 (20)

from which we obtain:
In /4 -  -  f 0x  {X/( 1 -  X)} d In /3. (21)

By graphical integration of the curve In /3 versus X/(\ — X) the first
approximation of In /4 is obtained. Once this first approximation is cal-

*) The liquid concentration is indicated by X : only when confusion with the vapour concen
tration X y  might occur is the symbol X L used.
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culated, the whole procedure using eqs. (19), (15), (14), (18) and (21) is
repeated. Since the first and second order approximation of In fa differ only
slightly the same is the case with the two approximations of In /4. Hence it
was sufficient to perform the calculation of the activity coefficients only twice.

The vapour pressure data used in the high temperature region were
obtained from the measurements of S om m ers3) and of ourselves,
given in ch. 1 4) and concerning the phase equilibrium of 3He-4He
mixtures. Because these measurements lacked the required accuracy at low
temperatures, we used in this temperature region the vapour pressure as
calculated from the osmotic pressure of 3He-4He mixtures at 1.2°K 5).
The second virial coefficients used were those calculated by K ilp a trick ,
K eller and H am m el 6).

The values of In /4 and In fa obtained in this way are given in table I as a
function of temperature and concentration. In fig. 1 In fa is shown as a
function of X / ( l  — X )  at different temperatures.

TABLE I

The activity  coefficients /s and f \

\  at In f a 103 I n /4
2 \ %

deg K \ 0 1.0 2.5 5.0 7.13 0 1.0 2.5 5.0 7.1»
1.2 1.33 1.31 1.29 1.25 1.22 0 0.06 0.46 1.93 4.06
1.3 1.27 1.23 1.1? 1.14 1.11 0 0.18 0.83 2.82 5.29
1.4 1.21 1.16 1.11 1.05 1.01 0 0.27 1.14 3.57 6.25
1.5 1.16 1.08 1.03 0.96 0.91 0 0.36 1.38 4.04 6.89
1.6 1.10 1.01 0.95 0.87 0.83 0 0.42 1.57 4.32 7.24
1.7 1.Ó4 0.93 0.86 0.78 0.74 0 0.47 1.68 4.39 7.19
1.8 0.96 0.84 0.76 0.70 0.66 0 0.51 1.73 4.24 6.60
1.9 0.86 0.74 0.66 0.60 0.56 0 0.52 1.72 3.97 6.00

o  x/lj-y!) 0 0 2  0 0 4  0 .06  Q oe

Fig. 1. The activity coefficient ƒ3 as a function of X/( 1 — X) at different temperatures.
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3. The derivation of the different thermodynamic quantities. Once In /3 and
In f4 are known we can calculate various thermodynamic quantities such as
entropy of mixing. In general one has for the change of the chemical po
tential u with temperature and pressure:

d/1 — -  S d r  -f V dP (22)

where S and V stand for the molar entropy and volume. In the case of pure
4He eq. (22) becomes:

d /4 =  -  S® dT + V\ (dP°JdT) dT (23)

and in the case of a mixture:
dJ«4  =  -  S4 dT +  V4 (8P/8T)x dJ. (24)

Subtraction of eqs. (23) and (24) yields the change of the mixing potential
A/ui with temperature:

dép* =  ( -  AS4 + V4 (8Pl8T)x -  V\ dP°JdT) dT (25)

from which the partial entropy of mixing is found to be:

AS4 =  -  (8A^4t8T)P,x  =  -  dzW dT +  V4 dP/dT -  V\ dP\fdT (26)

with all differentiations to be performed at constant concentration.
From eqs. (3), (4) and (7) it is seen that.

v 4 =  V\ +  AV4 (27)
with

AV4 =  AV — XdA Vf8X. (28)

No experimental data concerning AV exist, but from theoretical arguments 7)
one has to conclude that AV is negative, but small. Because the sum of
the last two terms of eq. (26) is small in comparison with dA^/dT, we are
allowed to assume AV =  0. Eq. (26) thus becomes.

AS4 =  -  dzW dT +  V\ d(P -  Pl)/dT. (29)

Introducing the activity coefficients we find finally for the entropy.

AS4/R =  — In (1 — X) — In f4 — T d In f4jdT +  {V°JR) d(P — P 4)/dT. (30)

From the entropy and the chemical potential we obtain the partial
enthalpy of mixing with the aid of the relation AH4 =  A/i4 +  TAS4.

AH4/R =  - P d l n U/dT + (VlTfR) d(P -  P^fdT,. (31)

The partial specific heat of mixing at saturated vapour pressure is derived
from eq. (30) with AC4 = T dAS4fdT.

a c 4/r  =
=  -  2T d In f4/dT -  T2d2 In /4/dT2 +  (T/R) d (F® d (P -  P®)/dP}/dP. (32)
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Since the enthalpy and the specific heat at constant pressure are related
by the relation Cp — 8H/8T we obtain from eqs. (31) and (32), neglecting
as usual1) the difference between Cp and the specific heat at saturated
vapour pressure:

AH4/R =  77 (AC4/R) dT + Jo (V°JR) d(P -  P°) +  (AH4/R)T^  (33)
which is equal to:

AHijR =  f 0T (AC4/R) dT +  F« (P -  P\)jR +  (AH4/R)T=0  (34)
when the change of V\ with temperature is neglected. Because AC4 can be
calculated in the temperature interval from 1.2 to 1.9°K and on the other
hand has to be zero at 0°K, AC\ can be found in the temperature region from
0 to 1.2°K by interpolation, allowing in this way the evaluation of the
integral in eq. (34). Hence the enthalpy of mixing at 0°K is known too.
In a similar way the entropy of mixing at the absolute zero point of temper
ature can be calculated.

All partial 3 He-quantities are calculated in an analogous way. Combi
nation of the partial quantities according to eq. (7) yields the total quantity
of mixing.

4. The entropy of mixing. The entropy of mixing calculated with the aid
of eq. (30) is given in table II and fig. 2. At low temperatures the entropy
of mixing appears to be smaller than the ideal value — R[X  In X  +  (1 — X)
In (1 — A)], becoming larger than this value with increasing temperature.
No direct experimental data concerning this quantity are available.

TA BLE 11
The entropy ol m ixing A S /R

\  T
Ns\  deg K 0 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

X  \
0.010 0.048 0.052 0.053 0.054 0.055 0.057 0.060 0.064 0.070
0.025 0.100 0.109 0.111 0.114 0.118 0.124 0.131 0.139 0.149
0.071» 0.233 0.256 0.261 0.268 0.278 0.289 0.303 0.321 0.342

The partial entropy S4 might be compared with the normal fluid fraction
x of the 4 He-component of the mixture by adapting T isza’s relation 8)
x° =  Sj/S® with S® denoting the entropy at the lambda-point temperature.
G o rte r’s equation 9), S4  =  x° (8S\I8x)t , cannot be applied since it requires
the entropy to be known as a function of both T  and x°. In the case of a
mixture S4 should be known as a function of x, T  and X, whereas our
calculations only yield S4  =  S4 (X, A). T isza’s relation is modified easily
by writing:

X  =  { 5 4  —  ( S 4) t =*o} / { S \ —  ( S 4 ) y = o )  (35)
where (S4)t =o has been introduced in order to get x =  0 at 0°K, since, in
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contrast with pure 4He, the partial entropy at the absolute zero point, as
obtained by extrapolation, is not equal to zero.

O  X m

Fig. 2. The entropy of mixing zdS as a function of the concentration X
at different tem peratures.--------: ideal solution value.

The normal fluid fraction can be derived from flow experiments with
mixtures through narrow slits 10), from second sound measurements 11)
12) 13) and from experiments with oscillating disks 14). In fig. 3 values of
In {S4 — (S4)t =o}/R, calculated from the vapour pressure with the aid of
the entropy values of pure 4He, derived from the specific heat measurements
by K ram ers, W asscher and G orter *«), are given together with values
of In x, calculated from the flow experiments. Reasonable parallelity between
the two sets of curves exists which is the more striking since not only
T isza’s assumption has been involved in this comparison, but also a
special, although plausible supposition concerning the flow properties of the
mixtures was necessary in order to obtain the normal fluid fraction.

From the second sound measurement by King and F a ir  b a n k 12)
with a 4.3% mixture, we calculated the normal fluid fraction with the aid
of the Pomeranchuk-type formula of P rice  16) under the assumption
that the 3He moves entirely with the normal fluid. The increase of the
normal fluid fraction at low temperature is much larger than according to
the flow experiments, as can be seen in fig. 3. This is caused by the fact that
the second sound velocity reaches its maximum at a much lower tempera
ture than in the pure 4He-case. On the other hand, one might ask whether
the fact that the 3He-component is not any more a small impurity with
respect to the normal fluid fraction at these low temperatures, might
disturb the validity of the assumption that the 3He-velocity and the normal
fluid velocity are the same, and therefore also the calculation of the normal
fluid fraction. However, the experiment by P e lla m 14) with oscillating

40



disks also yields a large increase of the normal fluid fraction at low tempera
tures, but at 1.9 — 2.0°K his increase of the normal fluid fraction is negligi
ble and the shift of the lambda-point temperature with concentration is
too small. The discrepancies between the various determinations of x  make
it impossible to draw a definite conclusion concerning T isza’s relation.

Fig. 3. The norm al fluid fraction x  and the  partia l entropy S4 as a function of the
tem perature for different concentrations.

------------- : the  partia l entropy {S4 — (S/i)t =o}IR-
the  norm al fluid fraction of pure 4He.

_  _  _  : the norm al fluid fraction according to  the flow experim ents 10).
------------- : the norm al fluid fraction according to  the second sound m easurem ents of

K in g  and F a i r b a n k 12).

004

Fig. 4. The specific h ea t of m ixing AC as a  function of the  concentration X  a t  different
tem peratures.
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5. The specific heat of mixing. The specific heat of mixing is calculated
with the aid of eq. (32). In fig. 4 and table III the results are shown. Since

TABLE I I I
The specific heat of mixing ACjR

\  T
^ \ d e g  K 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

j r \
0.010 0.011 0.014 0.019 0.025 0.037 0.057 0.089 0.122

0.025 0.028 0.038 0.050 0.070 - 0.094 0.125 0.166 0.223

0.071* 0.064 0.088 0.117 0.154 0.200 0.263 0.339 0.434
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Fig. 5. The specific heat of 3He—4He mixtures as a function of the
temperature T  at different concentrations X.

