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Abstract

The symmetriesof a 4 x 4 periodic squarelattice are relatedto thoseof a 4—
dimensionahypercubeThe sameholdsfor d—dimensionalhyper)cubicalatticeswith
periodicity 4 andthe 2d-dimensionahypercube.

Considerthefollowing arrangmenof theintegers0 — 15.

15 14 12 13 15

11 10 8 9 11
3 2 0 1 3
7 6 4 5 7
15 14 12 13 15

It seemsafairly arbitrarydistribution of the 16 numberswhichis madeperiodicby addinga
row andacolumn.By closerinspectiononecandiscovertherules:

* thesecondow follows from thetop row by subtractingd

* thenext row follows by subsequentlgubtracting8

* thenext by adding4

* thelastoneby addingagain8

* thesecondcolumnfollows from thefirst by subtractingl

* thenext columnby substractiorof 2

* thenext by addingl

* thelastoneby adding2

Thedifferencesn powersof 2 suggesto usethebinary notationfor thenumbers

1111 1110 1100 1101 1111
1011 1010 1000 1001 1011
0011 0010 0000 0001 0011
0111 0110 0100 0101 0111
1111 1110 1100 1101 1111

Now theamazinghingis thatevery siteof thislatticeis surroundedy 4 pointsof whichthe
binarynumberdiffersin exactly oneposition. Thisis of coursedueto thefactthatdifferences



coordinateof a 4—dimensionahypercube.Indeedthe topology of the arrangemenof the
secondableis exactly that of the hypercubeasevery point is neighboredy the pointson
the hypercubenext to it. Consequentlyhetopologyof the periodice4 x 4 latticeis thatof
the4—dimensionahypercube.

This hasconsequencie®r the symmetriesof the periodic lattice. On facevaluethe
periodiclattice has16 translationainvariances? reflectionsand 1 interchangeof the axis,
which malke in total 128 symmetryoperations. On the other handthe hypercubehas 24
permutationsof the dimensionaldirectionsand 4 reflections,which malke a total of 384
symmetryoperations. Thereforethere mustbe a hiddensymmetryof 3 operationsin the
periodiclattice.

It is fun to make thesehiddensymmetriewisible. The cyclic permutatiorof 3 axisof the
hypercubdorm a subgroupof order3. Let usthereforeconsidera cyclic permutatiorof the
first 3 components, y, 2 — z, x,y. Sotake e.g. point#10or its binary 1010andcarry out
themotion suchthatit becomesl 1000r point#12. Thusthe transformatiorputspoint #10
on the positionof the presentpoint #12 andso on for all the points. Clearly the points#0,
#1,#14and#15areinvariantsincetheir first 3 binarydigits areequal.All theotherschange
positionandthefollowing tableauemepes.

15 14 6 7 15
13 12 4 5 13
9 8 0 1 9
11 10 2 3 11
15 14 6 7 15

This configurationcannotbe reachedoy a combinationof the standardattice symmetry
operationsOnecancorvince oneselfof this factby for instancdooking to the surrounding
of the point 0. It hasagainasneighborsl, 2, 4 and8 but in differentorderwhich cannotbe
obtainedby a local reflection,inversionor rotation. Note thatall the points have the same
setof neighborsasbefore(asit shouldotherwisethetopologywaschanged)put they appear
in atwistedorder

Onewonderswhetherthis is uniquefor the 4 x 4 periodiclattice. It is not. In order
to find othercasesvhereperiodiclatticeshave the sametopology of an hypercubewve ob-
sene that the hypercubehasas elementaryloops the squareand the whole structureis a
knitting togetherof thesesquares.Sowe mustlook into the latticeswith this structureand
we cometo the (hyper)cubicalattices.Next in a 2d—dimensionahypercubezachpoint has
2d neighbors;so the connectioncan only be betweena 2d—dimensionahypercubeand a
d—dimensionaperiodiclattice. The periodicity mustbe 4 lattice sitesin orderto matchthe
total 22¢ pointsof the hypercube But thenthe mapcanindeedbe made.Oneneeddor the
binary representationf the 22¢ pointsin total 2d digits. Thenarrangethe lattice pointsin
the binary representatiogo thatin eachof the d directionsin the lattice 2 arbitraychosen
bits changen the order: flip thefirst, thenthe secondthenthefirst againandfinally again
thesecondSoin 4 stepsoneis backto original pointin accordancevith the periodicity 4 of
thelattice.

It is aninterestingguestionwhetherthereareotherperiodicallatticeswhich correspond
to higherdimensionapolygons but theanswerto this is beyond my mathematicatapacity