______; cj, according to Kramers, W asscher and G orter ls). A: X  =  0.010
_____ : Cm, calculated from the vapour pressure. B : X  =  0.025

q  : Cm. experimental values 20) 21) 22)- C: X  =  0.071s

the partial specific heat of mixing AC\ appears to form only a minor part
of AC it indicates that the specific heat of mixing is not due to the excitation
of extra normal fluid only 17). From the molar specific heat of mixing AC
we calculated the total specific heat of the mixture, using the data of Ci of
K ram ers, W asscher and G o r te r«) and those of C% of R oberts
and S y d o r ia k 18) and of Osborne, A braham  and W einstock 19).
The results are shown in fig. 5 in comparison with the experimental Leiden
data 20) 21) 22). The calculated specific heat coincides rather well at low and
high temperatures, but in between it is slightly too large, especially in the
case of the 7.13% mixture.
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6. The enthalpy of mixing. The enthalpy of mixing has been calculated
with the aid of eqs. (31) and (34). The results are given in table IV and fig. 6,
where the only existing experimental point of the heat of mixing (which is
identical with the enthalpy of mixing) measured by Sommers, K eller
and D ash 23) at 1.02°K has been entered too. The experimental value is
smaller than the calculated one which is in accordance with their remark
that only a lower limit of the heat of mixing was obtained in their experiment.

TABLE IV

The enthalpy of mixing A H j R

\  T
\ d e g K

* \

0 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

0.010 0.006 0.011 0.012 0.013 0.015 0.018 0.023 0.030 0.041
0.025 ^ 0.021 0.030 0.032 0.036 0.043 . 0.052 0.064 0.078 0.097
0.071» Ö.087 0.107 0.114 0.124 0.138 0.157 0.183 0.210 0.250

/

/ a . 9 ° K

/  /
/  /

/
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Fig. 6. The enthalpy of mixing AH  as a function of the concentration X
at different temperatures.

•  : experimental point of Som m ers, K eller  and D ash  23).

From the enthalpy of mixing we can calculate the mechanocaloric effect
for a mixture. Assuming reversible thermodynamics to be valid we can per
form the following imaginary experiment. In a vessel containing one mole
of a mixture of concentration X  with an enthalpy of mixing (AH)x we
create a phase separation in such a way that the vessel contains y mole pure
4He and (1 — y) mole of mixture of a concentration X'  =  X/(\ — y) and
a total enthalpy of mixing (1 — y) (AH)x'■ After removing the y mole pure
4He by means of a superleak, the total heat effect of the experiment amounts
to:

AQ =  (AH)x -  (1 -  y) (AH)x' +  yTS« , (36)
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where yTS® stands for the mechanocaloric effect of pure 4He. The deviation
of the mechanocaloric effect of the mixture from the pure 4He-value,
AQ — AQ0, approximately obeys the relation:

(AQ -  AQ0)/AQ0 =  *2(36 -  875/7*). (37)
Hence the deviation is expected to be positive at temperatures above 1,7°K
whereas it becomes negative at lower temperatures, which is in accordance
with the change of the curvature of the AH versus X  curve. For a 5%
mixture the deviation varies between +  4% at 1.9°K and about —60%
at 1.2°K. These values indicate only the order of magnitude of the effect
because the deviation depends somewhat on the amount of liquid removed
from the vessel, since X' increases with increasing y. Therefore the deviation
does the same.

Since the partial enthalpies at 0°K appear to have opposite sign, one
might conclude perhaps that the partial volume V 4 increases and that V3
decreases, when mixing the two isotopes. According to P rigogine 7) who
assumes the same volume changes both partial enthalpies of mixing should
have to be positive. However, applying with P rigogine the theory of
De Boer 24) of the corresponding states to the mixtures of 3He and 4He
we find a volume contraction indeed, but since 82A VjdX2, >  0 for 0 <  X  <  1
it is clear that both AV3 and AV4 have to be negative instead of the latter
being positive. Some contradiction seems to exist concerning this subject.

7. The Gibbs-function. Since at 0°K the enthalpy of mixing AH and the
mixing term of the Gibbs-function AG are identical, AG can be obtained in
the temperature region between 0 and 1.2°K by interpolation between
(AH)t=0 and the directly calculated values of AG =  XA/13 +  (1 — X)An4
at the higher temperatures. The results are given in table V and fig. 7
where AG/R has been plotted versus concentration at different temperatures.
At sufficiently low temperatures 8AG/8X  becomes positive which implies that
a phase separation has to take place. In fig. 8 the temperature at which

table v
The Gibbs-function of mixing AG/R

T \ X 0.010 0.025 0.071» T \  X 0.010 0.025 0.071»
deg K \ deg K \

0 +0.006 +0.021 +0.087 1.0 —0.041 —0.080 —0.149
0.1 +0.002 +0.012 + 0.065 1.1 —0.046 —0.090 —0.174
0.2 —0.003 +0.002 + 0.041 1.2 —0.051 —0.101 —0.200
0.3 —0.007 —0.008 + 0.019 1.3 —0.056 —0.112 —0.226
0.4 —0.012 —0.018 —0.004 1.4 —0.062 —0.123 —0.252
0.5 —0.016 —0.028 —0.028 1.5 —0.067 —0.134 —0.278
0.6 —0.021 —0.038 —0.052 1.6 —0.072 —0.146 —0.306
0.7 —0.026 —0.048 —0.076 1.7 —0.078 —0.159 —0.336
0.8 —0.031 —0.058 —0.100 1.8 —0.084 —0.173 —0.368
0.9 —0.036 —0.069 —0.125 1.9 —0.091 —0.187 —0.402

44



0.1

0.0 80 0 2 0.04

Fig. 7. The Gibbs-function of m ixing AG as a. function of the
concentration X  a t  different tem peratures.

O X ,  0.1 0.2 0.3 0.4 O.S

Fig. 8. The phase separation tem perature T  as a  function of the concentration X .
O ■ calculated from the vapour pressure.
A : calculated by  P r ig o g in e  7).

I-------1 : experim ental values of W a l te r s  and F a i r b a n k 25).

the phase separation occurs is shown as a function of the liquid concentra
tion. The value, used at 0.6°K, has been obtained by extrapolation,
whereas the point at X  — 0.5 has been calculated by Prigogine 7) theoretic
ally. Furthermore the experimental data obtained very recently by W alters
and F a i r b a n k 25) are shown. Qualitative agreement exists and much
better agreement cannot be expected since our calculations are based on a
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smooth interpolation of the specific heat of mixing between the higher
temperatures and 0°K where AC =  0. In reality AC may show a more com
plicated temperature dependence.

8. The distribution coefficient Cv/Cl- Since the knowledge of In /3, In /4
and P  allows us to calculate P 3 and P 4, we are able to calculate the distri
bution coefficient CV/Cl in the whole temperature and concentration region
under consideration. The results show a close agreement with the experi
mental data, measured at 1.4°K and higher (see ch. I). At lower temperatures
where no reliable experimental material exists the calculated values have
been used to extend in ch. I the CV/CT-curve of fig. 5 and table II.

TABLE VI

The distribution coefficient Cv/Cl

d e g  K \
0 % 1% 2 % 5 %

1.2 114.0 111.8 109.9 104.8

1.3 77.5 74.4 72.2 66.8

1.4 55.6 52.6 49.7 46.7

1.5 40.7 38.2 36.8 33.6

1.6 31.7 28.8 27.7 25.0

1.7 24.7 22.1 21.0 19.0

1.8 19.3 17.2 16.1 14.7

1.9 15.1 13.4 12.6 11.6

2 .0 11.9 10.6 9.9 9 .15

1 )

2)

3)
4)

5 )

6)

7)
8)
9)

10)

11)
12)

13)
14)
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C h a p t e r  IV

T H E  FLOW  PR O P E R T IE S
OF P U R E  4H e AND OF 3H e—4H e M IX TU RES

Summary
The flow of pure 4He and of 3He-4He mixtures at temperatures below the lambda-

point through a slit with a width of 0.3 micron as a function of hydrostatic pressure
heads up to 7000 cm He and fountain pressure differences up to 2500 cm He has been
studied. I t is concluded that the flow resistance is proportional to the slit length.
Values of the normal fluid viscosity, of the normal fluid fraction and of the lambda-
point temperature as a function of the 3He-concentration are given. The volume
contraction on mixing the two isotopes is estimated.

1. Introduction. Many experiments have been made on the flow properties
of He II in narrow slits as a function of the applied hydrostatic pressure
head or fountain force. For a review of these experiments we may refer to
the relevant chapter in Progress in Low Temperature Physics, II x). When
discussing the flow properties on the basis of the two-fluid model one
assumes the normal fluid to obey Poiseuille s law, whereas the superfluid
flows without friction. However, as soon as the superfluid velocity surpasses
a critical value which depends on the slit diameter, a friction between the two
fluids arises determining the superfluid velocity. At these supercritical
velocities of the superfluid nearly all experiments can be described by the
equations of motion proposed originally by Gorter and M ei l ink2) to
account for the strange behaviour of the heat conductivity of He II and
which are not inconsistent with the equations derived e.g. by Mazur 3) on
the basis of irreversible thermodynamics. At saturated vapour pressure they
become for the superfluid and the normal fluid resp.:
(1 -  x ^ M ^ d v ^ d t  =  — (1 — x°) grad P  +

+ * o ( i  _  * o ) e os * g j-a d  T  _  ,40 * 0 (1  -  * 0) ( e 2) 2 (i>s -  « n ) m ° ( 1)

xOMieldVn/dt =  -  grad P  -  *°(1 -  *°)e2-S* grad T  +
+  AH*{\ -  x°)(<>“)2 {vb -  i>n)m0 +  rSSAvn +  4 grad div v n) *) (2)

*) In general the term  (w,— has not the required dimension of a vector (times a scalar).
As a m atter of fact it stands for the exact form |l> „ -  (ve -  VB) and is used only for the
sim plicity of the equations. All similar quantities have to be interpreted in the same way.

48



where va and vn denote the velocity of the superfluid and the normal fluid
resp., the molar liquid density, M4 the molar weight of 4He, and x° and
r)n the normal fluid fraction and viscosity of pure 4He. S* is a quantity with
dimensions entropy/mol and A 0 and m° are two parameters which depend on
experimental circumstances. A 0 is usually of the order of 1000 cgs units and
m° of the order of three. The first term on the left hand side accounts for the
acceleration of the fluid, the first one on the right hand side gives the
influence of the applied pressure gradient and the second one the influence
of the temperature gradient, which gives rise to a gradient in the normal
fluid concentration x° and hence to a diffusion force between the two fluids.
In a narrow slit this diffusion force causes in the stationary state the well-
known fountain effect: therefore we shall denote it by fountain force. The
third term accounts for the mutual friction between the two fluids and the
last term in eq. (2) stands for the viscous friction of the normal fluid,
supposed to be essentially absent in the case of the superfluid.

The eqs. (1) and (2) can be simplified since the acceleration terms are
always relatively very small and because the compressibility term grad
div v n is negligible. Using the experimentally verified relation of H. Lon
don 4), we substitute Sj, the molar entropy of pure 4He, for #°S* in the
expression for the diffusion force; and finally obtain as momentum balance
in the stationary state:

Because these equations were verified in the case of rather small temper
ature or pressure gradients only, we were interested to know whether any
further complications in the flow would occur if the applied forces were
chosen much larger. This became especially important when Swim and
R ohrschach  5), who used pressure heads up to 20 cm He, the largest ones
ever employed, reported that the flow rate seemed to reach a saturation
value at these high pressure heads.

On the other hand we wanted to investigate the influence of small amounts
of 3He, added to 4He, on the flow properties through narrow slits. Only two
experiments connected with the influence of 3He on the flow had been made
before. Osborne, W einstock  and A braham  6) studied the flow of pure
3He, and Ham m el and Schuch 7) made an experiment with a 3.9%
3He-4He mixture. In both cases liquid was condensed in a vessel at one side
of a narrow slit whereas the container at the other end had been evacuated.
From the pressure increase in the latter vessel some information on the flow
rate through the slit was obtained: Osborne, W einstock and A braham
concluded that 3He shows no superfluidity, whereas H am m el and Schuch
believed the opposite to be the case. It has to be remarked, however, that
it is very well possible that only gas flow through the slit was observed in

grad P  — grad T  =  — T °%°(e“)2 (vB —  un)m°
grad P  =  rj^Avn.

(3)
(4)
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the latter case, since the liquid was not in direct contact with the slit but by
means of liquid film and gas. In any case no numerical results were obtained
and hence it remained interesting to see what happens when a truly liquid
mixture flows through the slit.

From our osmotic pressure measurements 8) it has been concluded in
accordance with the result of Osborne, W einstock  and A braham  that
3He does not take part in the motion of the superfluid. Experiments on the
heat conductivity of 3He-4He mixtures3) have shown that the 3He is
dragged along with the normal fluid of the 4He-component. Therefore we are
free to assume that the 3He-particles and the normal fluid of the 4He-
component of the mixture move together as one homogeneous liquid, to be
treated as a new kind of normal fluid.

Since the main part of the transport is provided by the superfluid 4He,
the mixture at one side of the slit is diluted by the entering 4He and vice
versa. The resulting concentration gradient gives rise to an osmotic volume
force which enters in the equations of motion in the same way as the dif
fusion force. In the stationary state in a narrow slit this osmotic volume
force causes the osmotic pressure: hence we shall denote it by grad Posm-
For the mixture we obtain as analogue of the eqs. (3) and (4).

grad P  — e®S®(l — y) grad T  — grad P 0sm =  — Ax'g2(vs — vn)m (5)

grad P  =  rjnAvn
where y accounts for possible deviations of the fountain force from the pure
4He-value. The molar liquid density is denoted by q, the normal fluid
fraction, as defined above, by x’ and the normal fluid viscosity by i?n- The
parameters A and m possibly depend on the 3He-concentration. The osmotic
pressure is given in the isothermal case by the experimentally verified
relation 8) :

Posm =  -  elRT ln[(l -  X)U] (7)

where X denotes the molar 3He-fraction of the mixture. The activity
coefficient /4 10) n ) accounts for the deviations from the ideal solution. In
the limit of zero concentration /4 equals unity, yielding V an’t Hoff s law:

Posm =  QlRTX. (8)

Equations of the type of eqs. (5) and (6) have been derived on the basis of
irreversible thermodynamics by M azur 3), by Koide and U su i12) and by
Mikura 43). The eqs. (3), (4), (5) and (6) will be modified further when
dealing with the different experiments.

2 The apparatus. The flow experiments can be divided into two groups,
one concerning the flow as a function of the hydrostatic pressure head (to be
indicated hereafter as isothermal flow) and one dealing with the flow as a
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result of the applied fountain force, which have been performed with appa
ratus la and lb resp. (see fig. 1).

a. Apparatus la. Of this apparatus the essential part consists of a narrow
slit or superleak S made by fusing a gold wire of 0.1 mm diameter into a
piece of soft glass. Because of the difference between the dilatation coef
ficients of gold and glass an annular slit of 0.33 micron is formed when this
combination is cooled down to liquid helium temperatures. At its upper end
the superleak is connected with a glass capillary C and at the lower end with
the glass vessel A.

i------- K

Ci —

Fig. 1. The apparatus.

By means of a thin-walled stainless steel tube the capillary C is connected
with an oil manometer filled with Octoil-S, on which pressure differences
with respect to the bath pressure can be measured. The vessel A is connected
in the same way with a mercury-filled Toepler pump system outside the
cryostat with which pressures up to one atmosphere can be attained. Both
A and C are surrounded partially with some cotton cords K  for the following
reason: when the bath level falls below the top of the apparatus, the heat
leaks along the stainless steel tubes might disturb the experiments, especially
in the case of mixtures where a temperature gradient gives rise to a concen
tration gradient 9). The cotton cords allow the He II-film to creep upwards,
and since they have been covered nearly completely with oiled cloth, only
their top being free, the film will evaporate at the top of these cords,
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eliminating in this way nearly all heat leaks into A and C. All metal-glass
connections are made with the aid of platinum-glass seals Pt.

b. Apparatus 1 b. This apparatus differs in some details from apparatus
la. Firstly the superleak contains two gold wires and has an estimated slit
width of 0.2 micron. Secondly, C is surrounded by a vacuum jacket and
can be heated by means of a heating wire around B. Because the fountain
force created in this way acts as the driving force, the connection of A
with the Toepler system is superfluous and is replaced by a differential oil
manometer. Finally, A is made of copper instead of glass to avoid any
temperature increase of it due to the heating of C.

3. Method, a. The isothermal flow. The experiment on the isothermal flow
performed with apparatus 1 a, is preceded by condensing in A and the
connecting stainless steel tube (to be indicated hereafter as high pressure
tube) such an amount of pure *He or a mixture that this tube is filled to a
level equal to or higher than the bath level. Because of the heat leak along
the tube the liquid in it becomes warmer than the surrounding bath as soon
as it stands higher than the bath level. By regulating the amount of liquid in
the high pressure tube with the Toepler pump any pressure equal to or
larger than the saturated vapour pressure can be created m A. Usually
atmospheric pressure was not exceeded. The pressure in A is kept at about
one atmosphere until sufficient liquid has passed through the superleak into
C to form a visible liquid level.

At this moment the measurement of the flow rate as a function of the
pressure head AP is started. From the position of the liquid level in C as a
function of time and the known cross-section of this capUlary the flow rate
V being the volume passing through the slit per unit of time, is determined,
from which the mean velocity v in the superleak is derived by dividing V
by the cross-section of the superleak. Readings of the liquid level are taken
every fifteen seconds iyith a cathetometer during a period depending on the
flow rate and varying between two minutes at 1.2°K and eight minutes at
temperatures near the lambda-point. . ...

The pressure difference across the slit, AP, is given mainly by the differ
ence in vapour pressure between the high pressure tube and the capillary C.
The former pressure is measured in the Toepler system on a mercury mano
meter, the latter is derived from the pressure difference measured on the oil
manometer and the bath pressure. Two small corrections, to be dealt with
later, have to be applied to this pressure difference.

When working with mixtures, the osmotic pressure difference ABomn
across the slit has to be known. It is determined by measuring the pressure
difference AP for which zero flow rate is attained. From it the concentration
difference AX  across the slit is calculated with the aid of eq (7). Together
with the concentration X c, derived from the vapour pressure difference ) )
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on the oil manometer of C, it yields the concentration X x  in the high pressure
vessel.

Of the two corrections mentioned above, one consists of the hydrostatic
pressure exerted by the liquid columns in A and C. The height of the latter,
determined visually, is only a few cm, the one in A depends on the bath level
height in a somewhat complicated way because the height of the liquid
column which is above the bath level is determined by the heat leak along
the high pressure tube, which depends in turn on the bath level height. The
correction decreases very slowly with the lowering of the bath from an'initial
value of about 30 cm He to about 10 cm He. Its main influence lies in the
exact determination of APosm and hence of Xx-

The second correction results from the gas flow through the high pressure
tube. Since the liquid level in this tube has to remain stationary in order to
keep its vapour pressure constant, any flow of liquid through the slit has to
be compensated by an appropriate transport of gas through the high
pressure tube. The pressure drop along this tube has been calculated from
the dimensions Of the tube and the values of the viscosity of He-gas, meas
ured by K am erlingh Onnes and W eb e r15) and by Van I tte rb e e k
and K eesom 16), asa  function of the flow rate V and the mean pressure in-
the tube. This correction plays no role in the determination of AP0sm
(F = 0) nor in the pure 4He-flow, but when working with a mixture it is
possible to obtain large (negative) values of V with a Toepler pressure
nearly equalling the bath pressure because of the osmotic pressure. In this
way its influence can rise to about 4% of the total force acting.

b. The fountain force flow. The measurements are preceded by condensing
in A either pure 4He or a 3He-4He mixture. Of the latter only a small
amount was condensed in order to avoid concentration gradients in the
liquid owing to heat currents in it, and also because only very small amounts
of mixture were available at the time of the experiment. Both B and C are
filled with liquid 4He until a liquid level becomes visible in the glass capil
lary. By means of the heating current a fountain force is created drawing the
liquid out of A into C, at least as long as the fountain force is larger than the
osmotic pressure of the mixture in A.

Apart from a rare exception the vapour pressure in C is always higher than
that in A . The normal fluid flow of 4He from C into A prevents the 3He from
passing or even entering the slit which is proved by switching off the heating
current of B : no vapour pressure difference with respect to the bath pressure
is observed then. Therefore the slit will be filled with pure 4He only and the
fountain force will have its pure 4He-value (i.e. y =  0 in eq. (5)). From the
vapour pressure in C the created temperature difference is derived, from
which in combination with the entropy values of K ram ers, W asscher
and G o r te r17) the applied fountain force is calculated. The temperature
scale used is the 1948-scale 18). Recalculation of the fountain force in the
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1955-scale I») yielded corrections of less than 0.5%. Furthermore, the
accuracy of the obtained results, as e.g. the normal fluid concentration and
viscosity, is not such that the error in the temperature caused by the use of
the 1948-scale is of any importance. .

The osmotic pressure of the mixture in A is either determined directly
by measuring the fountain force for which zero velocity is attained or by
calculating it by means of eq. (7) from the concentration XA, derived from
the vapour pressure difference ») “ ) on the differential oil manometer of A.

Because of the partial filling of A only the first one of the two pressure
corrections, mentioned in section 3a, remains. This hydrostatic correction
contains the pressure of the liquid column in C and the surface tension
exerted by the liquid at the entrance of the slit in A, equal to the height o
this entrance above the liquid level in A 8). The total correction is of the
order of 5 cm He and is nearly constant throughout the experiment.

4. The determination of the cross-section of the capillary C and the superleak
S. The cross-section of C has been determined by filling it with mercury. It
appeared to be 0.46 mm2 with a variation along the length of the capillary
of less than 2%, which is unimportant in connection with the accuracy of
the determination of the flow rate. This value of the cross-section applies
to both apparatus since the capillary was used first m apparatus 16 and m
1 a afterwards.

The determination of the width of the superleak caused much trouble
because it had to be performed at low temperatures. He-gas flow experiments
at liquid hydrogen temperatures appeared to be a complete failure because
the amount of gas passing through the slit could not be measured owing to
the change of the effective volume of the vessels in consequence of the
lowering of the bath level during the experiment. _

Finally the slit width was determined from flow experiments wit e ,
performed analogously to the isothermal He II-flow. Many precautions and a
good deal of routine proved to be necessary before we were able to obtain
reliable results. Since the flow rates were very small, viz. of the order o
10-6 Cm3/sec, a change in the bath temperature affected the observed flow
rate seriously because of the evaporation or condensation in the capillary
C accompanying the change in bath temperature. Hence it took more than
an hour before sufficient stability was obtained.

Assuming the He I-viscosity above 2.5°K to be 28^P, we found the slit
width of apparatus la to be 0.33 (±  0.01) micron, yielding a cross-section of
1.04 X 10-6 cm2. The slit width of apparatus 16 was estimated at 0.2
micron from comparison with the other apparatus.

5. The isothermal flow of pure 4He. a. The momentum balance. In order to
compare our experimental results with the G orter-M ellink equations ( )
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and (4) we shall write these equations in an appropriate form. The observed
flow rate V, the volume passing through the slit per unit of timers connected
with the mean normal fluid and superfluid velocities ?n and vs by the re
lation:

V =  0[(1 — x)vB +  xv n] (9)

where 0  denotes the cross-section of the superleak and x the normal fluid
fraction. The relative velocity vT therefore can be written as:

vT =  va — =  vs — =  (V — Ovn)/[0(\ — *)]. (10)

In the isothermal case we can integrate the eqs. (3) and (4) over the slit
length L and the slit width A. Introducing the relative flow rate V — Ovn
and expressing the pressure in cm He, we obtain as momentum balance in
the isothermal case:

AP =  (A0x*Lehg)vf =  B°(F -  Ovn)m° 0  0

Bo =  (A°x°LQ°Jg)l[0(l -  *°)]m° (11')

AP =  (\2LlQlgA2)r)lvn =  Cifnvn (12)

where g denotes the gravitational acceleration. The normal fluid fraction
at saturated vapour pressure, x°, is given by:

sfi =  (TITX)5S (13)

which describes the experimental results of A nd ron ikash villi 20) 21)
fairly well.

The values of the normal fluid viscosity obtained with the oscillating
H isk  22) 23) 24) and with the rotating viscometer 25), show a ten per cent
difference above 1.8°K but at 1.2°K they differ by about a factor two.
Fortunately the ratio Ovn/F  is of the order of 0.01 at this latter temper
ature, increasing gradually with temperature and reaching unity at the
lambda-point. Therefore the uncertainty in the value of always forms a
correction of about one per cent only, excluding temperatures very near the
lambda-point. In fact we used the mean value of both ^“-determinations.

b. The experimental results at temperatures below 2°K. As has been men
tioned already in section 1 Swim and R ohrschach ®) suggested the
possible existence of a saturation velocity at high pressure heads (20 cm He).
In contradiction to them no such limit was observed in our experiments
(see fig. 2) although pressure heads up to 7000 cm He were employed, yielding
pressure gradients a factor fifteen higher than those of Swim and Rohr
schach.

The validity of eq. (11) is verified by plotting V — Ovn versus AP on a
logarithmic scale (see fig. 3), taking the validity of eq. (12) for granted. At
temperatures below 2°K eq. (11) is obeyed throughout the whole pressure
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region under discussion, m° being equal to 3.45, which is in good agreement
with the values, found by W inkel, D elsing and G orter 26) for similar
slit widths. The factor B° appears to be proportional to (1 — x°)~3A5, im
plying the temperature independence of A x° (see eq. (IT)). Hence the rela
tive velocity vT is independent of temperature also (see table I) and a function

TABLE I

The flow ra te  of pure 4He at A P  =  1000 cm He

T V V  —  0 S n V i

deg K 10-6 cm8/sec 10"6 cm8/sec cm/sec

2.14 3.53 3.24 27.3
2.08 7.15 6.75 27.3
2.00 11.2 10.8 27.3
1.79 20.2 19.0 27.2
1.70 22.4 21.4 27.2
1.55 24.8 24.3 27.3

of the pressure gradient only. At all temperatures below 2°K vT is found to
obey the relation:

grad P — — a°t>“ ° (14)
with a® =  A°Xy j g  - 5.6 X 10"® (cm He/cm)/(crn/sec)m° and m° - 3.45.

8000

cm He

6000

4000

2000

Fig. 2. The flow rate V  of pure *He as a function of the pressure head AP  a t different
temperatures.

O : 2 .14°K □ : 2.00°K <$>: 1.70°K
A, X : 2.08°K + :  1.79°K V: 1.55°K
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An equal result was arrived at by Swim and R o h rsch a c h 5) in their
experiments with slits of 2.4 and 4.3 micron. It has to be remarked, however,
that this temperature independence of vT seems to be a property of these
particular slits only. W inkel, D elsing and G orter 26) employing similar
slit widths as Swim and R ohrschach, found vT to be a function of temper
ature {dAx°ldT > 0), although this dependence became weaker with de
creasing slit width (down to 0.8 micron). Furthermore, the experiments with
apparatus 1 b (although being somewhat less accurate than those performed
with apparatus la) yielded at a slit width of 0.2 micron a similar temper
ature dependence of vT as observed by W inkel, D elsing and Gorte r  in
their slit of 0.8 micron. However, it might still be possible that these dis
crepancies are only due to the particular properties of the different slits
(as e.g. inhomogeneities) and that the temperature dependence of vT is
actually ruled by the slit width only. More experimental material is to be
known before this can be concluded definitely.

V-OVb r  10"5 cm3/sec

Fig. 3. The relative flow rate V — Ovn of pure 4He as a function of the pressure head
AP  at different temperatures.

O : 2.14°K □ : 2.00°K . <>: 1.70°K
A, X : 2.08°K +  : 1.79°K V: 1.55°K

c. The experimental results at temperatures above 2°K. At these temper
atures no m-th power relation between the relative flow rate V — Ovn and
the pressure head AP is found: the plot of log (V — 0i>n) versus log AP
becomes a curve instead of a straight line, the curvature increasing with
increasing temperature. The invalidity of eq. (11) at these temperatures is
not in contradiction with eq. (14), found to be valid at lower temperatures,
as will be shown.

From the shift of the lambda-point with pressure it is clear that the
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superfluid fraction is a function of the pressure. Therefore the superfluid
concentration in the slit will differ from point to point. Because V is a
constant throughout the slit, vT and hence grad P will be a function of the
length coordinate z of the slit, and we are not allowed to integrate eqs. (3)
and (4) into eqs. (11) and (12) by writing dP/dz =  — AP/L, unless the pres
sure dependence of the superfluid fraction can be neglected. The normal
fluid fraction x at a pressure P  can be written as:

x =  x° +  (dx/dP) {P -  Pi) (15)

where P® is the saturated vapour pressure and x° is given by eq. (13).
Supposing eq. (14) to be valid at all temperatures, we obtain from eqs.
(10), (12), (14) and (15):

F /0 = - (L /C j?n) (8P/8z) +  [ l - x ° - ( 8x/8P) (P-P®)] [ - ( 8P/0z)/acO]Vm°' (16)

From the data of K eesom  and Miss K eeso m 27) on the shift of the
lambda-point with pressure (8TJ8P =  — 0.011 deg/atm) one finds that

dxjdP =  4 X 10-6 (cm He)-1 (17)

at the normal lambda-point. Since 8x/8P is zero at the absolute zero point
of temperature, eq. (17) gives the maximum value of 8x/8P. Because 1 — x°
is only very small at temperatures very near the lambda-point, the in
fluence of the term (8x/8P) (P — P®) on 1 — x° is of importance only here.

From the measurements of T jerkstra 28) on the pressure dependence of
the viscosity of He I we can estimate the normal fluid viscosity at T sw to
increase about 10% under one atmosphere pressure. Because the term
(L/Crjn) (8P/8z) is small with respect to the other two we are allowed to
write rjn =  rfc. Under the further assumption that 8x/8P is independent of
pressure and is given by eq. (17), eq. (16) can be solved for P  as a function
of the length coordinate z for any given flow rate V. A typical result is given
in fig. 4. The solution of this differential equation is rather laborious and
therefore we looked for an approximational method, found in the calculation
of V or V — Ovn from the usual (somewhat rewritten) momentum balance:

V — Ovn =  0(1 — x) {AP/hOL)*/™0 (11)

AP — Crj v̂ n (12)

where the normal fluid fraction x is taken equal to the mean value x in the
slit:

x =  *o +  (8x/8P) (AP/2). (18)

In this way the relation between AP and the (relative) flow rate in the high
temperature region is obtained easily. In fig. 5 the results of these calculations
are given in comparison with the experimental values of the relative flow
rate. The good agreement between the calculated and the observed curve
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allows the conclusion that at all temperatures below the lambda-point in
the slit under consideration the relative velocity vT is a function of the
pressure gradient only and is independent of the temperature.

4 5 0 0

4 0 0 0

3 5 0 0

-grad P

5 0 0 0

2 5 0 0

Fig. 4. The pressure gradient grad P  and the pressure P  in the superleak as a  function
of the  length coordinate z a t  2 .14°K and a  flow ra te  V =  7.8 x 10-a cm3/sec.

--------------- values for a pressure-dependent norm al fluid fraction.
— — — — : values for a  pressure-independent norm al fluid fraction.

0.15 V— 0 .3

Fig. 5. The relative flow ra te  V — O v n oi  pure 4He as a function of the  pressure head
AP  a t  different tem peratures.

--------------—: calculated for a pressure-dependent norm al fluid fraction.
— — — — : calculated for a  pressure-independent norm al fluid fraction.

O : experim ental results a t  2 .14°K.
A, X : experim ental results a t  2.08°K.

6. The isothermal flow of 3He-iHe mixtures, a. The momentum balance and
the calculation of the osmotic pressure difference. Excluding temperatures
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close to the lambda-point, we find the flow rate to depend only on the
concentration X \  and not on X c, allowing the conclusion that the slit is
filled with the same mixture as the high pressure vessel A . This is plausible:
the normal fluid containing the 3He always flows from the high pressure side
A to C and therefore the concentration in the slit will be governed by A.
Hence the normal fluid concentration x' is constant throughout the whole
slit, the concentration gradients being limited to the extreme ends of the
superleak, which enables us to integrate eqs. (5) and (6) with the aid of:

V =  0[(1 -  x')ve +  x'vn] (19)

AP — AP ogm =  AP eff =  B(V  — Ovn)m (20)

AP =  Crj n?n (21)

where B, m and rjn may depend on the 3He-concentration.

3000

2000

Fig. 6. The flow rate V of a 4.1% 3He-4He mixture as a function of the effective
pressure head APen a t 1.70°K.

From fig. 6 it is seen that the flow rate V (which is nearly equal to the
relative flow rate V — Ovn) and APeu always have the same sign, in agree
ment with eq. (20). Furthermore, we see that it is unimportant whether
APaara is taken equal to the value of AP, at which V is zero (as we actually
did) or to that, at which V — Ovn is zero (as is the condition of eq. (20)),
since 8APettl8V is negligible in this velocity region.
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Unfortunately ZlPoam is a function of time because X \  and X q change
continuously during the experiment. Therefore d P osm is measured at regular
intervals and its value during these periods is calculated from X& and Xc
with eq. (7). Xc  is known continuously by observing the vapour pressure
difference on the oil manometer of C. The change of X A is governed by three
factors:

1) the heat leak through the high pressure tube takes all 2 3He away from
the liquid surface in this tube into A 9). The removal of gas from this tube
therefore brings only 4 * *He out of the apparatus, keeping X A unchanged.
At V >  0, however, the necessary condensation of gas brings a new amount
of 3He in the tube, increasing X A at a rate proportional to V.

2 9 0 0

2 7 0 0

2 5 0 0

171* t t9h

• pJk

s
Fig. 7. The osmotic pressure P ^ m and the three partial changes 6P^am of a 6.2% 3He-

4He mixture in the vessel A  as a function of the time t at 2.02°K.
----------- : (<5P;̂ m)i, caused by the gas movement in the high pressure tube.
— • — • — : ((3P^m)2, caused by the lowering of the bath level.
— .. — .. : (<5PAm)s, caused by the normal fluid flow through the slit.
------------• Posm> obtained by adding the three partial changes <5P^m and by fitting

it to the experimental value at 18h21.
O : experimental values of P ^ m.

2) the decrease in height of the liquid column in the high pressure tube,
caused by the lowering of the bath level during the experiment, reduces the
liquid volume available for the 3He and causes a nearly constant increase of
X A with time.

3) 3He leaves A with the normal fluid flow through the superleak at a
rate proportional to AP (see eq. (21)), decreasing X A and increasing at the
same time X q- Estimations of rjn show that this effect is small in com
parison with 1) and 2). It is fairly constant in time because the larger part of
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the measurements is performed at pressure differences AP of the order of
AP osm

in  fig. 7 the osmotic pressure in A, P^em, as a function of time is shown in
comparison with the experimental data. The variation with time is obtained
by adding the three variations dP„Bm, corresponding to 1), 2) and 3) and
calculated from known gas concentrations, flow rates, etc. The variation of
Pfam appears to be described fairly well by two slopes, the steep one corre
sponding to positive and the flat one to negative flow rate. For practical
purposes it is therefore sufficient to calculate the variations (öP^Bm) % and
(&P^m) 3 f°r an average AP and estimated rjn, yielding the increase of Pffgm
for negative flow rate, and to give [dP^am)i such a value as to get the
required coincidence with the experimentally determined Pffsm.

Fig. 8. The flow ra te  V  and the relative flow ra te  V  — Ovn of a  7.9% 3H e -4He m ix
tu re  as a  function of the effective pressure head APett a t  1.70°K.

A : V  >  0 O : V — Ovn
V : F < 0  ------- ----- : V  — Ovn of pure 4He.

b. The determination of the normal fluid viscosity rjn. The number of moles
of 3He in the capillary C and connected volumes can be calculated from the
known vapour and liquid volumes and concentrations, the latter being
derived from the vapour pressure 8) 14). The increase of this number should
be proportional to AP, since the 3He forms a part of the normal fluid, and,
in combination with the 3He-concentration in the slit {X\), it should yield
the normal fluid velocity ?n from which rjn is easily obtained (see eq. (21)).
We did not succeed completely in this test of eq. (21) and the calculation
of i j a , which may be caused by the facts that 1) the value of the effective
vapour volume of C, in connection with the oil manometer, is very uncertain,
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and that 2) it is not certain at all that a uniform distribution of the 3He over
this large vapour volume is attained immediately when the liquid concen
tration in C changes, although the vapour pressure follows this change
without delay. Hence the calculation of the number of moles of 3He in the
vapour phase is very unreliable. Nevertheless, it can be stated that during
the experiment the number of moles of 3He in C increases gradually and
that the general trend of X c is in agreement with eq. (21), excluding any
superfluidity of 3He.

Although the lack of accuracy of thé mass-balance calculation prevented
us from deriving rjn from it, fortunately another possibility for the determi
nation of r]n remained. The plot of log | V\ versus log |dPeff|, shown in fig. 8,
reveals that for the same value of |dPeff| the modulus of the negative flow
rate, \V~\, is always smaller than the positive one, V+, except at temper
atures less than about one tenth of a degree from the lambda-point where
complications occur. Assuming that eq. (21) is valid and that the relative
flow rate is a function of temperature, concentration and APett only:

V - O v  n =  F(T, X, APen) (22)

where F possibly is a function of the type of eq. (20), we see that the follow
ing relations hold for a given temperature and concentration:

V+ =  F(T, X , AP+n) +  OAP+ICrjn (23)
| V~\ = F(T, X , \AP~a I) -  OAP-ICrin (24)

where the indices +  and — refer to positive and negative flow rates and
appropriate values of APett and AP. For AP^n =  |dP^f| the two equations
reduce to:

A V =  V+ — | V~\ =  0(AP+ +  AP-)/Crjn =  20AP08m/Crin. (25)

Determination of A V from graphs of the type of fig. 8 reveals that it is a
constant indeed throughout the pressure region under consideration to the
same accuracy with which d P 0Sm stays constant during the experiment.
The results obtained in this way are shown in table II and fig. 9, where the
ratio of the normal fluid viscosity of the mixture, rjn, to that of pure 4He,
r]0n, is given as a function of the 3He-concentration. From this graph the
smoothed values given in table III and fig. 10 have been derived. Good
agreement exists with the single available »jn-value, obtained by P ellam  29)
for a 4.2% mixture with an oscillating disk.

The viscosity of the mixture in the He I-region can be determined in
principle with our apparatus. In comparison with the measurement with
pure 4He (see section 4) one more complication occurs since it is impossible
to determine the concentration from the osmotic pressure which is confined
essentially to the superfluid region. One can only determine X \  at a temper
ature just below the lambda-point and assume that it stays nearly the same
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TABLE II

The relative flow ra te  of 8He-4He mixtures at
Zl =  1000 cm He, arid derived quantities.

T
deg K

V  — Ovn
10" 6 cm8/sec

X
%

V n
flP

A x
%

1.20 27.3 3.1 4.3
1.22 25.6 3.7—4.1 4.2 1.5— 1.0
1.54 22.5 2.2—3.0 8 3.6—2.7

.1.56 20.3 6.4— 7.5 11 7.1—5.7
1.56 23.5 1.8— 1.9 7 0
1.70 20.7 1.7—2.6 10 1.3—0.5
1.70 ' 19.7 4.1—4.2 13 2.6—2.5
1.70 17.5 7.3—8.5 27 7.5—6.4
1.90 13.7 3.1—3.6 13 4.5—4.4
1.98 11.2 1.5— 1.6 14 1.9— 1.8
1.98 10.1 2.8—3.3 21 5.4
2.02 4.55 6.0—6.5 31 19.1— 19.0
2.05 4.45 4.8 29 13.2
2.07 6.50 1.3— 1.4 15 3.2
2.08 6.11 1.3— 1.4 17 2.2
2.087 1.32 5.3— 5.5 *) 17.8
2.089 4.03 2.5—2.7 26 6.8
2.089 3.66 2.9—3.1 50 8.9
2.11 *) 6.8—7.0 32.2 *)
2.14 2) 6 31.2 s)
2.21 0 7 31.6 *)
2.29 0 6 32.2 *)
2.29 0 6 31.6 *)
2.52 0 6 31.6 »)

x) nearly interm ediate tem perature.
2) interm ediate tem perature. 8) T  >  Tx°

1.5*  *K

o.os

Fig. 9. The ratio of the normal fluid viscosity r/n  of a 3He-4He mixture to that of pure
4He, as a function of the concentration X  at different temperatures.

A: 2 . l l ° K  + :  2.08°K
Q: ?09°K  x  : 2.07°K

□  : 2.02°K •  l.90°K
<$>: l.98°K A.: l.70°K

▼ : 1.54-l.56°K
■ : l.20-l.22°K
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when the temperature is increased to above the lambda-point. This is rather
questionable since at T  >  7 \ there is no heat flush effect tending to
increase X \.  One has to expect that X x  will decrease gradually because of
the diffusion of 3He into the high pressure tube. Nevertheless, the results
obtained with a “6%” mixture show a good fit to the rjn-curve for the same
concentration at T  < T\.

TABLE III

Smoothed values of rjn
\ x

r \ 0.02 0.04 0.06
deg K \^

1.2 6.3 4.3 5.6
1.3 6.8 4.9 6.2
1.4 7.5 5.7 7.1
1.5 8.1 6.9 8.6
1.6 8.8 8.6 11.5
1.7 9.6 10.8 17.4
1.8 10.6 14.0 24.4
1.9 12.1 20.3 28.2
2.0 14.9 26.2 30.2
2.1 21.2 28.7 31.1

0 7  0 7  & '/y/ nV  CfZ•47 f f  - !*1 * /  * !  1

W . \

Fig. 10. The norm al fluid viscosity tjn as a  function of the tem perature T.
---------------- : j;®, determ ined w ith the ro ta ting  viscometer 25).
— — — — : j?2, derived from heat conductivity  m easurem ents 31).
 : ?7®, determ ined w ith oscillating disks 22) 23) 24).
— ^  derived from the attenuation  of second sound 30).

---------: rjn, derived from fig. 9 a t  three different concentrations X .
: r/ of a  6% 3H e -4He m ixture, measured a t  T  >  Tj.

A : r]n of a 4.2% 3He—4He m ixture, determ ined by  P e l la m  29).
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At low temperatures rjn is much smaller than i?®, which is derived from
experiments with oscillating disks 22) 23) 24), with the rotating viscometer 23)
and from the attenuation of second sound 30). The difference between rjn and
the jy®-curve derived from heat conductivity experiments 31) is much smaller,
which perhaps has to be attributed to the fact that the latter experiment is
substantially a flow experiment, similar to ours, while in the oscillating disk
experiment e.g. no steady state of the flow is attained.

The behaviour of the viscosity cannot be explained, as for a gas, by
adding the viscosities of pure 3He and 4He. The viscosity of pure 3He varies
between 22 //P at 2.8°K and 30^P at 1.05°K32), showing the normal
temperature dependence of the viscosity of a liquid. At temperatures above
the lambda-point it is smaller than the 4He-viscosity but at lower temper
atures it is much largeri therefore one would expect a similar behaviour for
the normal fluid viscosity of the mixture, in contrast with experiment.

From the high-pressure viscosity measurements by Brew er and Ed
w ards 33) we know that below about 1.5°K the normal fluid viscosity of
4He decreases slightly with increasing density, whereas a strong increase of
the viscosity is observed at temperatures between 1.5°K and the lambda-
point, obviously caused by the shift of the lambda-point with pressure. From
the experiments of T j e r k s t r a 28) we know that above the lambda-point
the increase of the viscosity with density is much smaller. Hence the 4He-
viscosity changes with increasing density in a similar way as with the addition
of 3He. This tempts us to conclude that a volume contraction takes place
when mixing the two isotopes, in agreement with theoretical predictions 34).
For, in this case, the molar volume of the 4He-component of the mixture is
reduced and the same happens when increasing the density of the pure
component. Comparing our results at 2.5°K with those of T jerks t ra ,  it is
found that a mixture containing 6% 3He has the same viscosity as pure
4He of a density of 0.147 gr/cm3 (instead of the density under the saturated
vapour pressure of 0.145 gr/cm3) : from this we derive for the contraction of
the molar volume V 4 of the 4He-component on mixing.

8V4/8X  =  — 7 cm3/mol, (26)

yielding a total relative contraction AV/V — — 0.015 for this 6% mixture,
when the change of F 3 on mixing is neglected. Measurements of the mixture
density will be necessary to test this interpretation *).

c. The relative flow rate and the normal fluid fraction. For the determination
of r/n it was sufficient to assume that eqs. (21) and (22) represented the
momentum balance of the mixture, without discussing the particular form
of the function F  in eq. (22). However, by transforming V into V -  0vn
with the aid of eq. (21) and using the ^-values, given above, we find also in

*) Since no numerical values of t]n° as a function of the density 3S) were a t our disposal, we could
not estim ate the contraction a t T  <  .Tx-
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the case of a mixture a m-th power relation between APett and F — 0 v n
to exist, confirming our supposition in eq. (20). The exponent m =  3.45 is
equal to m°, the pure 4He-exponent, but the mutual friction factor B is
larger than B° and increases with concentration. Writing for the relative
velocity the relation:

grad P eff =  — a (m =  m°) (27)

where oc may depend on temperature and concentration, we can write for
the mutual friction term B of the mixture, employing eqs. (19), (20) and (27):

B =  aL/[0(l -  *')]m (m =  m°) (28)

whereas we obtain from eqs. (14) and (11') for pure 4He:

B<> =  a°L/[0(l -  *0)]m°. (29)

Thus the observed increase of B with concentration depends either on the
difference between a and «° or on that between x' and x° or on both. Un
fortunately no directly measured data of x' (with the exception of a single
measurement by Pellam  29)) exist, preventing the decision from which
term the difference between B and B° originates. However, since m =  m°,
we were tempted to try the supposition that a =  a° (see eq. (27)), i.e. that
the relative velocity of the mixture is still given by eq. (14) when AP is
replaced by APett, and hence is independent of temperature and concen
tration. Eq. (10) which is valid for pure 4He becomes for a mixture:

V — Ovn =  0(1 — x')vr. (30)

Comparing the relative flow rates of pure 4He and of a mixture at the same
value of APett, i.e. at the same relative velocity vT, we can determine x' from
the relation:

(V -  Own)mixt/(É -  Odn)*He =  0  -  *')/(! -  *°). (31)

Because x', the normal fluid fraction of the mixture, 3He-atoms included,
is essentially a volume fraction and not a number fraction (cf. eq. (19)) it is
connected with the normal fluid fraction x of the 4He-component of the
mixture by the relation:

*' =  [*(1 -  X)F« +  XV°3]/[( 1 -  X )V\ +  XV°3] (32)

where F® and F® denote the molar volumes of the pure components. The
contraction on mixing is neglected, since no experimental data are available
and our estimated value of the contraction is so small that it has only
negligible influence on eq. (32).

In fig. 11 the relative flow rate is shown as a function of the concentration
at constant temperature and \APeti\ =  1000 cm He. From the ratio
(1 — x')/(I — x°), derived from it with eq. (31), %' was obtained and trans-
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30

Fig. 11. The relative flow ra te  \V  -  Ovn\ a t  \APeti| =  1000 cm H e as a function of
the concentration X  a t  different tem peratures.

O : 2.089°K V : 2.05°K A'- 1.70°K
A : 2.087°K □  : 2.02°K ▼ : 1.54-1.56°K
+  : 2.08°K <$>: 1.98°K ■ : 1.20-1.22°K
X : 2.07°K •  1.90°K

0.05

Fig. 12. The increase Ax of the  norm al fluid fraction of the  4H e-coinponent of a
3 jje—4He m ixture as a function of th e  concentration X  a t  different tem peratures.

0 : 2.089°K
A : 2.087oK
+  : 2.08°K
X : 2.07°K

V : 2.05°K A- 1.70°K
□  : 2.02°K T: 1.54-1.56°K
<>: 1.98°K ■: 1.20-1.22°K
•  1.90°K
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formed into x, inserting in eq. (32) V%jV\ =  1.35. In table II and fig. 12
Ax = x — x° is plotted versus concentration at constant temperature, while
table IV and fig. 13 give Ax as a function of the temperature at constant X.
The sharp increase of Ax near the lambda-point is remarkable. Good corre
spondence exists with the increase of the normal fluid fraction as calculated

TABLE IV

Smoothed values of A  x  in %

\  *r \
deg K \

0.02 0.04 0.06

1.2 0.5 1.3 2.3
1.3 0.5 1.4 2.5
1.4 0.6 1.5 2.7
1.5 0.7 1.7 3.1
1.6 0.8 1.9 3.6
1.7 1.0 2.5 4.5
1.8 1.4 3.3 6.0
1.9 2.0 4.8 8.7
2.0 3.2 7.9 14.2
2.1 5.5 13.0 20.0

03l------------ -------------TT

Fig. 13. The increase Ax  of the  norm al fluid fraction of the  4He-com ponent of a
3H e-4He m ixture as a function of the  tem perature T  a t  different concentrations.

O : Ax,  derived from fig. 12.
A : Ax, calculated from the shift of the lam bda-point w ith

concentration 35) 3#) 37).
— — — : Tx as a function of the concentration X .
------------ : Arobs for X  =  0.06, according to  M ik u r a ’s theory  40).

from the shift of the lambda-point with concentration 35) 36) 37). Although
it is questionable whether our assumption concerning the mutual friction
in the mixture, viz. that the 3He-atoms behave mechanically as normal
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4He-particles, is correct, one still can expect Ax to have a temperature
dependence as shown, because the influence of the 3He on the relative flow
rate is the largest at the higher temperatures. Only assumptions of strongly
temperature dependent effective 3He-masses e.g. would yield other temper
ature dependencies of Ax. Calculation of Ax from second sound in mixtures 38)
by means of a Pom eranchuk-type formula 39) or from the oscillating disk
experiment by P ellam  29) gives much larger values at low temperatures n )
than we obtained with our assumptions. However, the calculation of Ax
from second sound also involves a large number of assumptions, whereas the
direct method of Pellam , which should give more reliable values, un
fortunately yields a shift of the lambda-point of -  0.86 deg/mol instead of
the now generally accepted value of about — 1.5 deg/mol. More experiments
with the oscillating disk will be necessary before the discrepancies between
the different results can be understood and final discussion of Ax is possible.

Mikura 13) 40) has derived theoretical values of the normal fluid fraction
for pure 4He and for mixtures, but since his x°theor does not fit the observed
data, x°obs, he does not expect xtheor of the mixture to behave better.
Actually he supposes both theoretical values to suffer from the same error
and therefore writes:

Xobs =  -̂ theor l^0obs *0ttieor] • ^  '

Now Mikura  has adapted his parameters in such a way as to obtain the
correct value of dTx\dX, i.e. that *tbeor =  1 at the right temperature and
concentration. Unfortunately this perfect fit of xtheor to experiment
implies that x0bs never can be equal to unity at the lambda-point, because
*°obs/*°theor #  1. In fact *obs becomes larger than one at TA, as can be
seen in fig. 13. Comparison of our x with xtheor has no sense either for the
reasons mentioned above.

Extrapolation of the relative flow rate to zero in fig. 11 yields the con
centration X  at which x = \ ,  i.e. at which the lambda-point is attained.
The observed values of — 1.48 and — 1.49 deg/mol, obtained at 2.09 K,
are in good agreement with those obtained by other investigators 35) 36) 37)
(see fig. 16).

d. The flow rate as a function of X A and X C- In order to test our statement
that the flow rate depends on the concentration of the liquid in the high
pressure vessel only, we measured the positive and negative flow rates,
V+ and V~, at 2.09°K for eleven hours: during this time X A changed only
from 3.1 to 3.8%, but X c changed much more, viz. from 0.4 to 2.4%. If Xc
had any influence on the flow rate, the effect would have been detected in
this experiment because of the relatively large change of X c. Actually the
flow rates appeared to decrease only when X A increased and not when Ac
changed.* In fig. 14 we plotted V+ and V '  as a function of X A and of X c.
We can obtain the right values of the pure 4He flow rate and the right
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lambda-point concentration Xx by extrapolating the curves depending on
XA- Extrapolation of V~ as a function of X c yields absurd values of both
(F)x=o and Xx. Furthermore the quantity A V (see eq. (25)) was fairly well
proportional to d P 0sm dining the whole experiment which is also in agree
ment with our assumptions. Hence our statement concerning the concen
tration dependence of the flow rate seems to be confirmed, if we exclude
once more the temperature region very near the lambda-point.

0.05

Fig. 14. The flow rate V of a 3He—4He mixture at |d P eff| — 1000 cm He as a function
of the concentrations X A and X c  a t 2.09°K.

V — 0 vn, derived from fig. 11.
A : V+, plotted versus X A.
V : V~, plotted versus X A.
<■> : V~, plotted versus Xc-

•ooo

cm He

4000

Fig. 15. The flow rate V of a 4.6% 3He-4He mixture as a function of the pressure
head AP at different temperatures.

O: 2.05°K V: 2.12°K <$>: 2.15°K
A: 2.10°K Q: 2.14°K
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e. The flow at temperatures very near the lambda-point. When increasing
the bath temperature gradually to about 0.05 deg from the lambda-point of
the mixture in A, and higher, the first deviation from the nqrmalbehaviour
we observe is that the negative flow rate V~ becomes larger than V+ (see fig.
15). When the temperature is increased further, the lambda-point of X A is
passed, whereas the mixture in C remains still superfluid. At these inter
mediate temperatures V+ is a normal Poiseuille flow and the whole slit will
be filled with a mixture of concentration X A. However, when AP is decreased
below APosm, a. negative flow rate with superfluid character is observed,
indicating that in this case the slit contains superfluid and hence is filled
with a mixture of concentration X  <  X\. Obviously the superfluid in C
is able to force its way into the He I-filled slit, when AP is decreased, and to
dilute the mixture in the slit in some way. This ability causes at temper-

0 .0 7 50.0500.025

Fig. 16. The lambda-point temperature Ta of a 3He-4He mixture as a function of
the concentration X.

-------- : standard curve, derived from 3S) 36) 37).
O : derived from the osmotic pressure.
A : derived by extrapolation of V — Ovn to zero (see fig. 11).

atures somewhat below the lambda-point of X A V~ to become larger than
V+. On the other hand we have to conclude from the previous section that
this influence of X c on the flow rate is limited to the region of very low (or
zero) superfluid concentrations and that the 3He-content of the normal
fluid, entering the slit at the high pressure side, usually is the all-deciding
factor. A detailed study of the flow in this intermediate temperature region
will be necessary in order to understand the obviously complicated mecha
nism by which X c  influences the flow.

From the arguments given above it is clear that near the end of the
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superleak the concentration jumps from a value smaller than X x to X \.
Hence somewhere the concentration X \  is passed. Now the osmotic pressure
of 3He-4He mixtures is a typical He II-effect and hence we have to expect
that at intermediate temperatures APoam is given by RT(Xx — Xc)fM^g in
first approximation instead of by RT(XA — X c)/M4g (see eq. (8)) and that
it therefore decreases rapidly with increasing temperature, which is actually

2 5 0 0

cm He

2000

150 0

1000

Fig. 17. The flow rate V of pure 4He as a function of the fountain force f f  AT at
different temperatures.

□  : 1.97°K G>: 1.67°K
A: 1.84°K V: 1-49°K

observed (see fig. 15). This enables us to calculate from d P 0Sm -^a as a
function of T. The observed dependence is in good agreement with the shift
of the lambda-point with concentration derived from second sound35),
from specific heat measurements 36) and with the oscillating, disk 37) (see fig.
16). Hence the flow experiments with mixtures add two new, independent
determinations of the shift of the lambda-point with concentration to the
three existing ones.

7. The flow of pure 4He as a function of the fountain force. The flow of
pure 4He under the influence of a large fountain force shows a dependence
on this driving force remarkably different from the isothermal flow (see
fig. 17): it passes through a maximum value instead of increasing continu
ously (cf. fig. 2). Nevertheless, this strange behaviour is in agreement with
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the results of the isothermal flow experiments with the same apparatus.
Because öf the large tem perature gradients employed we have to integrate
over the slit length not only the fountain force, bu t also the flow resistance
B°, since it depends strongly on the temperature.

To perform this integration, the tem perature distribution in the slit has
to be known. I t  is governed by the heat conduction through the gold wire,
the glass and the liquid helium. Because the pressure difference across the
slit is only the difference in vapour pressure between the two vessels A  and
C, and the slit is so very narrow, the normal fluid flow of the liquid helium
is so small th a t its heat conduction is of the order of 10~8 W/deg only. The
heat conduction of the gold w ire41) 42), however, is of the order of
1.5 X 10~4P  W /deg; and th a t of the g lass43) amounts to about 10-5P 1-3
W/deg. Hence the heat transport and the tem perature distribution in the
superleak is controlled completely by the gold wire. W riting for the heat
conductivity of gold in general Aa u  =  jST, we find for the heat current
density:

Q =  pT  grad P. (34)

Integration of this equation along the slit length L  allows the elimination
of Q and /?, yielding:

T  dT/dz =  (P* -  T \) /2L  (35)

where 2'c and Ta. are the temperatures of the vessels C and A resp. and z is
the length coordinate of the slit.

In  a similar way as used in obtaining eq. (11) we can transform eq. (3)
into:

{S°Jg)dT -  d P  =  (B°/L) (V -  Ovn)m°dz (36)

where the pressures are expressed in cm He. For the reasons mentioned above
OvnJV <  0.01, which allows us to write for eq. (36):

fd'T — (B°/L)Vm°dz (37)

where ƒ is the fountain constant in cm He/deg, corrected for the vapour
pressure difference. Because dV/dz is zero, we obtain from eqs. (35) and (37):

y m °

IT
2V m° CTo

T I - T \ ) ) ta
P °PdP . (38)

Because V is measured as a function of P a and Pc, and m° is known from
isothermal flow experiments *) with the same apparatus, the integral f  B°T  dP
can be derived directly from experiment. I t  can be compared with B°,

*) As has been mentioned already in section 5b, the relative velocity vr in these experiments is a
function of both pressure head and tem perature, in contrast to the results obtained with apparatus 1 a.
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determined isothermally with the same apparatus as a function of T,
either by integrating the latter over the temperature region TA — To or by
differentiating the integral ƒ B°TdT  with respect to its upper limit T c,
yielding B°Tc. The latter way has been followed. In fig. 18 ƒ B°TdT  is

cmHedeg2
|cm3/sec|4J

Fig. 18. The integral f  B °T dT  as a  function of its upper in tegration 'lim it Tc
a t  different lower lim its T a-

V : Ta =  1.49°K A : TA =  1.84°K
O : Ta =  1.67°K □ :  TA =  1.97°K

t g t a  t c
•  : ƒ  B°TdT, obtained by adding f  B °T dT  to  the four integrals f  B°TdT.

1.49 1.49 T a

cm He

Fig. 19. The resistance factor B° of pure 4He as a function of the  superfluid fraction
1 — x°.

A : obtained from isotherm al flow experiments.
O : obtained by differentiating ƒ  B°TdT.
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plotted versus Tc for four different bath temperatures T A. By a simple
process of addition these four curves are converted into a single one, being
f  B°TdT  with TA — 1.49°K and Tc varying between 1.49 and 2.17°K, from
which B° is derived by differentiation. In fig. 19 the results are shown,
together with the isothermal values of the flow resistance. The perfect
coincidence of the two sets of B° proves that the flow resistance is actually
distributed over the whole slit length and that it is not concentrated at one
or two points (e.g. the ends of the slit) as has been suggested occasionally.
All assumptions of that kind fail to give the right ƒ fdT  — V relation. If,
for instance, the resistance were situated at the entrance of the slit, it should
not be a function of T c, and the flow rate should show the same behaviour
as in the isothermal case. Further support for our statement is found in the
result of B rew er and Edwards  32) in capillaries of the order of 100 micron
that the flow resistance is reduced by a factor two when the capillary is
bisected.

8. The flow of sHe-4He mixtures as a function of the fountain force. Since in
these flow experiments the mixture was condensed in A only, whereas C
was filled with pure 4He, the superleak is supposed to be filled with pure 4He
only, as has been argued before (see section 3b). Hence the only difference
with respect to eq. (38) of the previous section to be expected is the intro
duction of the osmotic pressure difference across the slit, yielding:

rT c r 2Fm° f T°
J ta fdT  ~  APo8m =  (J/d:r)eff =  (T% -  71) J ta B°T d T - (39)

Comparing, however, the experimental data with the curve calculated from
eq. (39), we find a good agreement for the negative flow rates, but for
positive ones the observed flow is much smaller than the calculated one
(see fig. 20). Even insertion of the resistance of the mixture, B, into eq. (39)
instead of B° gives a completely insufficient improvement.

The reason for this discrepancy lies in the fact that at the time of the
experiment (which actually preceded the isothermal flow experiments) only
very small amounts of mixture were available. Thus the vessel A could be
filled only partially, the contact between the liquid and the slit being by
means of the He II-film.

In the case of pure 4He it appeared to make no difference whether we
filled A partially or completely. This is clear, since the largest observed flow
rate was equal to the film transfer rate 44) over a surface of 1 mm circum
ference. The smallest constriction for the film flow, the lower end of the
superleak, is of this order, since two gold wires of 0.1 mm diameter were
used in this superleak and a small drop of liquid is present around these
wires at the entrance of the superleak because of the surface tension. On the
other hand, this equilibrium is seen to be rather critical: if the film transport
had been somewhat smaller, we would not have measured the properties of
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the bulk liquid flow in the slit, but rather the film flow in the vessel A.
At the time of the experiments with the mixture, however, we thought

that the film transport would be sufficient for the mixture also. From the
observed discrepancy with respect to eq. (39) it is clear that this is not so
and that our positive flow rates are connected with film flow rather than
with bulk liquid flow. Let us consider what might have happened with the
film From the measurements by Inghram , Long and M eyer 45) we know
that the 3He-concentration in the bulk liquid and in the film is the same for
a given vapour pressure. Since the slit contains only pure 4He, a concen
tration jump X  exists somewhere near the entrance of the slit, exposing the
film at this point to a tension, equal to the osmotic pressure of the mixture.

1500

cm  He

1000

Fig. 20. The observed flow rate V  of a 1.3% 3He-4He mixture as a function of (ffdT)ett
at different bath temperatures.

------------: V  of pure 4He, at 1.48°K, calculated from eq. (38).
— — — : V of a 1.3% mixture at 1.48°K, calculated from eq. (39).

□  : 1.97°K O: 1.66°K
A: 1.84°K V: 1.48°K

It is well-known that the transfer rate of an unsaturated film is strongly
reduced 46) and that a film can be made unsaturated by exposing it to a
tension. This has been shown in the indirect measurement of the fountain
effect 47) where the vessel A of an apparatus, similar to our apparatus 1 b,
contained such a small amount of 4He that only film was present in it. By
heating C which contained some bulk liquid, a fountain force f  fdT  was
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created which exerted a tension on the film in A . As a result of this tension
the film appeared to become unsaturated reducing its vapour pressure by an
amount AP equal to:

AP =  (Qv/qI)n (40)

where n is the exerted tension equal to ƒ fdT, and where qv and p® denote the
molar vapour and liquid density resp. If we now take this tension n equal
to the osmotic pressure of a mixture of concentration X,  we have, em
ploying cgs-units (cf. eq. (7)):

AP =  -  QyRT In [(1 -  X)f4] =  -  (P« -  AP) In [(1 -  Z)/4] (41)

where the activity coefficient /4 10) accounting for the non-ideality of the

/ /  I

0.975

Fig. 21. The ratio of the heat transport by the unsaturated 4He-film to that of the
saturated film, Qu/Qs, and the ratio of the observed positive flow rate of a 3H e-4He
mixture to that of pure 4He, Fx /Fo, both as a function of the saturation P J P \  at

different temperatures.
--------------- : Qu/Qa. measured by Bow ers, B rew er and M endelssohn  46).
-v ---------- : Qn/Qs, interpolated curve.

: Fx/Fo at 1.49°K. A : Fx/Fo at 1.84°K.
O : Fx/Fo at 1.66°K. □: Fx /F 0 at 1.97°K.

mixture obeys the inequality 0 <  / 4 — 1 1. Second virial coefficients are
neglected. The vapour pressure of the film thus becomes:

P® — AP — P«/{ 1 -  In [(1 -  X)f4]} =  P«(l -  X)U (42)

with a relative error of the order of X 2. The partial vapour pressure P 4 of a
mixture of concentration X,  on the other hand, is given by 10) :

P 4 =  P " ( 1 -  X)U (43)

78



which is equal to the result of eq. (42). Hence the 4He-film under a tension
equal to the osmotic pressure of a given mixture has a vapour pressure
equal to the partial 4He-pressure of this mixture, and its transfer rate will
be that of a film at saturation PJP\.

Now it is reasonable to suppose that in our case the film, being under the
same tension, will flow also as a 4He-film at a saturation PJP%. In order to
verify this and to see whether the positive flow rates are film transfer rates
indeed, we compared our flow rates as a function of PJP \, calculated from
the liquid concentration n ), with the directly measured transfer rate of the
unsaturated film 46). In fig. 21 we plotted versus the saturation P JP \ both
the ratio of the heat transport of the unsaturated and the saturated 4He-
film, QulOa, and the ratio Vx/Vo, where V is taken at (//dr)eff =  300 cm He.
Actually we had to divide the flow rate at concentration X, Vx, by the
transfer of the saturated 4He-film but since it cannot be calculated exactly,
we took the observed flow rate of pure 4He, which is somewhat smaller.
The ratio Vx/Vo is therefore an upper limit. The reasonable agreement be
tween the two different data allows the conclusion to be drawn that we
measured film transfer instead of bulk flow, when V >  0, and that the film
transfer is reduced in this situation in the way as described above.

Hence these last experimènts did not yield essential results on the bulk
flow. I t will be useful to repeat them with a completely filled lower vessel,
since then it is possible to check whether eq. (39) describes the flow correctly
as a function of concentration and temperature. If this is so, the exact
proof is given that the slit actually contains only pure 4He, when the high
pressure vessel contains 4He and the other one a 3He-4He mixture.
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SAMENVATTING

In dit proefschrift worden enige eigenschappen van 3He—4He mengsels
bij temperaturen beneden het lambda-punt van het mengsel besproken.

De onderzoekingen zijn uitgevoerd met behulp van toestellen, welke in
hoofdzaak bestaan uit twee vaten, verbonden door een nauwe spleet. Een
van de vaten kan eventueel worden verwarmd. De spleet wordt gevormd
door een of twee gouddraden van 0.1 mm diameter in te smelten in een stuk
zacht glas. Door het verschil in uitzettingscoefficient tussen beide materialen
ontstaat er bij afkoeling een spleet, die bij He-temperaturen van de orde
van 0.2-0.3 micron is.

In het eerste hoofdstuk worden metingen over het fase-evenwicht tussen
damp en vloeistof van 3He—4He mengsels bij vloeistof concentraties van
de orde van 10"3 beschreven. Zij zijn uitgevoerd met zeer kleine hoeveel
heden vloeistof ter vermijding van concentratiegradienten in de vloeistof.
Een redelijke aansluiting aan de resultaten van Sommers bij hogere
concentraties is gevonden.

Het tweede hoofdstuk is gewijd aan de osmotische druk, die door een
3He—4He mengsel wordt uitgeoefend ten opzichte van zuiver 4He, als
beiden door een nauwe spleet van elkaar gescheiden zijn. De gemeten
osmotische drukken blijken aan de klassieke thermodynamische relaties
te voldoen in het hele onderzochte gebied.

In hoofdstuk III zijn uit de dampdrukgegevens de chemische meng-
potentialen voor mengsels tot 7% concentratie berekend. Door differentiatie
e.d. zijn hieruit mengentropie, mengenthalpie en meng-soortelijke warmte
afgeleid. Voorts wordt de temperatuur geschat, waarbij een fasescheiding
in het mengsel zal kunnen optreden. Over het algemeen blijkt er een redelijke
tot goede overeenstemming met de bestaande experimentele gegevens
te bestaan.

In het laatste hoofdstuk komen de verschijnselen ter sprake, die op
treden bij de stroming van een 3He—4He mengsel door een nauwe spleet.
Deze stroming is in eerste benadering analoog aan die van zuiver 4He en
vertoont dezelfde merkwaardige afhankelijkheid van de drijvende kracht,
zij het dat de stroomsnelheid afneemt met toenemende concentratie. Uit
de resultaten wordt met behulp van een eenigszins aangepast twee-fluida

81



model de viscositeit van het conglomeraat, gevormd door het 3He en het
normale fluidum van het 4He, afgeleid, terwijl tevens onder bepaalde
veronderstellingen de toename van de hoeveelheid normaal fluidum van
het 4He t.g.v. de toevoeging van 3He wordt geschat. Bovendien leveren de
metingen een waarde voor de verschuiving van het lambda-punt met de
3He-concentratie op, welke in overeenstemming is met de thans algemeen
aanvaarde waarde van — 0.015°K per procent 3He. Door bij temperaturen
boven het lambda-punt de viscositeit van het mengsel te vergelijken met
die van zuiver 4He onder druk wordt een schatting van de volumecontractie
bij menging verkregen.














